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Abstract

We prove a sharp quantitative version of the Faber-Krahn inequality for the short-time
Fourier transform in dimension 2, with its extension to the general d-dimensional case
and the wavelet transform analogue, the Faber-Krahn inequality for wavelet transforms.
In doing so, we give a brief historical overview and recall the main concepts from time-
frequency and time-scale analysis, and Faber-Krahn concentration estimates.
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CHAPTER 1

Introduction

Geometric and functional inequalities play major roles in different problems across areas
like geometric analysis, calculus of variations, partial differential equations or physics.
Many of these inequalities are well understood, in the sense that we can answer the
very basic questions about finding their sharp versions and characterizing equality cases.
For instance, the Euclidean isoperimetric inequality provides an analytical expression of
the variational principle stating that balls minimize perimeter under a certain volume
constraint. For a measurable set £ C R"”, the inequality reads

P(E) >n|B|"™ B0/

where P(E) is the perimeter of E (in the sense of De Giorgi [Ma2]), B is the unit ball in
R™ and |E| is the Lebesgue measure of E. Equality cases are characterized by balls (up
to sets of measure zero).

However, in further studying these inequalities, one natural question that we are led to
consider is whether extremals (or minimizers), i.e., the objects achieving equality, are
stable or not. This is,

if an object fails to achieve the equality only by a small margin, does it have to be, in
some sense, close to a minimizer?

This question has gained considerable interest in recent years, resulting in several contri-
butions showing the stability of many well-known inequalities such as the isoperimetric
inequality [EFT, [FiMP} Fu, [FMP2, Mal|, the Brunn-Minkowski inequality [FJ, HST],
the Sobolev inequality |[CFMP, FMP1], the Prékopa-Leindler inequality [BD, BFR] and
Gagliardo-Nirenberg-Sobolev inequalities [BDNS| DT} Ng].

Quantitative stability results often take a specific form. Firstly, a deficit functional ¢ is
extracted from the original inequality, indicating the failure of a particular object from
achieving equality. Secondly, an appropriate method of measuring the difference between
an object and its closest minimizer D is established. This part is crucial, since choosing
the right D will result in the inclusion or exclusion of certain behaviors of the objects we
are working with. Finally, the aim is to find an inequality of the type

D < 06°,

where C' and « are positive constants that might depend on quantities related to the
problem, like the dimension, or the measure of a set (cf. Theorem [4.1). Moreover, the
larger « is, the stronger the result is, and we say it is sharp when « is the largest possible,
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i.e., when for a minimizing sequence, the convergence of 6% and D to zero happens at the
same rate.

Apart from their intrinsic mathematical interest, stability estimates often find applications
both in other problems within mathematics (see for example |CF, DD]), and in the ap-
plications (see [FM]). In the computational aspect, it is often unfeasible to work without
the use of approximations, and stability estimates help ensure their validity.

Let us bring back the example of the isoperimetric inequality. In this case the deficit
functional is P(E)
0(F) = —

)

making the inequality read §(F) > 0, and the right way to measure the distance between
FE and its closest ball turns out to be the Fraenkel asymmetry of E,

A(E) = mf{‘mfm .z € R",|E| = |B(z,r)| ,r > o}.

The sharp quantitative isoperimetric inequality on R™ then reads

A(E) < C(n)s(E)'2.

It is often the case that in order to show stability, a useful approach is trying to make
the proof of the original inequality into a quantitative one. In the case of geometric
inequalities, where minimizers are a certain family of sets, reduction techniques to simplify
the problem to sets or functions that possess some desirable qualities (such as boundedness,
symmetries, etc.) have proven to be extremely useful |[BFR, BPV, CEFMP, FMP2, FMP1],
and the theory of (optimal) mass transportation also presents itself as a strong tool that
can encode the geometric properties of a set in terms of a transport map, allowing us to
turn a geometric problem into an analytic one [FiMP, [Mal].

These points of view are present in many of the quantitative versions of the aforementioned
inequalities, and they will play major roles in the work that we will discuss later in Chap-
ter [4] where we will study the stability of the Faber-Krahn inequality for the short-time
Fourier transform [NT]. This inequality provides a sharp bound for the concentration of
functions in the time-frequency plane, and it is closely related to the theory of localization
operators in time-frequency analysis, where the short-time Fourier plays a leading role.

The driving force of time-frequency (resp. time-scale) analysis is to represent functions
in the time-frequency (resp. time-scale) plane with the aim of developing tools and tech-
niques to analyze them in combination with the information given by their local frequency
spectrum. Such tools are, for example, wavelet transforms and the short-time Fourier
transform. In signal analysis, this corresponds to observing a specific frequency band of a
signal around a certain point in time, in analogy with how a musical score describes the
sounds that form part of a piece at every moment of its duration. Localization operators
translate this process into a mathematical setting by reducing the energy of functions
outside a certain, fixed set to a negligible amount.

The pioneering work in this circle of ideas was due to Landau and Pollack in the “Bell
labs papers” (see Slepian’s survey [Sl]), but it was the work of I. Daubechies |[Da2] that
introduced an innovative perspective to time-frequency localization operators. She showed
that for radially symmetric sets and Gaussian windows, the eigenfunctions of these oper-
ators are Hermite functions, and their eigenvalues can be computed explicitly. In general,



it is very hard to find either of them when the domain is not a radially symmetric set,
even if it is close to one (for example, an ellipse with very low eccentricity). Similarly,
her work with Paul [DP] extended this to the time-scale plane and the associated wavelet
transform.

Since then, both time-frequency and time-scale analysis have received a lot of attention
and seen a great deal of contributions in the form of uncertainty principles (we refer to
the surveys |[BoD; [FS| \Gr2] and [BCO, Del FeG]) and concentration-type estimates [AS],
among other things. The applications of localization operators are manifold and their
literature is vast [BS|, |(CG| |Wo]. In particular, the operators associated to the short-time
Fourier transform with Gaussian window have remained of considerable interest [AGR),
APR), IDFN| MR}, |O]], and more recently, there has been an emerging body of ideas and
techniques developed initially by F. Nicola and P. Tilli in [NT] in relation to the work
of Abreu and Dérfler [AD] that are currently experiencing applications and extensions to
time-scale analysis [RT] and various other areas.

The topic we will address in this thesis is the work by A. Guerra, J. P. G. Ramos, P. Tilli
and the author in [GGRT], where a sharp quantitative stability version of the Faber-Krahn
inequality for the short-time Fourier transform [NT] is established by means of a series
of new ideas extending the original framework, along with its wavelet transform analogue
[RT]. We aim to provide a relatively self-contained account and detailed insight on the
techniques that proved to be useful in establishing the main results in the paper, often
with a slightly varied point of view. The structure of the thesis will be the following. In
Chapter[2] we introduce the preliminary notions and essential concepts from time-frequency
and time-scale analysis. Chapter [3]will be a summary of the original work by F. Nicola and
P. Tilli [NT], and the subsequent work by J. P. G. Ramos and P. Tilli [RT] where a Faber-
Krahn inequality is established for the wavelet transform using the same methods. We
will dedicate Chapter [4], the main part of the thesis, to showing the primary quantitative
stability result, and finally, we extend these results to arbitrary dimension and wavelet
transforms in Chapter



CHAPTER 2

Time-Frequency Analysis

Classical Fourier analysis provides the harmonic analyst with a powerful tool: the Fourier
transform. It enjoys a great deal of properties that allow us to look at a function at
an additional level: its frequency spectrum. Operations like convolutions, multiplications,
translations, modulations and dilations are switched by the Fourier transform, and in-
formation about the regularity of a function can be found in the decay properties of its
Fourier transform.

In signal analysis, functions are interpreted as signals, and for f € L?(R), the amount
f(x) can be thought of as the amplitude of f at time x € R. The Fourier transform of f
at w € R ]? (w) is the amplitude of f at the frequency w. Fourier analysis thus performs
excellently whenever a signal f is comprised of a few dominating frequency bands that
do not change as time goes on. However, when this stops being the case, the Fourier
transform is no longer the appropriate tool to use, as frequency spectra might change with
time.

