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ABSTRACT. In [Nicola, Tilli, “The Faber-Krahn inequality for the Short-
time Fourier transform”] F. Nicola and P. Tilli proved an important
result on the energy concentration of functions in the time-frequency
plane. We review the original paper and complement it with additional
preliminaries, explanations and results in hopes of presenting the topic
in a more accessible way.
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1 Time-frequency analysis

The Fourier transform is a powerful tool in harmonic analysis. Its decay carries infor-
mation about the regularity of a function, it interchanges convolutions with products
and modulations with translations, and switches expanding dilations with shrinking
ones. While some encoded information about a function is revealed when we look at
it through its Fourier transform, there are limitations.

Knowledge of f(x) for all z € RY completely determines all properties of f and gives
an explicit expression for the Fourier transform of f,

Jw) = [ fa)emie,

but it is not generally convenient or easy to deduce properties of f by just looking at

f. One such hard question is, for example, that of determining whether or not f lies
in LP(RY), p > 0.

Time-frequency analysis takes a different approach to that of classical Fourier analysis
by using the combined information of a function and its Fourier transform at the same
time in order to deduce properties about it. As expertly described by K. Grochenig in
[Gr, Section 2.1], there is a very intuitive motivation for how the main tool in time-
frequency analysis, the short-time Fourier transform, is constructed. We shall explain
this intuition in what follows.

Let us think of f as a piece of music. Then f(x) may describe, at time z, the amplitude
of the sound coming out of a speaker membrane. By simply observing f we can
probably determine some information like the rhythm, tempo or beat of the piece.
However, it would be very difficult to determine the melody or the key. On the other
hand, the dominating frequency bands of /f may give information on what the key is,
Eut not on the rhythm or beat. Additionally, in order to deduce information about
f, we need to fully know f, i.e., we have to have listened to the whole piece of music
before we can identify its main frequencies, while in reality a properly trained listener
can almost immediately recognise the key.

The goal of time-frequency analysis is to replicate these mechanisms so as to obtain
joint time-frequency representations of signals. These aim to give information about a
certain frequency w of a function f at a specific moment in time z, in a similar flavor
to how a musical score determines which notes are playing at a certain time in the
piece. One idea by means of which we could materialize such a representation would
be taking an “instant Fourier transform” of f at time z, and looking at its value at
w. The only plausible way of doing this, however, would be choosing a small interval
around z and computing the Fourier transform of the (possibly smooth) cutoff of f in
such interval. But by doing this, we immediately find a clear obstruction in the form
of uncertainty principles. The classical uncertainty principle reads as follows.

Theorem 1.1 (Uncertainty principle). If f € L2(R) and a,b € R, then
~ 1 )
@ = a)fll || = 07|, = - 1415
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Equality holds if and only if f is a multiple of 62”1’(“”3_‘1)6_”(””_“)2/0, for some a,b € R
and ¢ > 0.

It roughly states that the product of the variances of f and /]; cannot be too small in
terms of the L? norm of f. This result already provides some intuition on how it is not
possible to localize in time without paying a price in frequency, but to fully explain
this phenomenon, we present another instance of an uncertainty principle.

Definition 1.2 (e-concentration). A function f € L?(R?) is e-concentrated on a mea-

surable set T C R if /2
([ s@rdar) ™ <<,

If € is small, then most of the energy of f is concentrated on 7', and when ¢ =0, T is
the support of f. The Donoho-Stark uncertainty principle then reads as follows.

Theorem 1.3 (Donoho-Stark uncertainty principle). Suppose that f € L>(R%), f # 0,
is ep-concentrated on T C R and f is eq-concentrated on ) C R%. Then

119 > (1 - er — £0)>

Now let us explore the concept of an instantaneous frequency spectrum. Assume that
| fll, =1 and take = € R. We want to keep track of f during a short time § > 0, and
produce a function of the form f, = f-1[,_s,). For any € > 0, f; is e-concentrated on

[x — d,z], and if f were u-concentrated on € for some p > 0, then the Donoho-Stark
uncertainty principle would assert that

(1-p)?
o> Lo
Now, as we let § get smaller, this implies that we cannot hope to find high concentra-
tion of }; on small sets. Therefore no single frequency band will dominate the rest,
making it impossible to think of an instantaneous frequency spectrum. The rough
way to express the meaning of uncertainty principles is by saying that f and /f can-
not be simultaneously concentrated on small sets. In fact, the following result [Gr,
Theorem 2.2.3] gives further insight on this phenomenon.

Theorem 1.4. Suppose that f € L'(RY) is supported in T C R?, and its Fourier
transform is supported in Q C Re. If |T||Q] < oo, then f = 0.

The ideal time-frequency analysis then finds an obstruction in the form of uncertainty
principles. However, we can still build tools that allow us to work with the ideas we
have developed. In fact, one of the most basic tools from time-frequency analysis comes
precisely from these ideas: the short-time Fourier transform.

1.1 The short-time Fourier transform

As we have discussed already, we may not be able to localize in time in the most
precise way without losing frequency resolution, but we can choose a smooth function
(called a window function) that allows us to look at the frequency spectrum of f over
a small window of time without losing too much to the uncertainty. Then, by sliding
this window we can generate a representation of f in the time-frequency space. This
will be the short-time Fourier transform.



Definition 1.5 (Short-time Fourier transform). Let f,g € L?(R?) with g # 0. Then
the short-time Fourier transform of f with respect to the window g is defined as

V, f(z,w) = /Rd FOgl —2)e 2 dt,  for z,w € RY. (1.1)

When ¢ is compactly supported and its support is centered around the origin, the
function V, f is the Fourier transform of a local part of f centered at x. This substitutes
the previous concept of an “instantaneous frequency spectrum” at x.

The requirement that f and g are in L?(RY) ensures that V, f is well defined point-
wise: using Hélder’s inequality we find that the function f(-)g(- — ) is in L'(R?), and
Vyf(x,w) is its Fourier transform at w. In fact, this argument allows us to define the
short-time Fourier transform for f € LP(R?) and g € L9(R?) whenever p and ¢ are
Holder conjugate exponents. The domain of definition of V' can be further extended
to the cases when the integral does not immediately make sense. We will not be inter-
ested in these cases for now, but a brief discussion on how to treat them can be found
in [Gr} p. 41], and a short comment will be necessary in section

We will now spend some time discussing a few basic properties of the short-time Fourier
transform. Although we will not include the proofs for these statements, they can all
be found in |Gr} Section 3.1].

Lemma 1.6. If f,g € L*(R%), then Vo f is uniformly continuous on R?¢, and

Vyf(2,w) = e 2TV (w0, —a). (1.2)

Identity is know as the fundamental formula of time-frequency analysis. Proving it
is a matter of correctly handling the notation. For this task it is convenient to introduce
the most basic (and important) operations in time-frequency analysis: translations and
modulations.

Definition 1.7. For z,w € R%, we define the translation by x
Txf(t) = f(t - $)7
and the modulation by w

M f(t) = W £ (1),

Operators of the form M, T, or T,,M,, are called time-frequency shifts, and they satisfy
the following commutation relation

T, M, = e ™ N T, (1.3)

Time-frequency shifts commute when 2 -w is an integer. They are isometries in LP(R?)
for each 1 < p < 0o, and the Fourier transform shifts their order in the following way

Tocf = M—xfa wa = wa-

The combination of these last two expressions gives one of the most important formulas
in time-frequency analysis,

ToM,f = e~ 2 @ A F. (1.4)

Using the commutation relation of time-frequency shifts ([1.3) we can deduce the fol-
lowing expression relating them to the short-time Fourier transform.