~

Indeed, in order to compute f(w) we need to know the entirety of f, and moreover, f(w)
only provides averaged information on the frequency w in f over the whole duration of the
signal. It becomes obvious at this point that a new tool is needed if we want to extract
more detailed information on f. This is the point of view that time-frequency analysis
brings to the table. Instead of just looking at a function f by itself or via its Fourier
transform, the aim now is to use the joint information of both of them in order to improve
the analysis. To do this, we need a two-dimensional representation that allows us to look
at f at a certain frequency and a particular instant in time, very much like a music score

of f.

The ideal time-frequency representation would, at least intuitively, run through looking at
the “instantaneous frequency spectrum” of f € L?(R) at € R. To this end, let us define
f5(y) = f(¥)Ljz—s5)(y). We then seek to find where the function fg accumulates most of
its mass, which will be the dominating frequencies of f at x.

Despite this being a reasonable approach, we readily encounter an obstruction in the form
of uncertainty principles. Indeed, these roughly establish that a function and its Fourier
transform cannot be simultaneously concentrated over small sets, making it impossible
for the concept of an instantaneous frequency spectrum to be reasonable. Let us give a
notion of concentration and follow with one such uncertainty principle. We will say that

4
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a function is e-concentrated over a measurable set Q C R? whenever

([ 1rra) = a9l

The Donoho-Stark uncertainty principle then reads as follows [DoS].

Theorem 2.1 (Donoho-Stark uncertainty principle). Suppose that f € L2(R% \ {0} is
ep-concentrated on T C R and f is eq-concentrated on Q@ C RL. Then

T > (1 —ep— eq)?

When we apply this result to our previously defined function fs, we find that if ﬁ; were
to be p-concentrated on 2 C R, then

(1—p)?
Q>
2| > 5

In other words, we cannot expect fg to be very concentrated on small sets, and therefore
the idea of an instantaneous frequency spectrum is not viable. Instead, we need to find a
compromise between how reliably we can look at the frequencies of f while still analyzing
over a small enough interval in time. This is where the short-time Fourier transform comes
into play.

2.1 Time-Frequency and Time-Scale Representa-
tions

In order to circumvent the previous problem, we can choose a function (called a window
function) through which to look at the frequency spectrum of f over a small window of
time without losing too much to the uncertainty. Then, by sliding this window we can
generate a representation of f in the time-frequency space. This will be the short-time
Fourier transform. We refer to |Grl] for a detailed description of the discussion we will
present.

Definition 2.2 (Short-time Fourier transform). Let f,g € L?(RY) with g # 0. Then the
short-time Fourier transform (STFT) of f with respect to the window ¢ is defined as

V, f(r,w) = /R FOglE— D, rw e RY (2.1)

The requirement that f,g € L%(R?) ensures that V, f makes sense, but the definition can
be extended to f € LP(R?) and g € LI(R?) for conjugate Holder exponents 1 < p,q < oo
and, by duality, to tempered distributions f € S'(RY) given a Schwarz window g € S(R?).

The STFT itself has some very interesting properties that relate to those of the regular
Fourier transform. It is absolutely continuous whenever f,g € L?(R%), it enjoys the
orthogonality property

<‘/£?1f17%2f2>L2(R2d) = <f1>f2> <glag2>7
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analogous to the Parseval formula, that makes it an isometry from L?(R?) into L?(R?9)
when ||g|l2 = 1, and there is an inversion formula just like for the Fourier transform.
Moreover, we also have uncertainty principles that provide lower bounds for the size of
the sets where V; f is very concentrated. However, we will mostly be interested in how it
interacts with a couple of operators that are inherently special in time-frequency analysis:
translations and modulations.

Definition 2.3. For z,w € R%, we define the translation by x

Tof(t) = f(t — ),

and the modulation by w
M f(t) = T f ().

Operators of the form M,T, or T,M, are called time-frequency shifts, and they satisfy
the following commutation relation

T M, = e 2% M, T,. (2.2)

Time-frequency shifts commute when - w is an integer. They are isometries in LP(RY)
for each 1 < p < oo, and the Fourier transform shifts their order in the following way

Ta:f = M—:ﬂfa wa = TwJ?-

In particular, it is not hard to prove that (2.2) describes how the short-time Fourier
transform interacts with time-frequency shifts.

Lemma 2.4. Whenever V,f is defined, it holds that

Vo (TuM,f) (z,w) = e 29V f(x —u,w —n), for z,u,w,n € R (2.3)

Although we will later work with a fixed window function, so far we have not required that
the g satisfy any especial properties. The choice of a window function is a whole topic with
its own interest: it varies depending on the analysis and the dominating frequency bands
of a signal — frequency resolution can only be obtained by trading time resolution, and the
same occurs when trying to achieve good time resolution. Moreover, this phenomenon,
called the window effect, takes place uniformly over all frequencies, which induces some
undesirable properties as we will see later on.

In any case, a good choice for a window function would be one that balances both time
and frequency resolution by minimizing uncertainty. Then, an obvious candidate is the
Gaussian window, defined as

olz) = 2U/4e=lel, (2.4)

The reason behind this is that it lies within a family of Gaussian functions that minimize
the Heisenberg uncertainty. In dimension d = 1, let pq(z) = e~ ™/¢.

Theorem 2.5 (Heisenberg uncertainty principle). If f € L?>(R) and a,b € R, then

- 1
1@ = a)Fllall(@ = b) Fll2 > [ £113-

Equality occurs if and only if f is a multiple of M_yT,pc(x).
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By changing the parameter ¢ we vary the size of the support of the window function,
known as the window size. The wider the window, the better the frequency resolution and
the greater the cost in time resolution, and vice-versa.

Now let us go back to the issue we mentioned. The time-frequency localization offered
by the STFT is limited by the window effect, particularly in that it lacks a sense of
the scale at which one looks at details around a point z € R Indeed, notice that
Vof = (f, M,T,g), and when g is supported inside E and this is centered at the origin,
then supp M,T,g9 C x + E. Therefore the STFT has a locked time-frequency resolution.
In the applications, it turns out that most of the signals that we find show high frequency
components for short durations, and low frequency components for long durations. This is
the case of heartbeat signals, partial discharges in electrical systems, and seismic signals,
for example. It would then be desirable to localize signals in the time-frequency plane
with different time-frequency resolution depending on where we are localizing. For high
frequencies, it is more relevant to have good time resolution, whereas for lower ones, it is
frequency resolution what we may want to focus on.

This is the starting point of time-scale analysis and wavelet theory, which provide a solution
to this problem. In what follows, we will give a few of the basic ideas behind wavelet
theory and the main results and properties that we will need later on (and for this reason
we restrict to dimension d = 1), and we refer to [Ch, Dal, |Grl, ML |[Me| for a more
comprehensive exposition of the theory of time-scale analysis.

In order to obtain different time-frequency resolution, wavelet theory substitutes frequency
by scale, and modulations by dilations, i.e.

Dyf(z) = |s|"? f(s7'z), seR\{0}. (2.5)

The normalization |s|71/ % is chosen so that D, is unitary on L2(R), and observe that if a
function f is supported in E, then D, f is supported in sE. The time-scale representation
that is the analogous to the short-time Fourier transform in wavelet theory is the wavelet
transform.

Definition 2.6 (Wavelet transform). Given a fixed function g € L?(R), the wavelet
transform of f € L?(R) with respect to the window g is defined as

Wyf(os) = 75 [ F0g (7 ) (2.6)

S

This is well-defined pointwise for each x € R, s > 0, and it enjoys a fair deal of desirable
properties. As is the case with the STFT, the original function f can be recovered from
its wavelet transform under certain admissibility conditions on g |[Dal, Proposition 2.4.1],
and in striking similarity with the Fourier transform, W, f reveals useful information on
the Holder regularity of f [Dal, Theorem 2.9.2].