Lemma 1.8. Whenever V,f is defined, it holds that

Vg (TuMy f) (2,0) = €™V, f(o — u,0 —n),  for z,u,w,n € R™. (1.5)

1.2 Inversion formula and Lieb’s uncertainty principle

We will now present some of the properties that the short-time Fourier transform and
the regular Fourier transform share in common. The following discussion can be found
in greater detail and complete with proofs in sections 3.2 and 3.3 of |G1].

An analogue of Parseval’s identity can be found for the short-time Fourier transform
in the following orthogonality relations |Gr, Theorem 3.2.1].

Theorem 1.9. Let f1, fo, f3, f1 € L2*(R?). Then Vg fi € L*(R?) for f = 1,2, and

(Vo f1, Vo f2) = (f1, f2) (91, 92)-

We can readily deduce from this result that if f, g € L?(R?), then

Vo rlly = 112 Mlglls

and if ||g, = 1, then Vj is an isometry from L?(R%) to L?(R??). The natural question
of how f can be recovered from V; f then arises. The fact is that the short-time Fourier
transform does indeed have an inversion formula, as is the case with the regular Fourier
transform.

Theorem 1.10 (Inversion formula). Suppose that g,y € L*(R?) and (g,7) # 0. Then

for all f € L2(RY),
1
I= 0 Vyf (2, 0) M, Ty dw dz., (1.6)

The proof of the inversion formula can be carried out by first noting that the right-
hand side of defines a bounded linear functional on L?(R?%). Using the Riesz
representation theorem we find that this functional, evaluated at h € L2(Rd), is given
by the inner product of f € L2(R?%) and h. Finally, it is easy to check that (f,h) =

< 1, h> using Theorem
Uncertainty principles exist for the short-time Fourier transform similarly, and we will
focus on them later in the paper. For now, let us present a couple of important results

in this direction. In doing so, we will follow [Gr} Section 3.3]. The next result is due
to E. Lieb [Li].

Theorem 1.11 (Lieb’s uncertainty principle). If f,g € L*(R?) and 2 < p < oo, then
2 2\
L Wt dedo < (2) (151, gl

Grochenig showed later [Gr, Theorem 3.3.3] that Lieb’s uncertainty yields a new uncer-
tainty principle limiting how small the size of the sets over which V, f is concentrated
can get.



Theorem 1.12. Suppose that || f|l, = |lgll, = 1. If U C R?*? and € > 0 are such that

[ WarP =1,
U

then

2d

U] > (1 —5)1’%2 <229) v , forallp>2.

In particular,
2d

Ul = sup(1 - 273 (2)77 = (1 o2t
p>2

Proof. The result follows by applying Holder’s inequality with exponents ¢ = p/2 and
¢ = p/(p — 2) and Lieb’s uncertainty principle in the following fashion

5 2% 1/q ¢ 1/q
s = () ()

2d

2\ 7 p=2
< (p) (£l lgll)? 1015 .

For p > 2 we find

AN
vl=a-97 (5)77,

and when p = 4 this reads
Ul > (1—¢)?2% O

The intuition behind this result can be expressed in a simple way by saying that (the
short-time Fourier transform of) a function cannot be concentrated on small sets on
the time-frequency plane.

These results, along with the inversion formula for the short-time Fourier transform,
illustrate clearly the uncertainty phenomenon that we were discussing earlier, and show
how the properties of the window function (g in Vj; and v in the reconstruction of f)
affect greatly the resolution of the analysis. Indeed, in order to minimize the loss due
to uncertainty, it is of special importance to choose a window function appropriately.

In our case, this choice comes motivated by the characterization of equality cases in
Theorem Gaussians of the form T, Myp.(z) = e2mib@—a)g=m(@=a)*/c where

pc(x) = 6771-12/07
are the minimizers of uncertainty, and for this reason we will focus in these window
functions exclusively.

Having discussed the properties of the short-time Fourier transform, we now explain
what the aim of this paper is. In [NT], F. Nicola and P. Tilli proved an important result
about energy concentration in the time-frequency plane. It provides a sharp bound on
how much L?-norm (energy) the short-time Fourier transform with Gaussian window
of a function can accumulate over a measurable set of prescribed Lebesgue measure.
It also provides a refinement of Theorem [I[.12]in the case of the Gaussian window and
a local version of Lieb’s uncertainty principle. With this survey we aim to explain in
detail the paper of Nicola and Tilli, providing the necessary preliminaries, explanations



and filling in the details. This will be the content discussed in section |3} and the next
section will be devoted to learning about one of the tools that is extensively used to
prove the results in [NT|, the Bargmann transform.



2 The Fock space and the Bargmann transform

In light of the previous discussions, we will consider the short-time Fourier transform
with a Gaussian window,

o(x) = 2‘1/46_”'”3'2, z € RY, (2.1)

modified appropriately so that ||¢[|, = 1. Then V,, is an isometry from L%(R%) into
L?(R??), and it can be expressed as follows

Vof(z,w) = 2d/4/d Ft)e o) gm2mirt gy
R
=2t [ (e et it gy (2.2)
R

_ 2d/4€—7rix~we—g(x2+w2) /d f(t)e—the—27rt~(x—iw)e—%(x—iw)2 dt.
R

If we turn (z,w) € R?? into a complex number z = z + iw € C?, then we can adapt
the previous expression for V, f into an interesting operation. Before presenting it, we
introduce some notation. For ¢t € R%, will denote by t? the product ¢ -t = |t|2, and
similarly for a complex number z = x + iw, i.e. 22 = (z +iw) - (z + iw). Its modulus
will be |z]2 = 2.z = 2% + w?. Lastly, when talking about complex numbers z,u € C%,
zu will be the product z - u.

Definition 2.1 (Bargmann transform). Let f € L?(R?). We define its Bargmann
transform on C% by

Bf(z) == 29/ /]R femeE R gy, (2.3)

The Bargmann transform of a function in L?(R%) actually lies in a particular type of
Hilbert space called a reproducing kernel Hilbert space. This will be very relevant in
the next section, and will be used extensively further on.

Definition 2.2 (Bargmann-Fock space). We denote by F(C?) the Bargmann-Fock
space of all entire functions on C? for which the quantity

1FI= [ IFE)P e a:
C

is finite.

It is easy to check that F(CY) is a Hilbert space when endowed with the product

(F,G)r = F(z)@eﬂrlz|2 dz,
Cd
since it is the L? space of the measure e~™#*/2d2 on C?. Tt turns out that the
Bargmann transform and the Bargmann-Fock space are very intimately related. In
particular, B allows us to identify L?(R?%) with F(C?%). To first motivate this, we
present the following result.



Proposition 2.3. If f € L*(R%) and we write z = x + iw, then
Vof (2, —w) = €™ Bf(z)e /2, (2.4)
and B : L*(RY) — F(CY) is an isometry, i.e. | f|ly = || Bf||»-

Proof. Since f € L*(R?), the integral in (2.3) converges uniformly for each z in a
compact subset of C?. One can therefore differentiate with respect to z under the
integral sign to find that Bf is entire.