The function ¢ is usually called the mother wavelet, and the family ¢** = s71/2¢ (t_Tx)
of translated and dilated copies of g are called the wawvelets. For small values of s, the
corresponding wavelets are “shrunken” versions of g, with frequency content concentrated
mostly in the high frequency range. Conversely, when s attains large values, the frequency
content of wavelets is concentrated on the low end of the spectrum. As a consequence
of this, W, f will have good resolution in time when s is small, at the price of frequency

resolution, and good frequency resolution for large values of s, and coarser time resolution.
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Another way to look at this is by noting that Wy f(x,s) = (f, T, Dsg). If g is supported
inside E centered at the origin, then supp7,Dsg C = + sE, and we are gathering local
information on a neighborhood of size s (roughly) around x. Therefore, the scale s indicates
the resolution at which local details around z should be observed. As s — 0 for any fixed
x, the wavelet transform provides a “microlocal” view through ¢ of the function f at x, a
property which the short-time Fourier transform lacks. However, it can also be seen as a
time-frequency representation, as Wy f(z,s) = <]?, M_,.D, /5§>, providing information on
f in the frequency band supp Dy 9.

As in the case of the STFT, the choice of window function is also a topic of its own
interest. Different behaviours on the side of the signal motivate various choices for the
mother wavelet, and each particular analysis suggests a possible approach. In our case,
we will only be interested in a specific family of wavelets. For 8 > 0, define 3 € L*(R)
to be such that

— 1 _
9a) = Lo (1%, (27)

where the constant cg is given by ¢z = [5° 226=1e=2t 4t = 22°-11'(2f), and the Fourier
transform is now normalized,

(&) = (27T1)1/2/Rf(t)€_it£ dt.

With this choice of window function, whenever fvanishes over (—o00,0), it can be shown
that the wavelet transform is actually an isometric inclusion from H?(C*), the Hardy
space of the upper half plane, to L?(C*,s2dxds) [Dall, Section 2.5]. Indeed, like the
STFT, it satisfies the orthogonality relation |Grl, Theorem 10.1]

_ 1 —_ 1
[ oo W ol9) g drds = ([ Fis(e) o) (e gy (29
whenever f1, fo, 91,92 € L*(R) and ||gll;2r 1) < 400, which in particular implies that

W, is an isometry from L%(R) to L*(R x R, s72dz ds) whenever 191l 2,1y = 1.

The Hardy space on the upper half plane is the space of holomorphic functions on CT =
{z € C: Imz > 0} and such that

sup/ |f(z +is)* dz < 4-o0.
s>0 JR

This is precisely the growth condition that allows us to identify functions f € H?(CT) with
functions on the real line whose Fourier transform is supported on the positive line [0, +00)
via f ¢ limpg .50 f = f [St, Theorem 7.2.4]. If we then fix a function g € H2(C*)\ {0}
with [|g]|2(r+ 1) < 400, the wavelet transform of f with respect to g is

ng(z) =(f, 7ng>H2((c+) )

where z = z + is and 7,g(t) = s~ /2g(s~(t — x)). Moreover, since

(fv, f2) 2oy = <f1,f2>L2(R) = <E,E>L ;

?(RT)

then interpreting R x R* as C* we see that whenever [|g]| 21y = 1 holds, W, is an
isometry from H2(C") to L?(C*, s 2dzds).



2.2 THE BARGMANN AND BERGMAN TRANSFORMS 9

The reason why it is desirable to go from L?(R) to the more complicated Hardy space is
because the latter can be seen as a particular type of L? space of holomorphic functions
on the unit disk by means of the wavelet transform. However, this is not unique to the
wavelet transform: the same occurs with the STFT, and this facilitates an approach to
the problem of energy concentration in the time-frequency and time-scale planes. Since we
will exploit this extensively in Chapters [3|and [4] when we talk about energy concentration
in the time-frequency plane, let us introduce these transformations and see what roles V
and W, play in them.

2.2 The Bargmann and Bergman transforms

Let us begin by setting some notational grounds. For ¢t € R?, we will denote by ¢? the
product ¢-¢ = |t|?, and similarly for a complex number z = z+iw, i.e. 22 = (z+iw)-(z+iw).
Its modulus will be \z|2 = 2z-Z = 2% 4+ w?, and the product z - u of z,u € C? will just be
zu.

For the reasons mentioned earlier, we will only be interested in the STFT with respect to
the Gaussian window ¢ defined in (2.4]), which we will denote by V instead of V,,. With
this particular choice, we can write

Vf(z,w) =2Y4 ) f(t)effr(tfx)Qefzmw-t dt
R
=2 Rd f(t)e ™ 2retgmma g =2mit gy (2.9)
= Qd/4€—7rix'we—g(x2+w2) /d f(t)e_ﬂﬁe_zﬂ-t'(x_iw)e_%(x_iw)Q e
R

If we turn (z,w) € R?? into a complex number z = z + iw € C%, then ([2.9) reads

Vf(-’E, 70‘)) _ 2d/4€i7rm-we—7r|z\2/2 /d f(t)6277t~z—7rt2—gz2 dt. (210)
R

For each f € L%(R?), this integral converges uniformly over compact subsets of C¢, and it
defines an entire function, which we call the Bargmann transform of f.

Definition 2.7 (Bargmann transform). Let f € L2(R?). We define its Bargmann trans-
form by

Bf(z) = 24/4 /d F)e2m=m =52 g e (2.11)
R

With this definition, (2.10)) turns into
Vf(z, —w) = ™ Bf(z)e /2, (2.12)

from where we can readily see how the STFT can be looked at through the lenses of
complex analysis. Furthermore, this relation is isometric when we choose the right space
for Bf to live in. To this end, we introduce the Bargmann-Fock space.

Definition 2.8 (Bargmann-Fock space). We denote by F(C?) the Hilbert space of all
entire functions on C? for which

|F|2 = /d 1F(2)2 e~ dz < oo,
(C,



10 TIME-FREQUENCY ANALYSIS

endowed with the product

(FG)r= [ F(2)GR)e ™ dz.

It is immediate that implies that Bf € F(C?) whenever f € L*(R%), and that
|Bf|l7 = |Vfll2. Furthermore, as a map B : L?(R?) — F(C?%), the Bargmann transform
is an isomorphism: it maps the basis of Hermite functions that diagonalize the Fourier
transform into the basis of F(C?), given by the collection of all monomials of the form

Trlal 1/2 d 7704]‘ 1/2
ea(z) = — 2% = 259
(o) =-1(E)

for a = (a1, ..., o) with a; > 0.

The wavelet transform also enjoys a similar reinterpretation, although it requires a bit
more work. To begin with, we introduce the Bergman spaces on the upper half plane and
the unit disk.

Definition 2.9 (Bergman spaces). For @ > —1, the Bergman space on the upper half
plane, A, (C"), is the Hilbert space of analytic functions on C* such that

1£Bery = [, P s dut < +oc, (213)

where du™ here is the normalized area measure on C* [RT|. Similarly, the Bergman space
on the disk, A, (D), is the Hilbert space of holomorphic functions f: D — C on the unit
disk D C C* such that

11 ) = /D ) (1= [2])* dz < +oc. (2.14)

These two spaces do not only resemble each other in their definitions, they are also con-
nected via the unitary isomorphism

20/2 w+1
Tocf(w) = (1 — w)a+2f <z(wt 1)) ) (215)

that maps A,(C') into A, (D). Indeed, upon close inspection, the definition of T, is
motivated by a change of variables transporting D into CT that also takes into account
the weight s* in (2.13). At the same time, A, (D) is connected to the Hardy space H?(C™T)
via the Bergman transform.

Definition 2.10 (Bergman transform). Let f € H?(C*) and a > —1. The Bergman
transform of order « of f is given by

1 to0 a1 = iz
Bal(2) = g W/ (-2:) :ca/o £25 F(t)ei dt, (2.16)

where 9 is as in (2.7)).

This always defines an analytic function, and since the wavelet transform with window
Y is an isometry from H?(C") into L*(C*, s ?dxds), B, maps H?(C") into A, (CT)
isometrically. Moreover, the range of T}, o B,, is dense in A, (D).
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Indeed, an orthonormal basis of A, (D) is given by the normalized monomials 2" /,/c, for

n=20,1,2,..., where

Fla+1)I(n+1)
I'C+a+n)

1
en= [ 1P (1= Py de =2 [ (L= a2t dr =
D 0

Let now {12} C H?(C") be the family of functions defined by
DS(t) = bnal(2t), (2.17)
where by, o is chosen as a normalizing constant so that 2| 2®+y-1y = 1, and I3 is
() = Lo yoo) (@)e™ 22 L3 (2),
with {L%} begin the sequence of generalized Laguerre polynomials of order . Then

T, (Bath}) (@) = w"/ v/

At this point, the Bargmann transform allows us to identify the STFT of f € L?(R¢) with
an entire function in F(C%), in the same manner that T,, o B,, lets us think of the wavelet
transform of f € H?(C*) as a holomorphic function in A,(D) on the unit disk. These
identifications have been well know for a long time [Dal], and still are nowadays some
of the most useful techniques when solving problems in time-frequency and time-scale
analysis |[Ab2, |Abl, AD, GGRT} [NT, RT]. One of the keys to their utility is the structure
that lies behind F(C?) and A, (D) as Hilbert spaces — they are reproducing kernel Hilbert
spaces.

2.3 Reproducing Kernel Hilbert Spaces

We briefly pause at this point to introduce a particular type of spaces that reveal a lot
of the structure behind the Fock and Bergman spaces. These are reproducing kernel
Hilbert spaces. In them, evaluation functionals are continuous, with the vital implication
that there exists a special function, called a reproducing kernel, that acts by realizing the
evaluation functional through the inner product of the Hilbert space. As we will see later,
this property is key in providing pointwise bounds in terms of the norm of the Hilbert
space, which we will use extensively in chapters [3] and [4]

Definition 2.11. A reproducing kernel Hilbert space (RKHS) is a Hilbert space H where
every evaluation functional d,, x € X, is continuous and bounded.

The intuition behind the implication we mentioned earlier goes as follows. The Riesz
representation theorem gives one of the directions without much effort: if evaluation func-
tionals are continuous, then there must exist a function taking a point x € X as an
additional argument, which represents them through the inner product (this will be the
kernel). Conversely, if such a function exists, then the inner product makes it continuous.

Definition 2.12. Let H be a Hilbert space of complex-valued functions over X # (). A
function K : X x X — C is called a reproducing kernel of H if it satisfies

(i) Vz € X, the function K, = K(-,z) € H.
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(ii) Ve e X, Vf e H, (f,K(-,z)) = f(x).

A simple remark that follows immediately from the definition is that if 7 has a reproducing
kernel K, then whenever K, € H is a function satisfying K, (y) = K(y, z), it has

K(z,y) = (K(,2), K(-,y)) = (Ks, Ky) (2.18)

and therefore K(x,y) = K(y,x). Now we are prepared to show why these spaces hold
their name.

Theorem 2.13. Let H be a Hilbert space of functions f: X — C. Then evaluation
functionals are continuous if and only if H has a reproducing kernel.

Proof. Let us assume first that # has a reproducing kernel. Then, using (2.18))

102 f = [(f, K Gy )| < [LKCs2)[]]f1]

(2.19)
= (K (,2), K(,a))'? | f| = K (2, 2)"?|| .
Hence 6, is bounded.

Conversely, assume 9, is bounded. Then the Riesz representation theorem implies that
there exists f5, € H such that 6, f = (f, fs,) for every f € H. If we define K (z,y) = fs5,(v)
for each pair z,y € X, then K is a reproducing kernel for H. ]

Now we explore two of the main properties of these spaces that we will rely on. The first
important feature is the uniqueness of the reproducing kernel. Indeed, suppose ‘H had two
reproducing kernels, K7 and K5. Then

(f; Ka(w) = Ka(s,2)) = f(z) — f(2) =0
for all f € H and all z € X. Hence ||K;(-,z) — Ka(-,z)|| = 0 and K; = K».

Secondly, as promised, we can extract pointwise bounds for functions in these spaces. Let
‘H be a RKHS of functions f: X — C, and let f € H. Then ([2.19) is rearranged to read

/(@) K (z,2)"" < || FII*. (2.20)

The reason behind this rephrasing of (2.19) is merely notational, in order to agree with
the treatment given in [NT]| and [GGRT], and that we will use later.

An immediate consequence of this is that the continuity of evaluation maps also grants
pointwise continuity for converging sequences of functions in H. This is, if (f,)n>1 C H
converge to f in the norm of H, then we can use (2.19) with f,, — f to get

(@) = f(@)] < IKC2)[[[ o = FI-

Since K(-,x) is continuous, its norm is bounded, and the last term converges to 0. We
can collect these observations into the following result on the basic properties of Hilbert
spaces with reproducing kernels.

Proposition 2.14. If H is a RKHS of functions f: X — C with reproducing kernel K,
then

(i) K is the unique reproducing kernel of H.
(ii) K(x,y) = (K(,z),K(-,y)) for all z,y € X.
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(iii) K(z,y) = K(y,z) for all z,y € X.

() If (fn)n>1 C H converge to f inH, i.e. || fn— fll = 0 asn — oo, then f,(z) = f(z)
asn — oo for all x € H.

Furthermore, we can already get ahead of ourselves and see exactly how these spaces will
be useful in establishing stability results in Chapter 4] This is, (2.20]) admits a quantitative
version.

Let us start by fixing « € X and plugging f = K, into (2.20). Then,
K (2, 2)* K (2,2)7" < | Ko = K(x,2),

and equality is achieved. This suggests that equality occurs in (2.20)) for multiples of the
reproducing kernel. Motivated by this, we define

_ P = 1f @) K 2)
I1F11?

Then, ([2.20)) reads 0 < A¢(x), and this quantity measures the failure of ([2.20)) from being
an equality.

Ag(x)

Proposition 2.15. Let H be a RKHS of complez-valued functions on X with kernel K,
and let f € H. Then for every x € X there exists a constant ¢ € C with |c| = || f]| such

that
If = cfell
11l

where f, = K(x, x)_1/2Kx 1s a multiple of the reproducing kernel.

< V2Ap(x)'?, (2.21)

Proof. Fix x € X and consider the following normalization of K,

foly) = K (,2) 2Ky (y). (2.22)

Then given any f € H, first assume that f(z) # 0 and choose ¢ = || f]| ‘ﬁ% With this
choice, and thanks to (2.20)),

R 3 (f,cfs) =K (z,2) 2 f(2) = || I K (x,2)""/? | (2)]

2)? K(z,2) !
= LA > 1P - )

When we now look at the distance in the Hilbert space norm between f and our candidate,
cfz, we find that

1f = efall® = 1717 + le* [ fzl* — 2Re (f, cfo)
<217 =20 £1P (1 = Ap(2)) =2 fIPA s (2).

Assume now that f(x) = 0. Then Ay(x) = 1 and if ¢ = [|f||, the computation above
shows that ||f — cfz||?> = 2||f||?>. One obtains (2.21]) by rearranging the terms. O

Although this result might seem innocent at first glance, it is a crucial part of the ideas
presented in Chapter [4 and it will be relevant in both the Fock and Bergman spaces. In
more tangible terms, we have just shown that the closer that | f(z)|*> K (z, )" /2 is to || f||?
over all x € X, the closer f is to a multiple of the kernel in the Hilbert space.
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2.3.1 The Bargmann-Fock and Bergman spaces

The spaces F(C%), Ao(Ct) and A, (D) are all reproducing Kernel Hilbert spaces. From
now on, we will mostly be interested in F(C?) and A, (D), and we will refer to the latter
simply by A,.

Theorem 2.16. The Bargmann-Fock space is a RKHS satisfying
IF(2)| < |F||lre™/2, vzecd (2.23)

The reproducing kernel is K, (z) = €™%, and equality holds in (2.23)) at some point zg € C
if and only if F' = cF, for some c € C with |c| = |F||F, where

Fy(z) = e ™20l /2em %, e, (2.24)

Proof. Given that we can represent F'(z) = 3,5 (F) €a) €a(z), the Cauchy-Schwarz in-
equality shows that evaluation functionals are bounded,

1/2
™™ 122
|F(2) <|FF (Z i !2) = || Fl|pe=m*1/2,

a>0

The characterization of equality cases follows from equality in the Cauchy-Schwarz in-
equality, but we can also directly use Proposition [2.15] O
Of course, the same proof shows that A, is a RKHS.