Now ([2.4)) is simply (2.2]) with the change of notation, and using it, together with the
fact that the short-time Fourier transform is an isometry from L?(R?) into L?(R??),
we come to find that

—7T22
1BSI5 = [ 1BFGIP e dz = [ 1Vorw,—)P dedw = Vs I} = 115

Since Bf is entire, and ||Bf|z = || fll, < oo, it lands within F(C?), and it is also
an isometry. In fact, the first argument can be extended to whenever Bf is defined
and has polynomial growth, showing that (2.4)) holds in that case, and also that Bf is
entire. 0

The last requirement we need in order to delve into the problem we will discuss for the
rest of the paper is some deeper knowledge on the relation between B and F(C%). We
will actually show that B is surjective as a map from L?(R?) into F(C%). However, in
order to do this we need to explain in detail the structure of F(C?) as a reproducing
kernel Hilbert space.

2.1 Reproducing Kernel Hilbert Spaces

The idea behind reproducing kernel Hilbert spaces, or RKHS, is that in these spaces,
evaluation functionals are continuous. In particular, this implies that there exists
a special function, called a reproducing kernel, that acts by realizing the evaluation
functional through the inner product of the Hilbert space.

Definition 2.4 (Reproducing kernel Hilbert space). A reproducing kernel Hilbert
space (RKHS) is a Hilbert space H where every evaluation functional d,, = € X, is
continuous and bounded.

The intuition goes as follows. Riesz’s representation theorem gives one of the directions
without much effort: if evaluation functionals are continuous, then there must exist
a function taking a point z € X as an additional argument, which represents them
through the inner product. Similarly, if such a function exists, then the inner product
makes it continuous.

Definition 2.5. Let H be a Hilbert space of complex valued functions over X # (). A
function K : X x X — C is called a reproducing kernel of H if it satisfies

(i) Va € X, the function K, = K(-,z) € H. This is called the representer at x.
(ii) Ve € X, Vf e H, (f, K(-,z)) = f(x). This is known as the reproducing property.



A simple remark that follows immediately from the definition is that if 4 has a repro-
ducing kernel K, then if K, € H is a function satisfying K,(y) = K(y,x), it has

and therefore K (z,y) = K(y,z). We are now ready to prove the main theorem in this
part.

Theorem 2.6. Let H be a Hilbert space of functions f: X — C. Then the evaluation
operators are continuous functionals if and only if H has a reproducing kernel.

Proof. Let us assume first that H has a reproducing kernel. Then, using ([2.5)

102 f| = [(f, KCoa))| < [IKC ) £]]
= (K(), K(2))' ||| = K (@,2)" |11

Hence 6, is bounded.

Conversely, assume 4, is bounded. Then the Riesz representation theorem implies
that there exists fs, € H such that é,f = (f, fs,) for every f € H. Let us define
K(z,y) == fs5,(y) for each pair x,y € X. then K is a reproducing kernel for . O

Before we leave the topic of RKHS behind, let us explore some of the properties of these
spaces. One important feature is the uniqueness of the reproducing kernel. Suppose
‘H has two reproducing kernels, K; and K5. Then

(f, K 2) = Ka()) = f() = fla) =0
for all f € H and all x € X. Hence ||K1(-,z) — Ka(-,z)|| = 0 and K; = K».

Finally, the continuity of evaluation maps also grants pointwise continuity for converg-
ing sequences of functions in H. This is, if (f,)n>1 C H converge to f in the norm of
‘H, then we can bound in the following way

’fn(x) - f(x)‘ = ’fscc(fn) - 59&(]0)’ = |6x(fn - f)’
= |(fn = L KC )| < IKC2) [ [ fn— FIl-

Since K(-,z) is continuous, its norm is bounded, and the last term converges to 0.
We can collect these observations into the following result on the basic properties of
Hilbert spaces with reproducing kernels.

Proposition 2.7. If H is a RKHS space of functions f: X — C with reproducing
kernel K, then

(i) K is the unique reproducing kernel of H.
(7’7’) K(l’, ) < (,.’E),K(,y)> fOT’ all m,yGX.
(iii) K(x,y) = K(y,z) for all z,y € X.

() If (fn)n>1 C H converge to f in H, i.e. ||fn — f|| = 0 as n — oo, then fp(z) —
f(x) asn — oo for all x € H.



2.2 The Bargmann transform

Our goal now is to show that the Bargmann transform is a unitary operator from
L*(R?) into F(C?). For this, we only need to prove that its range is dense in F(C).
Our approach to doing so will follow [Gr, Section 3.4].

Proposition 2.8. The collection of all monomials of the form

Trlal 1/2 d 7-‘-0‘]' 1/2
ea(z) = | — 2% = 257
< ol ) ]];[1 <C¥j!> J

for o= (a1, ...,aq) with a; > 0 forms an orthonormal basis of F(CY).

Proof. We start by proving that the collection {e, : @ > 0} is an orthonormal system
in F ((Cd). For this, let us start by computing the product of z* and z?. To do
so, we express them in polar coordinates z; = T‘jeieﬂ' and restrict them to the disc

_ d .
PR—{ZEC |ZJ|§R}
/ Za;gefﬂzﬁ ds — H/ Z;éjz—jﬁjefﬂzﬂz dzj

Pr j=1 |z |I<R

d R 2w
: 41 (s —B)0 —Tr2
= ||/ / r;{ﬁﬁﬁ ei(25=B1)0; o =7 dr; do;.
iZp/o Jo

d

If o # (3, then this integral is zero for every R > 0, and thus <z‘”‘, 25> = 0. On the
other hand, we set

d

R
22 20;+1 —qp2
/ 2% e ™" dz = || (27r/ rjaﬁ e i drj> = la.R-
P 0

R j=1
When R = oo, we can continue with the help of the change of variables s = 712,
d

o [5;\Y 4yl al
_ J - _ Jt_
paco =[] (/0 (W> € SdS) =11 w0 lal’
=1

J=1

This proves that the set {e,(z) : @ > 0} is an orthonormal system. We now need to
prove that it is complete. Let us consider the power series expansion of F' as an entire

function,
F(z) = Z caz®.
a>0

Suppose that <F, eﬁ> =0 for all 8 > 0. Then

(Fleg) = i 18] 1/2/ S st
,eg) = lim | — Ca? Z"e .
o ] Pa

R—o0 &0

Since the power series converges uniformly over compact sets, we can interchange the
integral and the series, and we obtain

181\ /2
T
0 = <F, 65) = <l8'> CB[,Lﬁ7OO.

10



This implies that cg = 0 for all §, and thus F = 0. It follows that {e,} is an
orthonormal basis of F(C%). O
Knowing this, we can prove that the Bargmann-Fock space has a reproducing kernel.

Theorem 2.9. The Bargmann-Fock space is a reproducing kernel Hilbert space satis-
fying ,
F()| < |Fllze™ 72, v et (2.6)

The reproducing kernel is K,(z) = €™%, and equality holds in (2.6) at some point
zp € C if and only if F = cF;, for some c € C with |c| = ||F|| 7, where

2 —
Fy(z) = e o0l /2em %, c

Proof. Given that we can represent F'(z) = 3,5 (F, €a) €a(z), the Cauchy-Schwarz
inequality gives

1/2
™ 4 rlsl?
() < IFll7 (Za,\z |2) = || Fllz e,

a>0

Moreover, equality in the Cauchy-Schwarz inequality holds at some zy € C in terms of
the coefficients of F' if and only if

ca = (F,eq) = ce_%|zo‘26a(zo)

for some ¢ € C with |c| = || F'|| . This gives

F(z) = ce~ 5170l D ea(z0)ea(z) = cFuy(2).
a>0

Finally, we can obtain K, (z) explicitly by expanding its series representation,

mled ___ _
Kw(z) = Z <KuJ7eoc> ea(z) = Z ea(w)ea(z) = Z ?waza — TR =

a>0 a>0 a>0

Remark. At this point, we remark the fact that that any function F in the Bargmann-

Fock space satisfies
2
lim |[F(z)]?e ™" = 0. (2.7)
|z]—o0
This can be checked simply using the density of the functions Fy(z) = 2* for k > 0.

Now that we know that F(C?) is a RKHS, we can prove that the Bargmann transform
is a unitary operator.

Theorem 2.10. The Bargmann transform is a unitary operator from L*(R%) to F(C?).

Proof. We already know from Proposition [2.3] that B is an isometry. We only need to
show that its range is dense in F(C%).

We start by showing that the reproducing kernel lies in the range of B. Let us rewrite
Lemma in terms of the Bargmann transform. Using (1.3)) we first see that

Vo (T M) (3, —0) = €m0 (- miz s nlle—+n-)?)/2

11



Writing z = x + iw and v = u + in, we obtain, after using (2.4)), that
B(TuM—nSO) — eﬂ‘iu-T]efﬂ‘IU|2/2eTl’E-Z _ eﬂiu-nefﬂ'\vﬁ/QKU(z)' (28)

This shows that the reproducing kernel of F(C?) is in the range of B.

We will conclude the proof by showing that any function F' € F(C?) that is orthogonal
to the range of B must be zero. Then, the range of B must contain an orthonormal
basis, and thus it is dense. Assume that F' € F(C%) has (F, B(f)) = 0 for all f €
L?*(R%). In particular, (2.8) implies that

0= <F,B<TUM_n<p)> _ eﬂiu-n67ﬂ|v|2/2 <F, KU(Z)> _ eﬂ'iu-ne—ﬂv‘?/ZF(v)

for all v € C%. Therefore F' = 0, and the range of B is dense in F(C%). O

12



3 Energy concentration

The topic of energy concentration of functions on the time-frequency plane is of great
interest in mathematics as well as in the applications of time-frequency analysis. We
can formulate the necessary notions to treat this issue in terms of the short-time Fourier
transform with Gaussian window (STFT).

Indeed, it is natural to interpret |V, f (as,w)|2 as the time-frequency energy density
of f. In signal analysis, this relates directly to a particularly useful tool called the
spectrogram of a signal. Given a window function g € L?(RY), the spectrogram of
f € L2(R?) is defined as

SPEC, f(z,w) = [Vyf(z,w)|”.

Intuitively, the spectrogram of a signal corresponds to a mathematical sheet music of
the signal, and regions with high energy density correspond to dominating frequency
bands at certain times. In practice, this means that these regions are the most impor-
tant when processing signals.

For example, since a spectrogram can only be processed within a bounded region of
the time-frequency plane, it is common to use filters that only select the parts of the
spectrogram of a signal with high energy density. Techniques like these allow for noise
reduction and cancellation effects, and it is through these means that sound recognition
software is achieved, allowing the user to, for example, instantly search for songs by
sampling them for a few seconds.
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Figure 1: Sheet music and spectrogram of a segment of Chopin’s Noc-
turne op. 9 no. 1 in B flat minor. The underlined part of the sheet
corresponds to the image of the spectrogram.

The fraction of energy of f € L%(R?) captured by a measurable set Q@ C R?? in the
time-frequency plane is given by the Rayleigh quotient ([AGR) [APR], [Dal MR])

_ Ve _ (0%l f)
I

P = =
o) = VP

In particular, when (2 is a set of finite measure, V,;1qV,, is a compact operator, mapping
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bounded subsets of L?(R?) to relatively compact subsets of L2(R%). Its norm is

(Vi1laVef. f)
Qo= max Po(f)= max ——uo——"
feL2(R4)\{0} feL2(R)\{0} HfHLZ(Rd)
and it represents the maximum amount of energy that a set {2 can accumulate in the
time-frequency plane for any signal f € L?(R%).

The operator V1V, has been thoroughly studied. It appeared first in the works of
Berezin [Be] and Daubechies [Da]. In her paper, Daubechies suggested a new geometric
approach, treating the time-frequency plane as a single object, rather than two separate
spaces. This allowed her to analyze the spectrum of localization operators of radially
symmetric sets like spheres. In these cases, the eigenfunctions are Hermite functions,
and the eigenvalues can be computed explicitly. The converse was later proved by
Abreu and Dérfler [AD], that is, if a Hermite function is the eigenfunction and €2 is
simply connected, then it is a ball centered at 0. The asymptotics of the eigenvalues
in connection with the measure of 2 have also been studied by many authors [AGR,
APR), [MR], showing the relations that {2 and the spectrograms of the eigenfunctions
share in common.

The subject of energy concentration of functions in the time-frequency plane naturally
finds relations with other topics in time-frequency analysis, such as uncertainty prin-
ciples. Theorem which follows from Lieb’s uncertainty principle (Theorem ,
already shows that domains with high energy concentration cannot be small. A prob-
lem that was open until recently, however, was that of finding an upper bound for how
much energy a set of prescribed measure can gather in the time-frequency plane. It
was the work of Fabio Nicola and Paolo Tilli [NT] in 2021 that provided a solution for
said bound, complete with a characterization of the equality cases: balls are the sets
that allow for the maximum energy concentration. The aim of this survey is to explain
in detail the results in [NT] and the arguments presented in the paper.

3.1 The Faber-Krahn inequality for the STFT

Let us introduce the main results by presenting a brief history of the problem in
dimension 1. When €2 is a ball of radius » > 0, it follows from Daubechies’s work
[Da, IVB] that ®q = 1 — e ™. Later in 2021, Galbis [Ga] proved the inequality
P < 1—e~ | for radially symmetric sets Q C R? by using the expression of localization
operators in terms of Hermite functions and investigating their eigenvalues.

These two partial results hint at the solution to the problem, which comes in full gen-
erality as the main result in the paper of Nicola and Tilli: the Faber-Krahn inequality
for the STFT. In dimension 1, it reads as follows [NT}, Theorems 1.1, 1.2].

Theorem 3.1 (Faber-Krahn inequality for the STFT). Given a measurable set ) C R?
of positive, finite measure, it holds that

B <1—e 19 (3.1)

with equality if and only if Q is equivalent to a ball up to a set of measure zero.
Moreover, if Q2 is a ball centered at (xo,wo), the only functions f for which equality is
achieved are of the form

f(2) = My, Tryp() = ce®™%p(x — x0), c€C\{0}. (3.2)
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A corollary that is readily drawn from Theorem is a sharp uncertainty principle
for the STFT, providing a refinement of Theorem [I.12] in the case of the Gaussian
window (|NT} Theorem 1.2]). This result solves the long-standing question of finding
the optimal bound for the measure of the set in which the STEF'T of a function is mostly
supported. Before this result, the best one in this direction was Theorem [1.12] proved
by Grochenig as a consequence of Lieb’s uncertainty principle (Theorem [1.11)).

Theorem 3.2 (Sharp uncertainty principle for the STFT). If f € L*(R) \ {0} and
QO C R? satisfy
(I)Q(f) >1- &

for some € > 0, then
1
|Q| 2 logfa
€

with equality if and only if Q is a ball and f is as in (3.2), with (xo,wo) being the
center of 2.