Theorem 2.17. The Bergman space on the disk is a RKHS satisfying

a+1 —(a
£ < M fllawy/ —— A = [2) 772, vz e C. (2.25)

The reproducing kernel is K, (z) = 2 (1 — wz) @2 and equality holds in (2.25) at
some point w € D if and only if f = cf,, for some ¢ € C with |c| = || f]| 4., where

£o(z) = ,/O‘T“a ) (1 —me) @), e D, (2.26)

An immediate consequence of these facts is that, by Proposition both and
have quantitative versions of their own, which will appear later in chapters 4| and
We refer to [Grl] for a more detailed exposition of the structure of the Fock space as
a RKHS, and to [AD| Proposition 1] for general conditions on when radial measures give
rise to a RKHS.




CHAPTER 3

Energy Concentration

Energy concentration of functions in the time-frequency plane is a topic of interest in both
its mathematical and applied aspects. For a time-frequency representation like the STFT,
it is natural to understand the energy of V, f as the square of its modulus, |V, f ]2. This is
known as the spectrogram of f, and in signal analysis it is a way of measuring the intensity
of f at a point in the time-frequency plane.

The fraction of energy of f € L%(R?) captured by a measurable set Q C R?? in the
time-frequency plane is given by the Rayleigh quotient [AGR), APR) Da2, MR]

_ JalVIP _ (V'1aVf.f)
Jaza VT2 IFlls

and the total energy that {2 accumulates is therefore

Dq(f)

bq:= sup Po(f)= sup w

(3.1)
FeL2(RY) rerzwyy 13

This is precisely the norm of the localization operator V*1oV: L?(R?) — L?(R%), some-
times called Anti-Wick or Toeplitz operator. It has been thoroughly studied since it was
first introduced in |[Be] and [Da2], and its spectral properties were well known for a long
time in the case where () is radially symmetric. Under this condition, it is diagonalizable
in the basis of Hermite functions, and conversely, if a Hermite function is an eigenfunction
and 2 is simply connected, then  is a ball centered at the origin (for a more detailed
account, see [AD| AGR, APR, MR]). In general, whenever Q C R?? is of finite measure,
V*1qV is a compact operator, and the supremum in is attained.

The task of finding an upper bound for ®g and characterizing the functions maximizing
the norm of V*1oV remained, however, an open question (a conjecture, in fact, by L.
D. Abreu and M. Speckbacher [AS]) before the work of F. Nicola and P. Tilli [NT]. In
their paper, they give a complete answer in the form of their main result, the Faber-Krahn
inequality for the short-time Fourier transform. In dimension d = 2, it reads as follows.

Theorem 3.1 (Faber-Krahn inequality for the STFT). Among all measurable sets Q2 C R?
having prescribed (finite, nonzero) measure, ®q satisfies the inequality

Py <1—e 19 (3.2)

achieves its mazimum, and with it the equality in (3.2)), if and only if Q is equivalent, up
to a set of measure zero, to a ball.

15
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Moreover, when  is a ball of center (xg,wo), the only functions f that achieve the maxi-
mum in (3.1) are those of the kind

f(z) = cpy(z) = cemeOxcp(x —x9), c€C\{0}, zp==x0+ iwo, (3.3)

that is, scalar multiples of the Gaussian window defined in (2.4)), translated and modulated
according to (xo,wp).

When rewritten differently, the result shares a similar statement with the classical Faber-
Krahn inequality, which states that among all open sets {2 of given measure, the ball
minimizes the first Dirichlet eigenvalue,

2
Aq = min —fQ ]Vu(z)zl dz.
weHYQ\{0}  [ou(2)?dz

If we let T, : H}(2) — HE(Q) be the linear operator that to every u € H{ () associates
its weak solution Tou € H}(Q) of the problem —ATqu = w in €2, then integrating by
parts,

/u2 = —/ uATQUZ/ Vu - VTou = (Tou, u) g1
Q Q Q ’

and the statement is the same as claiming that
(Tqu,u) H)

)\51 = max
weHEO\0}  [lull

is maximized, among all open  of given measure, by a ball. This establishes a clear
similarity between Ag, Land @, the operators Ty and V*1qV, and the classic Faber-Krahn
inequality and Theorem

In dimension d > 2, Theorem is also valid after a few adaptations, and the proof
remains the same up to a few minor changes. Apart from the intrinsic value of the result,
Theorem immediately comes with an interesting connection to uncertainty principles.
In particular, it improves a result by Grochenig [Grl, Theorem 3.3.3] that follows from
Lieb’s uncertainty principle [Li|, thus solving the long-standing question of finding the
optimal bound for the measure of the set in which the STFT of a function is mostly
supported.

Theorem 3.2 (Sharp uncertainty principle for the STFT). If f € L%(R)\ {0} and Q C R?
satisfy
(I)Q(f) > 1- g,

for some € > 0, then
1
‘Q’ Z log ]
€

with equality if and only if Q is a ball and f is as in (3.3]), with (xg,wp) being the center
of Q.

The techniques involved in the proof of Theorem take full advantage of the Bargmann
transform and the Fock space in order to exploit properties like analyticity and the struc-
ture of F(C) as a RKHS. Because of this reason, these very same techniques can also be
modified when approaching a wavelet concentration analogue problem. This was precisely
the work done by J. P. G. Ramos and P. Tilli [RT], where the Faber-Krahn inequality for
the wavelet transform is proved. For a set A C CT, the quantity ® (recall ) is now

CZ::sup{/ Wi o) S e HACY), ||f|er—1} (3.4)
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and the volume constraint under which we now consider the problem changes as well.
Instead of the Lebesgue measure, we fix the hyperbolic measure of the set A, that is

v(A) = /A 1 dzds < +o0. (3.5)

52
Then, the result for wavelet transforms reads as follows.

Theorem 3.3 (Faber-Krahn inequality for wavelet transforms). It holds that
Cx < CX-, (3.6)

where A* C Ct denotes any pseudohyperbolic disk so that v(A) = v(A*). Moreover,
equality holds in (3.6) if and only if A is a pseudohyperbolic disk of measure v(A).
Moreover, equality holds in (3.6) for a function fa g if and only if it is a multiple of ¥,
defined as
1 26—1 <t — .’E)
Vg = 7¢ ;
TN y
where w = x + iy is the center of A and wg’gfl is as in (2.17)).

We will dedicate the current chapter to introducing the main ideas behind these results,
and comparing the arguments involved in the STFT and wavelet versions. This will
hopefully give a profound enough understanding of the techniques showcased in [NT),
RT] that makes the approach to proving a sharp quantitative version of the Faber-Krahn
inequalities in both contexts (which we will discuss in Chapter {4)) rather natural. After
this, we will present the d-dimensional version of Theorem although we will omit the
proof and we refer the reader to [NT}, Section 4], since the same ideas are employed as in
the one dimensional case.

3.1 The Faber-Krahn inequality for the STFT

Let us begin with a simple observation. Given  C R2, the expression of ®q(f) in terms
of the Bargmann transform of f is the following,
o Vf(z,w)*dedw o |Bf(2)| el 4z

I1f113 IBfII% ’

where Q' = {(z, —w) : (z,w) € N}. Since B is unitary, maximizing ®q(f) over L?(R)\ {0}
turns out to be the same as solving the problem

Pq(f)

2 —m|z)?
C ax Jo |F(2)] 62 dz
FeF(C)\{0} |F']%

(3.7)

On top of this, if f achieves the equality in (3.2)), its Bargmann transform is
B(cM,T,p) = cemimw o=zl /2gmeT dF,, 20=z+iw, ceC\{0},

where F,, = e~m20"/2¢72%0 ig the normalized reproducing Kernel of F (C) (recall (2.24)).
Therefore, we can reduce Theorem to its Fock space counterpart.
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Theorem 3.4. For every F € F(C) \ {0} and every measurable set Q C R? of finite
measure, we have
Jo |F () e+
1F]1%
Moreover, equality occurs (for some F € F(C) and some Q C C) if and only if F = cF,,
(for some zy € C and some nonzero ¢ € C) and  is equivalent, up to a set of measure
zero, to a ball centered at zg.

dz<1—e 1. (3.8)

For a given F' € F(C) and under the condition that || = s > 0, the left-hand side
of (3.7) will be maximized when Q is the unique super-level set of F' with measure s,
Ays) = {u > t(s)}. Its uniqueness is a feature of the analyticity of the integrand u(z) =

|F(2)]? e~ as we will see, and this motivates the study of integrals over super-level
sets of u in terms of s. The issue of bounding these pointwise is the goal henceforth, and
the main component in the proof of Theorem is a property of these in connection to
the distribution function of wu.

We begin this approach to Theorem [3.4] by introducing the objects that will play major
roles in the proof. These are the distribution function of u,

wu(t) = 1A = {u > t}|, 0<t§mgxu, (3.9)
and its inverse, also known as the decreasing rearrangement,
u*(s) =sup{t >0: u(t) >s}, s>0. (3.10)

Note that u is non-constant, and since F' € F(C) is holomorphic, u is also real analytic
when seen as a function u: R? — [0,00). In particular, this implies that its level sets all
have measure zero [KP} Mil,

Hu=t}=0 Vt>0, (3.11)

from which it follows that p is continuous at every ¢ € (0, maxu|. Moreover, the same
argument shows that
{|Vu| =0} = 0. (3.12)

We can extract some more information about the level sets of u using the Morse-Sard
lemma. In fact, this tells us that for a.e. ¢t € (0, maxu), A; is open, bounded and has a
smooth boundary,

0A; ={u=t} fora.e. te (0,maxu). (3.13)
Finally, u is strictly decreasing, which makes u*, defined in (3.10]) as its inverse function,
map [0, 00) into (0, max u] decreasingly and continuously.

Condition (3.12)) is known as the coarea regularity of w in the terminology of |ALL Sec-
tion 3.6], and it is enough to grant the absolute continuity of u, as the following lemma
shows.

Lemma 3.5. The function u is absolutely continuous on the compact subintervals of
(0, max u] and

—u'(t) = / \Vu| 1AM, for a.e. t € (0, maxu). (3.14)
{u=t}

*

Similarly, u* is absolutely continuous on the compact subintervals of [0,00) and

-1
—(u*)'(s) = (/{ o V| ™! d’H1> , fora.e s>0. (3.15)
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Proof. We begin by noticing that u is locally Lipschitz, and therefore by an approximation
argument we can use the coarea formula to conclude that for any Borel function h : R? —

[0, o0,
/RQ h(z) [Vu(z)| dz = /Omm (/{u} hd?-l1> dr,

where H! denotes the one-dimensional Hausdorff measure. Choosing

h(z) = 1a,(2) [Vu(z)| ™"

with the convention that 0 - oo = 0 in the integral and |Vu(z)|™! is oo if z is a critical
g

point of u), we see that h(z)|Vu(z)| equals 14,(z) for a.e. z thanks to (3.12)). Then,
recalling the definition of p in (3.9)),

u(t) = /tmm (L_ |vu|—1om1) dr, Vit e [0, maxu). (3.16)

=T

In particular, this expression for p implies that it is absolutely continuous on the compact
subintervals of (0, max u|, and (3.14] follows by straight computation.

Now we address the absolute continuity of u*. For this, we will check that (u*) exists
almost everywhere on (0,00) and satisfies , and that u* maps sets of measure zero
into sets of measure zero (known as Luzin’s N property). This, together with the fact that
it is a function of bounded variation, its continuity and the Banach-Zaretsky Theorem (see
[He, Theorem 17]) will prove that it is absolutely continuous.

Let D C (0,maxu] be the set where u/(t) exists, coincides with and is strictly
positive, and set Dy = (0, maxu| \ D. Notice two things: the integral in is strictly
positive for all ¢ in (0, max u) (otherwise the isoperimetric inequality would give |4 = 0
and t > maxu); and p is absolutely continuous, coinciding with almost everywhere.
This means that |Dg| = 0. Letting D = u(D) and Dy = 1(Dy), we find that ]1/3\0] =0 by
the absolute continuity of p, and D = [0, 00) \ Dy since y is invertible. On the other hand,
using we see that (u*)'(s) exists for every s € D and

-1
*\/ 1 -1 1 N
() () = =iy = (/u:u*(s) Vul ! dH ) . VseD.
This readily implies since \l/)\o\ = 0. Now, since u* is differentiable everywhere on
f), it maps sets of measure zero N C D into sets of measure zero. Furthermore, since
u*(lf)\o) = Dy and this set has measure zero, and because Du l/)\o covers the domain of
definition [0, 00) of u*, it follows that u* enjoys Luzin’s N property. By the aforementioned
argument, it is absolutely continuous on every compact interval [0, a]. O

Seeing 4/ (t) dt as a Radon measure on the compact subintervals of (0, max u], Lemma
shows how rules out the possibility of it having a singular part. We now move on
and present a key inequality that u* and its derivative satisfy, which will play a pivotal
role in the second part of the analysis. This is the following “convexity” property of u*.

Lemma 3.6. It holds that

-1
(/ (V| ™! dH1> <u*(s) fora.e s>0 (3.17)
{u=u*(s)}

and
(u*)'(s) +u*(s) >0 for a.e. s> 0. (3.18)
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Proof. Let t = u*(s) and recall that for a.e. t € (0,maxu), the set A; has a smooth
boundary (3.13]). Then we can use Holder’s inequality to obtain

1/2
M (fu = 1})? = Vul ™ gapr < V|t dn! VuldH,  (3.19)
1/2
{u=t} ‘Vu’ {u=t} {u=t}

and the isoperimetric inequality reads
4 {u >t} < Hl({u = t})Z. (3.20)

Combining these two expressions and dividing by ¢ we come to find that
-1 [Vul 1
1 w— dH
- (/ |vu\‘1dH1> < f{t}—t (3.21)
{u=t}

t = " {u > t)]

Notice now that {u =t} is the boundary of A;, and if v is the outer normal to {u = t},
then along this set, |Vu| = Vu-v. Not only that, since u is equal to t on dA;, the quotient
|Vu| /t can be interpreted as —(Vu/u) - v = —(Vlogu) - v, turning the integral on the

right-hand side of (3.21) into

/ [Vl dH! = —/ (Viogu) -vdH' = — | Alogu(z)d=.
{u=t} t A, Ay

Since F'(z) is a holomorphic function, log|F(z)| is harmonic and we obtain
Alogu(z)) = A (log |F(2)[* +loge ™) = A(—r2%) = —4r. (3.22)

Using this computation in (3.21]) we see that the quotient on the right is 1, and recalling

that t = u*(s), (3.17) follows. Lastly, (3.18]) is simply (3.15) put together with (3.17). O

We can now address the main part of the analysis. That is, we can study the integrals of
u over its super-level sets

I(s) = /{u>u*(s)} u(z)dz, se€]0,00) (3.23)

in connection to the function w*. Intuitively, since u(z) is largest within A; when compared
to any other set of equal measure, proving the desired bound on I(s) allow us to disregard
the complexity of 2.

Lemma 3.7. The function I defined by is of class C' on [0,00), and
I'(s) =u*(s), s>0. (3.24)
Moreover, I' is locally absolutely continuous and
I"(s)+1I'(s) >0 for a.e. s €[0,00). (3.25)
Proof. Let h > 0 and s > 0. Then

I(s+h)—1I(s) = u(z) dz,

~/{u* (s+h)<u<u*(s)}
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and by the definition of u* in (3.10) and (3.9)), |Ay«(5)| = s. This means that the measure
of the set over which we are integrating is just

(s + ) < u S ()} = o] — |Aurl = s+ h =5 = h.