The reason behind naming Theorem the Faber-Krahn inequality for the STFT
lies in the similarities it shares with the classic Faber-Krahn inequality, which states
that among all open sets 2 of given measure, the ball minimizes the first Dirichlet
eigenvalue,
Vu(z)|*d
Ao = min —fﬂ| u(z)2| Z.

ueH @\0}  Jou(2)?dz
If we set T : H3(Q) — HE() to be the linear operator that to every u € HE(Q)
associates its weak solution Tou € HE(Q) of the problem —ATqu = u in 2, then
integrating by parts,

/’LLQZ—/UATQUZ/ VUVTQU:<TQU7U>H17
Q Q Q ’

and the statement can be stated by claiming that

Tou,u) ;1
Aot = max ﬂ
ueHY 0} llull g

is maximized, among all open (2 of given measure, by a ball. This establishes a clear
similarity between )\51 and ®g, the operators T and V; 1oV, and the classic Faber-
Krahn inequality and Theorem

Although the previous discussion took place in the one dimensional case, we will later
see in section [3.3] that these results extend naturally to higher dimensions by just
adapting the arguments in dimension one. We will present these in the following
section, and later in sections [3.4] and we will discuss a few generalizations and
applications.

3.2 The result in dimension 1

Recalling Theorem [2.10] where we showed that the Bargmann transform is a unitary
operator, we can turn the problem of maximizing energy concentration on the time-
frequency plane into a similar problem on the Fock space. Indeed,

_ o Vo, f(z,w)[* dz dw _ o IBf(2)[2 e~ a2

0]
olf) Tk IBIZ

i

15



where Q' = {(z, —w) : (z,w) € Q}. Since B is unitary, maximizing ®q(f) over L*(R)
turns out to be the same as solving the problem

2 -zl
o max  JolFEP e dz

3.3
FeF(C)\{0} HFllfT (3:3)

The main advantage of this is that the STFT no longer appears in the expression of
the problem we aim to solve. Additionally, functions achieving the equality in Theo-
rem have a particularly useful correspondence in the Fock space. Indeed, recalling
the definition of F}, in Theorem and using together with the commutation

relation (|1.3) yields
B(eM,Typ) = ce™imw o=l /2gmeT0 dF,,, z=z+iw, ceC\{0}.

Therefore we can state Theorem [3.1{in this new setting as follows ([NT, Theorem 3.1}).

Theorem 3.3. For every F € F(C)\ {0} and every set Q C R? of finite measure, we

have )
Jo|F(2)]P e ™" dz
I1F|%

<1—e 9 (3.4)

Moreover, equality occurs for some F € F(C) and some Q C R? with 0 < |Q| < oo
if and only if F = cF, for some zy € C, and some nonzero ¢ € C and Q) is a ball
centered at zy up to a set of measure zero.

In taking this point of view, given any F' € F(C), the proof follows an analysis of the
integrals of the function

u(z) = |F(z)] e

over its super-level sets A; := {u >t} = {z € C:u(z) > t}. The idea is that given a
set ) with positive measure s, if the function u is regular enough we will be able to
find a unique level set Ay(,) of measure s which accumulates the most mass of u among
all sets of equal measure. If we can do this for any arbitrary measure s > 0, then we
can study the integrals of u over its super-level sets in terms of s, and the problem is
reduced to finding a suitable function that bounds these integrals pointwise at every
s> 0.

We are therefore presented with two main issues. The first one is finding out about how
well the super-level sets of u behave, in terms of whether there is uniqueness or not in
the sense that we specified before, possibly the regularity of their border, and what the
growth of u can tell us about them. The second issue is related to what information
we can gather about the aforementioned integrals of u and how the previous analysis
can help us find the appropriate bound.

Let us begin to tackle the proof of Theorem by introducing a couple of key concepts.
These are the distribution function of u,

u(t) =A, 0<t< maxu, (3.5)
and its inverse, also known as the decreasing rearrangement,

u*(s) =sup{t>0:u(t)>s}, s>0. (3.6)
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First, notice that u is well defined in since u is bounded by Theorem Addi-
tionally, u is non-constant and since F' € F(C) is holomorphic, u is also real analytic
when seen as a function u : R?2 — [0, 00). This key property of u already grants some
sort of good behaviour on the sets A;. Indeed, it grants the continuity of u. Let us
briefly show why (a more detailed proof of this can be found in [Mi]).

Proposition 3.4. If f: R"™ — R is a non-constant, real analytic function, then its
zero set has Lebesgue measure zero,

{z €R": f(2) = 0}] = 0.

Proof. Suppose f: R®™ — R is a non-constant, real analytic function and consider
Fo = f71({0}). If Vf(z) # 0 for some z = (z/,2,) € Fy, then by the Implicit
Function Theorem, we can describe Fjy close to z as a graph z, = g(2’) (that is, in a
neighbourhood of 2’). With this observation one can see that the points of Fy where
V f is not 0 will be small. To check it, it is enough to cover it by the family of compact
sets G,

1
Gk:{zeR":]zgk:,|Vf(z)\zk}, ke,

From here we can choose finitely many neighborhoods of points in each G, so we come
to find a covering of the set Fy N {V f # 0} by countably many graphs of dimension
n — 1. Hence the measure of this set is 0.

To finish the proof, we can use a similar argument after differentiating enough times.
This is precisely the reason why we need the analyticity of f. If the function were
not analytic or constant, the set of points where all its derivatives vanish could be
as big as Fy in terms of its Lebesgue measure. However, since f is non-constant,
by a connectedness argument we find that at some point we will have to find a non-
zero derivative. That is, for any z € Fy with Vf(z) = 0, there exists s € N” with
D3f(z) # 0, and |s| = p+ 1, for p € N. Therefore, we can trace back one index and
find ¢ € N™ with |¢| = p such that

VDIf(z) = (DPT f(2), ..., D* f(2), ..., DPT*" f(2)) # 0.
Now, Fy can be covered by the sets
{€ R :D'f(2),.. DIf(2) =0,VDIf(z) £ 0}, jeN"
These are all of measure zero and form a countable covering of Fy, which concludes
the proof that Fjy has measure zero. ]
If we return to the setting we were discussing, u — t is real analytic for all ¢ > 0, and
we can apply this argument to conclude that
{u=t} =0 Vt>D0, (3.7)

from which the continuity of p at every t € (0, maxu] follows. Moreover, the same
argument shows that
{|Vu| =0} = 0. (3.8)

We can extract some more information about the level sets of u using the Morse-Sard
lemma. In fact, this tells us that for a.e. ¢t € (0, maxu), the super-level set A; of u is
open, bounded and has a smooth boundary,

0A; ={u=t} fora.e. te (0,maxu). (3.9)
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Finally, p is strictly decreasing, which makes u*, defined in ([3.6]) as its inverse function,
map [0, 00) into (0, max u] decreasingly and continuously.

Let us stop here for a moment to motivate the properties of u and u* that we can deduce
already before presenting them. Condition is known as the coarea regularity of u
in the terminology of |[ALL Section 3.6], and it is enough to grant the absolute continuity
of p together with the coarea formula. In fact, seeing p/(t) dt as a Radon measure on
the compact subintervals of (0, max u], rules out the possibility of it having a
singular part. The most intuitive way to see this is to consider a case where u is flat
over an open set. This makes p discontinuous at a point, which gives rise to a singular
part of p/(t) dt¢ at that point.

\

Lemma 3.5. The function p is absolutely continuous on the compact subintervals of
(0, max u] and

—i(t) = / IVu| 1AM, for a.e. t € (0, maxu). (3.10)
fu=t}

*

Similarly, u* is absolutely continuous on the compact subintervals of [0,00) and

1
—(u*)'(s) = (/{ o) ]Vu\_l d?—l1> , fora.e s>0. (3.11)

Proof. We begin by noticing that w is locally Lipschitz, and therefore we can use the
coarea formula at least over open balls centered at the origin. Then, by an approxima-
tion argument (using monotone convergence, for instance), we conclude that for any
Borel function h : R? — [0, o0],

/]R2 h(z)|Vu(z)|dz = /Omaxu (/UT hd’H1> dr,

where H' denotes the one-dimensional Hausdorff measure. Choosing
h(z) = 14, () [Vu(z)|
(with the convention that 0-co = 0 in the integral and |[Vu(z)| ™! is oo if z is a critical

point of u), we see that h(z) |Vu(z)| equals 14,(z) for a.e. z thanks to (3.8]). Then,
recalling the definition of p in (3.5)), we find that

wu(t) = /maxu (/ \Vu]_l d’Hl) dr, Vt € [0, maxu]. (3.12)
t u=T
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In particular this expression for pu implies that it is absolutely continuous on the com-
pact subintervals of (0, maxu], and (3.10) follows by straight computation.

Now we address the absolute continuity of u*. For this, we will check that (u*)’ exists
almost everywhere on (0,00) and satisfies , and that u* maps sets of measure
zero into sets of measure zero (known as Luzin’s N property). This, together with the
fact that it is a function of bounded variation, its continuity and the Banach-Zaretsky
Theorem (see [He, Theorem 17]) will prove that it is absolutely continuous.

Let D C (0,max u] be the set where p/(t) exists, coincides with and is strictly
positive, and set Dy = (0,maxu] \ D. Notice two things: the integral in is
strictly positive for all ¢ in (0, maxu) (otherwise the isoperimetric inequality would
give [4;| = 0 and ¢ > maxu), and p is absolutely continuous, coinciding with ( -
almost everywhere. This means that |Dy| = 0. Lettmg D= M(D) and Dy = pu(Dy), w

find ‘D()’ — 0 by the absolute continuity of x, and D = [0,00)\ Dy since [ is invertible.

On the other hand, using (3.10) we come to find that (u*)'(s) exists for every s € D
and

—u*/s——é— I ! oD
= uf(u-1<s>>‘<ﬁu*(s>‘v’ w) . web

This readily implies (3 since ‘l/)\o‘ = 0. Now, since u* is differentiable everywhere

on D it maps sets of measure zero N C D into sets of measure Zero. Furthermore
since u (Do) = Dy and this set has measure zero, and because D U Dy covers the
domain of definition [0,00) of u*, it follows that u* enjoys Luzin’s N property. By
the aforementioned argument, it is absolutely continuous on every compact interval

[0, a]. O

Before moving on to studying the integrals of u over its super-level sets, we present
a key property that u* and its derivative satisfy, which will play a pivotal role in the
second part of the analysis.

Lemma 3.6. We have

-1
(/ V™! d?—l1> <u*(s) forae s>0 (3.13)
{u=u*(s)}

and
(u*)'(s) +u*(s) >0 for a.e. s> 0. (3.14)

Proof. Let t = u*(s) and recall that for a.e. ¢t € (0,maxu), the set A; has a smooth
boundary (3.9). Then we can use Holder’s inequality to obtain

Hl({u:t})zz/ | dH' < / V"t A / V| dH!, (3.15)
{u=t} [Vu|'/? {u=t} fu=t)

and the isoperimetric inequality reads as
dr u >t} < H ({u = t})% (3.16)

Combining these two expressions and dividing by ¢ we come to find that

-1 [Vul 1
1 —1 3941 Ju=gy 7 dH
— < — 1
t </{ut} [Vul ™ dH > = Ar|{u >t} (3:.17)
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Notice now that {u = t} is the boundary of A;, and if v is the outer normal to {u = t},
then along this set, |Vu| = Vu - v. Not only that, since u is equal to ¢t on 0A;, the
quotient |Vu| /t can be interpreted as —(Vu/u)-v = —(Vlogu)-v, turning the integral
on the right-hand side of (3.17)) into

[Vl

/ A dH! = —/ (Viogu)-vdH' = — | Alogu(z)d=.
{u=t} t A, Ay

Now, since F'(z) is a holomorphic function, log |F(z)| is harmonic (it is the real part
of the integral of the holomorphic function F'(z)/F(z)) and we obtain

A(logu(z)) = A <log |F(2)]* + log e*”‘z|2) = A(—7|2)?) = —4r. (3.18)

Using this computation in (3.17]) we see that the quotient on the right is 1, and recalling
that t = u*(s), (3.13]) follows. Lastly, (3.14)) is simply (3.11]) put together with (3.13).
O]

We can now address the second and main part of the analysis. That is, we can study
the integrals of u over its super-level sets

I(s) = /{U>U*(S)} u(z)dz, se€]0,00) (3.19)

in connection to the function uv*. Intuitively, these integrals gather more energy than
integrals over arbitrary sets of the same measure, and given any  C R? with measure
s > 0, there is a unique super-level set A, (,) of u of measure s. So proving the appro-
priate bound on I(s) as a function of s > 0 will allow us to disregard the complexity
of 2 and instead use the properties of I to prove Theorem Heuristically, these
should be that I is slightly more regular than «* and that its derivatives should satisfy
a similar differential equation to , since by integrating u over A,«(5) and then
differentiating with respect to s one should retrieve the function u*.

Lemma 3.7. The function I defined by is of class C' on [0,00), and
I'(s) =u*(s), s>0. (3.20)
Moreover, I' is locally absolutely continuous and
I"(s)+1I'(s) >0 for a.e. s €[0,00). (3.21)

Proof. Let h > 0 and s > 0. Then

I(s—i—h)—[(s)z/ u(z)dz,
{u*(s+h)<u<u*(s)}

= s. This means that the measure

and by the definition of v* in (3.6)) and (3.5)),

of the set over which we are integrating is just

Au* (S)

(s 4+ h) < u S (S)H = [Aus ey = [Au ()| = s+ h—s = h.

Therefore,
I(s+h)—1I(s)

w(s+h) < S

<u’(s),
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and the same inequality holds true for A < 0 whenever s+h > 0. Since u* is continuous,
it is enough to let h — 0 when s > 0 and h — 0" when s = 0 in order to prove (3.20)).

The fact that I is C' follows from the continuity of v*, and I’ is absolutely continuous
on the compact subintervals of [0,00) by Lemma Finally, I"(s) = (u*)'(s) and

(3.21]) follows from (3.14)). O

We are now ready to prove Theorem [3.3] As we remarked at the beginning of the
section, given the results we have proved so far, the proof reduces to suitably bounding
I(s) and characterizing the equality cases.

Proof of Theorem (3.3, We can assume that ||F||» = 1 by homogeneity, which leaves
us with the task of showing that

/ u(z)dz <1—e"*
Q

for every set 2 C R? of measure s > 0. In the previous discussions we already exposed
the beginning of the argument: if A« () is the super-level set of u that has measure s,
then for any 2 of measure s,

/ u(z)dz — / u(z)dz = / u(z)dz — / u(z)dz, (3.22)
Au*(s) Q Au*(s)\Q Q\Au* (s)

and since u > u*(s) over the first set, the opposite inequality holds on the second, and
they are both of the same measure, it follows that this difference is positive. Therefore,
we aim to prove

I(s):/ u(z)dz<1—e7% s>0.
Ayrs)
By letting s = —log o, this is equivalent to showing
G(o)=1I(-logo)<1—0, o€(0,1]. (3.23)
Notice that G(1) = I(0) = 0, and by monotone convergence,

lim Glo) = lim 1(s) = | Pl = 1.
Then G extends to a continuous function on [0,1]. Moreover, in terms of G, (3.21)
means that G'(¢) is nondecreasing, which makes G a convex function. Since it agrees
with 1 — o on 0 = 0, 1, its convexity implies the validity of (3.23)).