Therefore,

I(s+h)—1(s)
h

and the same inequality holds true for h < 0 whenever s+ h > 0. Since u* is continuous,
it is enough to let A — 0 when s > 0 and h — 0" when s = 0 in order to prove (3.24)).

u (s+h) < < u'(s),

The fact that I is C! follows from the continuity of u*, and that I’ is absolutely continuous
on the compact subintervals of [0,00) by Lemma [3.5 Finally, I"(s) = (u*)'(s) and (3.25)
follows from (3.18)). O

We are now ready to prove Theorem [3.4]

Proof of Theorem[3.4 We can assume that |||z = 1 by homogeneity, which leaves us
with the task of showing that

/ u(z)dz<1—e"°
Q

for every set 0 C R? of measure s > 0. Notice that if Ay (s) 1s the super-level set of u that
has measure s, then for any 2 of measure s,

/Qu(z) dzg/ u(z) dz. (3.26)

Au*(s)
Indeed,
/ u(z)dz — / u(z)dz = / u(z)dz — / u(z) dz,
Au*(s) Q Au*(s)\Q QA * (s)

and since u > u*(s) over Ay« \ 2, and u < u*(s) over \ A,«(), and they both have
equal measure, it follows that this difference is positive. Therefore, we aim to prove

I(s):/ u(z)dz<1—e"% s>0.
Au*(s)

By letting s = — log o, this is equivalent to showing
G(o)=1I(-logo)<1—o0, o€(0,1]. (3.27)
Notice that G(1) = I(0) = 0, and by monotone convergence,

lim G(o) = Jim I(s) = | Fll = 1.
Then G extends to a continuous function on [0, 1]. Moreover, in terms of G, (3.25) means

that G’(o) is nondecreasing, which makes G a convex function. Since it agrees with 1 — o
on o = 0,1, its convexity implies the validity of (3.27)).

Let us assume now that equality holds in (3.8)) for some F' € F(C) with ||F||r = 1 and
some 2 C R? of measure so > 0. Then, in particular I(sp) = 1 — e~%, and by setting
oo = e *°, we have G(09) = 1—09. This implies that G(o) coincides with 1 —o everywhere
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by convexity, or equivalently, that I(s) =1 — e * for all s > 0. In particular, I'(0) = 1,
which by (3.24) means that maxu = u*(0) = 1. Inequality (2.23]) reads

maxu < 1, (3.28)

and since 1 = u*(0) = max u, the characterization of equality cases for (2.23)) implies that
F has to be of the form F' = cF, for some 2y € C with |¢| = 1.

We are left to show that € is equivalent to a ball centered at zy. To this end, notice that if
equality holds in (3.8), then (3.27) is an equality as well, which means that 2 and A, ()
coincide up to a set of measure zero. Now, using the expression of I, we find that

u(z) = [of? [ By ? e 178 = gmrlesol,

Therefore u is radially symmetric about 2z and radially decreasing, so A« () is a ball of
measure sg centered at zg.

The last step of the proof is to show that if F' is of the form cF,, and () is equivalent to
a ball of radius r > 0 centered at zp, then equality in (3.8]) holds. This can be done using
polar coordinates,

\
/ u(z)dz = Icl2/ el = or Ic!2/ pe ™ dp = |c]> (1 — ™),
9 {lel<r} 0

which completes the proof, since |c| = ||cFy, | £ O

3.2 The Faber-Krahn inequality for wavelet trans-
forms

The techniques we described in the previous section can be adapted to show Theorem [3.3
as done in [RT]. Prior to being proven, this was conjectured by L. D. Abreu and M.
Dérfler in [AD]| after showing a result on an inverse problem on the related localization
operator. Indeed, maximum wavelet concentration over A C C* can be seen as the norm

of the localization operator P g: L?*(R) — L2(R), which is (recalling ({2.8))),

. 21
Pasf = (W) 1aWy) . I1Papllesr = sup /A W] 5 deds.
-

When trying to find bounds for this norm, one sees by [Wo, Propositions 12.1 and 12.2]
that

1
P <
1Pa,gll2—2 < {V(D)/Cﬁ.
We are led to consider two different problems. If we use the first bound, we impose
no conditions on A, and aim to maximize Cﬁ (recall (3.4)). But this is then trivially
achieved by A = C*. The second bound, however, leads us to consider the fixed v-
measure constraint , and therefore we now aim to maximize Cg over sets A ¢ C*
with v(A) = s > 0 fixed. It is now that we encounter Theorem as the solution.

The first step towards proving the theorem is reducing the problem, as in the STFT case,
to one on concentration of analytic functions. This time, it is done through the Bergman
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transform and into the Bergman space on the disc. Indeed, recall that T, o B, is a unitary
isomorphism (see (2.15) and (2.16])) from H2(C") into A, and observe that, if « = 28—1,

1
/A‘W%fr?dxds:/gﬁa (Bof) (@) (1 — [w]?)* du, (3.29)

where Q C D is the image of A = {z=x+41is: —x+is € A} under the map z — j_:i on

C™. On the other hand, we are naturally led to consider the hyperbolic measure p on the
unit disk defined by

p(@) = [ (1=[s) 2z @D,

since

() :/DILA (J:Jtll)) (1 |w?)2dw = i/A;dxds: ”(f).

Studying the problem we mentioned before is therefore the same as maximizing

_ Sl A~ 2 du(z)
1£1%,,

among all f € A, and under the constraint that for 2 C D, its hyperbolic measure
() = s/4 > 0 is fixed.

R(f,Q):

(3.30)

As before, we can rephrase Theorem in terms of the Bergman space, which reads as
follows.

Theorem 3.8. Let a > —1 and s > 0 be fired. Among all functions f € A, and among
all measurable sets Q@ C D such that p(2) = s, the quotient R(f,Q2) defined in
satisfies the inequality

R(f,Q) <1— (14 s/m)" 1+, (3.31)

Moreover, equality in (3.31) occurs if and only if 2 is a ball centered at some w € D and
such that u(Q) = s, and f is a multiple of the reproducing kernel K, of Aa, i.e. there is

c e C\ {0} with |c| = || fll.a, and f is of the form (2.26).

The function on the right-hand side of (3.30)) is precisely R(1, Dy), where Dy is a disk of
measure ((Ds) = s. This can be easily seen by taking such a disk centered at the origin:

T 1— 2\«
R(17BT) = fol p( pg) v =1- (1 - T2)1+a>
Jo p(L=p*)*dp

and since

u(B) = [ (=l de = [Cp- )P dp=n (25 1),

™ - T‘2
we deduce that R(1,Ds) =1 — (14 s/7)~(1*®). The function
0(s):=1—(1+s/m)" 1 5>0 (3.32)

will then be the wavelet case analogue of 1 — e™* that appeared in the STFT case, and we
will use it as our comparison function in what follows, eventually proving that R(f,2) <
O(u(€2)). Again, the function

u(z) = f(2)] (1= [2*)*+? (3.33)
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will play a major role in the proof, and this time the super-level sets
Ar={u>t}, t>0

are all contained strictly within D, which, together with the fact that u is real-analytic (
see [KP}, Mi]), implies that the hyperbolic length of every level-set of u is zero,

L{u=1}) = /{u:t}u )y taHi(z) =0, Vi o

This follows from the fact that u can be extended to a continuous function on D by
simply letting v = 0 over dD. Indeed, consider any zy € D far from the origin, for
example |zg| > 1/2, and let r = (1 — |2p])/2. Then, for some constant C' > 1 we have

1
SU=1eP) Sr<CU—13P), ¥z e Bia),

and from the analyticity of | f(z)|* it follows that it is a subharmonic function, which we
use in estimating u(zp),

2

w(eo) = [ F@E Al dsz oot [ jpe)Pas
Br(20) By (20)

> Cir®*2 | f(z20)[* = Ca(1 — |20))*2 | f(20)[* = Coulzo).
Now, since u(z) € L' (D), we find that w(zy) — 0 whenever |zg| — 1, and therefore

lim wu(zp) =0.
|Zo‘~>1

Naturally, as before, the distribution function of u and its decreasing rearrangement will
play pivotal roles in the proof of Theorem [3.3] These are now

p(t) = p(A) = p({u>t}), te(0,maxu) (3.34)
and
u*(s) =sup{t >0: p(t) > s}, s>0. (3.35)