Let us assume now that equality holds in for some F' € F(C) with ||F||r =1
and some 2 C R? of measure so > 0. Then, in particular I(sg) = 1 —e~%, and by
setting g = e %9, we have G(0g) = 1 — 0¢p. This implies that G(o) coincides with
1 — o everywhere by convexity, or equivalently, that I(s) = 1 —e™* for all s > 0.
In particular, I'(0) = 1, which by (3.20) means that maxu = «*(0) = 1. Using the
characterization of equality cases for we deduce that F' has to be of the form
F = cF,, for some zp € C with |c| = 1.

We are left to show that €2 is equivalent to a ball centered at zg. To this end, notice
that if equality holds in (3.4]), then (3.23) is equal to zero, which means that 2 and
Ay (s9) coincide up to a set of measure zero. Now, using the expression of F, we find
that

50)

u(z) = [of? [ By P e 178 = gmrlesol”,

21



Therefore u is radially symmetric about 29 and radially decreasing, so A, (s,) is a ball
of measure sg centered at zp.

The last step of the proof is to show that if F' is of the form cF}, and € is equivalent
to a ball of radius r > 0 centered at zp, then equality in (3.4) holds. This can be done
using polar coordinates,

:
[uraz=1e? [ e —amle [ et ap = o (1 - e,
@ {lzl<r} 0

which completes the proof, since |c| = ||cFL, || £ O

3.3 The result in arbitrary dimension

We will devote this section to the generalization of Theorem in arbitrary dimension.
The approach is exactly the same as the one described in the previous section to prove
the result in dimension d = 1. Its generalization comes at the cheap cost of taking into
account a few constants that depend only on the dimension. To expand on this, let us
recall the definitions of a few of the concepts that we will need and give a some details
on this new setting.

We will consider now the Gaussian function ¢ as defined in , and recall the def-
inition of the STFT for f € L?*(R%) with ¢ for its window function, V,f. We
will denote by wsg the measure of the unit ball in R??. Additionally, we will need the
following (incomplete) version of the gamma function,

~v(k, s) ::/ T le=Tdr, (3.24)
0

where k£ > 1 is an integer and s > 0, so

ykis) g s kf s (3.25)

="

Theorem 3.8 (Faber-Krahn inequality for the STFT). For every measurable set £ C
R2? of finite measure and for every f € L?(R?) \ {0},

Jo Ve f(x,w)|* dzvdw _ y(d, c)
17115 ~(d=D

(3.26)

where cq = m(|Q| Jwaq)/. Moreover, equality holds for some f and some Q with

0 < |9 < oo if and only if Q is equivalent (up to a set of measure zero) to a ball
centered at (zo,wp) € R%, and

f(z) = ce®™@0p(x —zg), ceC\{0}. (3.27)

Before moving onto the proof, let us briefly explore the differences we will encounter
in trying to follow the approach we used to prove Theorem First of all, by virtue
of Definitions and [2.2] and Theorems and we can reformulate the problem
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in the same way as before using the Fock space F(C?), and knowing it is a RKHS with
basis given by the monomials in Proposition [2.8] Then we are left to show
Jo | F)P e dz _ 1(d, cq)
HE ~(@-

when F' € F(C%) and 0 < || < oo, Q C C¢, with equality if and only if F' = cF,, and
Q is equivalent to a ball centered at zo (up to a set of measure zero).

(3.28)

The definitions of u,  and u* are easy to extend to R??, and the same properties will
hold in the case with arbitrary dimension since they all follow from the fact that u is
real analytic and Proposition is valid in arbitrary dimension. This is, , ,
, and will hold in the present case by substituting R? by R?¢ when
necessary, and the discussion between Theorem [3.3]and Lemma [3.5]is valid too in this
setting. Furthermore, Lemma |3.5| extends to arbitrary dimension just as easily since
the only instance where any specific argument concerning the dimension is used is the

coarea formula. In this new version, (3.10) and (3.11]) read
—p/(t) = / IVu| P dH?Y for ace. ¢ € (0, maxu). (3.29)
{u=t}

and

1
—(u*)(s) = (/{ o \Vu|71 d’HQd_1> , fora.e. s>0. (3.30)

The isoperimetric inequality in the proof of Lemma 3.6 gives rise to a few new constants,
since this result depends on the dimension. In particular, the proof remains the same
in terms of execution, but (3.15) changes in that now we use H2?~! instead of H!,

(3.16)) reads
(2d) ey [{u > 1|70/,

and instead of Alogu = —4m, we now have Alogu = —4wd. These differences combine

to replace (3.13) by
-1
(/ |Vu|™! d’l—[2d_1> < ﬂd_lw;dl/ds_1+1/du*(s), a.e.s >0 (3.31)
{u=u*(s)}

and (3.14) by

(u*)'(s) + (Wd_lw;dl/ds_lﬂ/d) u*(s) >0, a.e. s>0. (3.32)
Using the notation introduced in (3.19)), (3.21)) in Lemma now turns into
I"(s) + (Wdilw;dl/dsflﬂ/d) I'(s) >0, ae. s>0. (3.33)

These are all the changes concerning the results previous to the proof of Theorem
Now we will give a brief outline of how to keep track of these changes in the argument
that proves Theorem

Proof of Theorem[3.8 Having rephrased the problem in terms of the Fock space ,
we can assume that ||F'|| - = 1, and arguing as in the proof of Theorem we are led
to show

7(d, 7 (s/g)

1= =g

s> 0.
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We can substitute the right-hand side by 1 — o, for o € (0, 1], and setting G(o) = I(s)
we are left to show that
G(o) <1-—o,

as before. The same approach works now, and G extends to a function on [0, 1] that
coincides with 1 — ¢ on ¢ = 0,1. The next step is to show that G is convex. To see
this, observe that, seeing ¢ as a function of s,

G'(o(s)) = —d!ﬂ_dwgde”(s/%)l/d]’(s).

Since the function e™(s/w2a)"/* ! (s) is non decreasing, G’ is non decreasing on (0, 1], and
hence G is convex on [0, 1]. The proof is then finished with the exact same arguments
as that of the one dimensional case. O]

A consequence of this result is, as in the one dimensional case, a sharp uncertainty
principle for the STFT that generalizes Theorem To replace the function log(1/¢),
which arises as the inverse of e in Theorem we introduce 94(g), 0 < € < 1, which
is the inverse function of

v(d, s)

1_
MR PRI

for s > 0.

Theorem 3.9 (Sharp uncertainty principle for the STFT). If f € L?(R%)\ {0} and
Q C R?? satisfy

[ Vet(@w)P dodo > (1= ) 1113,
then
90 2 waara(e)",

with equality if and only if Q is a ball and f has the form (3.27), where (zg,wo) is the
center of the ball.

3.4 Local Lieb’s Uncertainty principle

Two different directions reveal themselves when trying to generalize the techniques
developed in the previous sections. The first one concerns a local LP version of Lieb’s
uncertainty principle (Theorem , and we will spend this section describing it. Let
us start by considering the problem

V. Pdxd
wp o lVef(z0)P dr e

, (3.34)
FEL2(R)\{0} 1£1I5

where 2 C R? is a measurable set of finite measure and 2 < p < oco. This problem
indeed is a generalization of the previous one, and they coincide when p = 2. It turns
out that this supremum is in fact attained, and it can be shown by using the direct
method of the calculus of variations.

Proposition 3.10. The supremum in (3.34) is attained.
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Proof. In the same spirit as the previous proofs, we can rephrase the problem in the
Fock space, obtaining the Rayleigh quotient

Jo [F(2)[P e ™20 /2 qz
IFE

with ' € F(C) \ {0}. Let (Fy)n>1 be a maximizing sequence with ||F,||» = 1, and
set un(2) = |F(2)|P e P™**/2. By Theorem un(z) < ||Full% = 1, meaning that
F,, is bounded uniformly on the compact subsets of C. We can therefore extract
a subsequence that converges uniformly on the compact sets of C to a holomorphic
function F, and we will continue naming it F;,. Using Fatou’s lemma, we find that
|Fl| < 1. Now, given that € has finite measure, by the inner regularity of the
Lebesgue measure we can find, for any € > 0, a compact set K C C with |Q\ K| < e.
This means that

/ un <, / PP e P2z < c.
O\K O\K

Together with the convergence of F,, to F' over compact sets, this implies that

lim Un(Z) dz = / |F(Z)p’ e—p7r|z|2/2 ds.
Q

n—oo QO

Therefore ' # 0 and, since ||F||r < 1 = ||F,|| z, we find

2 2
i JelFaG)l e T2 dz o [F(2)” e P 2 d
e IFnlls - [F|[

The reverse inequality follows from the fact that F, is a maximizing sequence. O
Then the local version of Lieb’s uncertainty principle corresponds to the problem of
maximizing (3.34]) over all sets of prescribed measure. The result reads as follows.

Theorem 3.11 (Local Lieb’s uncertainty inequality for the STFT). Let 2 < p < oo.
For every measurable set Q C R? of finite measure and every f € L*(R) \ {0},

1£112 TP

Moreover, equality holds for some function f and some set Q) of finite measure if and
only §) is equivalent to a ball centered at some (zo,wo) € R? (up to a set of measure
zero) and

JoVof (@, W) dvdw _ 2 (1 N e—p|m/2) _ (3.35)

f(x) = ce®™™0p(x — x0), ceC\{0}.

The case p = 2 reduces the result to Theorem [3.I] and it is possible to recover The-
orem [1.11] in dimension d = 1 with the Gaussian ¢ for a window function by using
monotone convergence (over increasingly bigger sets converging to R?) on (3.35]).

Proof. The proof follows a similar structure to the proof of Theorem Rephrasing
the problem in terms of the Fock space, it is enough to show that

p —pm 2/2
Jo |F(2)Pe ;’ 121°/2 44 < 2 (1 _e—p|ﬂ‘/2)
(P2 p
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for F € F(C)\ {0}, 0 < || < oo, and that the equality cases are give by F' = cF},
and the balls Q of center zg.

We can assume that ||F||r = 1 and set u(z) = [F(z)[” e—Pmlal’/2, Upon arguing as in
Lemmas [3.5] and [3.6] we find that

(W)(5) + 2u'(5) 20, ae. 520,

and with the notation of Lemma [B.7 this turns into
I'(s) + gl'(s) > 0.

By arguing as in the proof of Theorem the problem is reduced to studying the
inequality I(s) < %(1 — e7P%/2) and by changing the variable s = —% logo, o € (0,1],
this turns into 5 5

Glo)=1 (—plog a) < 5(1 —o0) Vo e (0,1]. (3.36)

The argument is exactly the same as in the proof of Theorem with the exception
that G(0) := lim,_,o+ G(0) = Jg2 u < 2/p, meaning that at ¢ = 0 there can be a strict
inequality. When equality happens, we can still use Theorem to conclude, with the
difference that now in order to deduce the equality [|F||» = maxu, the computations
change slightly,

2
1= maxu = max|F(2) e /2 = (max | F(2)] e*wlle)p/ <|F|B=1.

Finally, the converse follows by straight computation, thus proving the result. O

3.5 [LP-concentration estimates

A different direction in which we can extend Theorem [3.1] concerns LP-concentration
estimates. Notice that the problem makes sense immediately as the STF'T is well
defined for L? functions. Recalling the discussion following Definition it is possible
to extend the definition of the STFT to LP spaces and even spaces where does
not make sense immediately. In particular, observe that if f,g € L?(R?), then

ng(xaw) = <f7 Mwag>

in the inner product of L?(R%). In the same fashion as how the Fourier transform of
a tempered distribution is defined, we can extend the STFT to the class of tempered
distributions as long as the window function remains a tempered distribution, i.e.,
using duality. In particular, this works since translations and modulations of Schwarz
functions remain Schwarz functions. With this, if f € S'(R?) and g € S(R?), then the
STFT of f with respect to g is defined as

ng(l'vw) = f(Mwag) = <fa MwT:pg> :

Now, when working with tempered distributions, some particularly interesting spaces
in time-frequency analysis are modulation spaces |Gr, Ch. 11]. They were originally
proposed by Hans Georg Feichtinger [Fe|, and are now considered the natural spaces
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for time-frequency analysis. They roughly consist of those tempered distributions for
which the STFT is a function in LP,

MP(R) = {f € S'R) : | fll o = [IVifll, < o0}

Then the STFT is an isometry V,, : MP(R) — LP(R?), and the Bargmann transform
can be extended B : MP(R) — FP(C) in the same way (using duality in (2.3))), where
FP(C) is the space of holomorphic functions F(z) satisfying

1/p
||F||fp = (/ ’F(Z”P e—pw\z|2/2 dz) < 00,
C

while maintaining the validity of (2.4) and so that it is a surjective isometry (see [ST]).

In this context, the methods and arguments described earlier in the proof of Theo-
rem [3.1] work to show the following LP-concentration estimate.

Theorem 3.12 (LP-concentration estimates for the STFT). Let 1 < p < oco. For
every measurable set Q C R? of finite measure and every f € MP(R)\ {0},

fQ |V(pf(m,w)|p dz dw 0
<1— P2 '
Jr2 Vo f (2, w)|P dedw — ¢ (3.37)

Moreover, equality holds for some f and some ) of finite measure if and only if Q is
equivalent to a ball centered at some (xg,wo) € R? (up to a set of measure zero), and

f(x) = ce®™ @0 p(x — x0). (3.38)

The main difference when it comes to the proof of this result with Theorem is (2.6)).
It extends to any p € [1,00) as

p | 2|2
PP < L F5, ez,

with equality at zp € C whenever F' = cF}, for some ¢ € C\ {0} [Zh, Theorem 2.7].
Setting u(z) = |F(2)|P e*p”‘z|2/2, one can follow the previous arguments to reach the

desired conclusion. Again, as a consequence we obtain a sharp uncertainty principle
for the STFT.

Corollary 3.13. Let 1 < p < co. If for some € > 0, some measurable set Q C R? of
finite measure and some f € MP(R)\ {0}, we have

| Vet @) dade = £ (1 =) (339

then 5
920 = 2log(1/2), (3.40)

with equality if and only if 0 is equivalent to a ball centered at some (zo,wo) € R? (up
to a set of measure zero), and f is as in (3.38)).

Just like in the previous results in this manuscript, Theorems and [3.12] can be
extended to the multidimensional case in the same way that we described in Section 3.3
As this is a rather mechanical adaptation of the techniques previously demonstrated,
we opted to leave it out of this work, since the main ideas have already been displayed
in several different contexts.
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