They are of course the analogues of (3.9) and (3.10|) in the current setting, and as such,
all their relevant properties for the analysis we carried out in Section [3.1] hold for p and

u* as well. In particular, (3.11)), (3.11)) and (3.13)) are still valid, which readily renders the

proof of the following result a matter of rewriting that of Lemma [3.5]

Lemma 3.9. The function p is absolutely continuous on (0, maxu], and
)= [ Va1 )R
{u=t}

In particular, the function u* is, as the inverse of p, locally absolutely continuous on
[0, +00), with

-1
*\/ _ -1 . 22 — )
—<u><s>—</{u:u*(3)}\w (1— =) Qd#)
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At the same time, we can extract a differential inequality like (3.18]) via a similar argument
to that of Lemma [3.6l This time, however, the isoperimetric inequality will come in its
hyperbolic variant (see [Iz, Os|). Furthermore, setting I to be as in (3.23),

I(s) = / u(z)dz,
{u>ur(s)}

then Lemma [3.9] readily implies that

—1
H@=M@,F%ﬁv(éwwmwm*u—m%ﬂmﬁ ,

and we can combine the wavelet analogues of Lemma [3.6] and Lemma [3.7] to obtain the
following result.

Lemma 3.10. The function I is of class C* on [0,00) and I' = u* is locally absolutely
continuous and satisfies

'(s) >_a+2

> SI'(S), for a.e. s € [0,00). (3.36)

Proof. The Cauchy-Schwarz inequality implies

2
(/ V"L (1 = [2)2) 2 dH1> (/ IVl dHl) > </ (1- |z\2)—1cml> .
0A ) aAu*(s) 8‘4“*(5)

The first factor on the left-hand side is I”(s), and the right-hand side is the square of the
hyperbolic length of 9A,«(,), so by rearranging, we have

u* (s

11 1 - -2
I(s) > — / VuldH' ) L (04,) - (3.37)
8Au*(s)
In order to compute the first factor on the right-hand side, we note that
Alogu(z) = Alog(1 — %)% = —4(a +2)(1 - |2*) 2,

and letting w(z) = logu(z),

1
_7/ V| dH! =/ Vw-ud?—llz/ Awdz
U*(S) 8*’4'u”‘(.s) aAu*(s) Au*(s)

— d(a+2) /A (1= [2?) 2z = —4(a + 2)p(Ay-(s) = —A(a + 2)s.
uwt (s)

Therefore, (3.37)) turns into
—92 —2
I"(s) > —A(a+ 25w ()L (04w () = —4a+2)sI'(5)L (04,9) - (338)
However, the hyperbolic isoperimetric inequality on the Poincaré disk reads
2
L (OAU*(S)) Z 47TS + 482,

and we can plug this back in (3.38)) to obtain (3.36)). O
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To conclude, we prove the theorem by means of a similar analysis to that of the proof of
Theorem but with slightly different techniques.

Proof of Theorem[3.8. We begin by checking that (0) = I(0) = 0 and lims_,4 00 I(s) =
lims_, 4o 0(s) = 1. If we now define the function G(s) = I(s) —6(s), then is reduced
to showing that G(s) <0 for all s > 0. We will achieve this by a maximum principle type
of argument.

First, we claim that G'(0) < 0. A computation reveals that

0(s) = “X A1 4o /m) @D () = —2“:29/(3)(1 +s/m) L,
s0 0'(0) = (1 + )/ and by (2.25),
1'(0) = u*(0) = maxu < ! 2 — g

Consider now
m:=sup{r >0:G(s) <0 Vse[0,r]}.

We will argue by contradiction, and assume that m < +oc. Since G(0) = G(m) = 0, there
exists ¢ € (0,m) with G’(c) = 0. Now, define the function h(s) = (7 + s)**2, and notice
that the differential inequalities that I and 6 satisfy (i.e. (3.36])) can be put together to
show that

(G'h) > 0.

Notice that h is increasing on R, and G’h is nondecreasing. We could have two options
for G'(0). Either G’'(0) = 0, which by means that f is a multiple of the reproducing
kernel and thus G = 0, or G’(0) < 0. We can rule out the first by contradiction, and we
are left with G'(0) < 0. In this case, we deduce that G(c) < 0. In particular, this implies
that for some d € (¢,m), G’ has to be positive, G'(d) > 0.

As G(m) = limg_ 100 G(s) = 0, there is another point ¢ € (0,4o00) with G'(¢') = 0.
However,

(G'h)(c) =0, (G'h)(d) >0, (G'h)(c) =0
and since G'h is nondecreasing, this is a contradiction. Hence m = +o00 and (3.6|) follows.

Regarding the characterization of equality cases, observe that the moment I and 6 agree at
some s, then m < 400 and the argument above shows that they must be equal everywhere
and that f is as in (2.26]). We deduce that €2 is a hyperbolic disc (up to a set of measure
Z€ero). O

3.3 Higher dimensional version and related prob-
lems

The higher dimensional version of Theorem sees a few changes. It will be necessary to
introduce the (lower) incomplete gamma function ~, defined by

~v(k, s) ::/ e T dr, (3.39)
0
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where s > 0 and k£ > 1 is an integer, so that

k-1 4
v(k, s) e
—1—e Y 2 4
(k—1)! c Z ! (340)

The result then reads as follows.

Theorem 3.11 (Faber-Krahn inequality for the STFT in dimension d). For every mea-
surable subset Q C R?? of finite measure and for every f € L?>(R%)\ {0} it holds that

Jo [Vf(z,w)|* dzdw _ y(d, cq)
17112 S (-1

(3.41)

where cq = 7 (|9 /wgd)l/d is the symplectic capacity of the ball in R*? having the same
volume as §2.

Moreover, equality occurs (for some f and some Q such that 0 < |Q| < o0) if and only if
Q is equivalent, up to a set of measure zero, to a ball centered at some (xg,wp) € R2? and

f(x) = ce®™ ™0 p(x — 209), c€C\{0}, (3.42)

where ¢ is the Gaussian in (2.4).

As previously mentioned, the proof of Theorem follows the same steps as that of
Theorem with the appropriate adaptations to account for the change of dimension. In
particular, an immediate consequence is the higher dimensional version of Theorem
which also follows by the exact same arguments.

Theorem 3.12 (Sharp uncertainty principle for the STFT in dimension d). If f € L?(R%)\
{0} and Q C R?? satisfy

| Vi@ w)P dedo > (1= 2)13,

then
Q] > wogm ™ Ypa(e)?,

where 4(e) is the inverse function of s — 1 — (A’d(f’f))! for s > 0.

Moreover, equality occurs if and only if Q is a ball and f s of the form (3.42)), where
(zo,wo) is the center of the ball.

Finally, we remark that Theorem [3.I]can also be seen as the quadratic case of two different
generalizations [N'T) Section 5]. These are a local version of the Lieb uncertainty principle
and LP-concentration estimates, where the same shape optimization problem is considered
with LP norms over functions in the modulation space

MP(R) = {f € S'R): [Ifllae = [VSllp < oo}

of tempered distributions whose STFT (defined by duality) is a function in L? |Fe, Grl].



CHAPTER 4

Stability

We begin the main chapter of this thesis, where we will address the stability of The-
orem This corresponds to answering the following question: given Q C R? and
f € L*(R) that are almost optimal, i.e., that fail to achieve the equality in by a small
margin, can we say that €2 is close to a ball and that f is close to a function of the form

B3

We begin by choosing the appropriate method to measure almost optimality and closeness
to an optimal set or function. For the first, we will consider the combined deficit

/|Vf(:1c,w)|2 dz dw
5(fi0) =1 - L0 , (4.1)
(1= e DI F1I2 g
allowing us to rewrite (3.2]) as d(f;Q) > 0. Recalling (3.3]), optimal functions will be
Gaussians of the form cp,, and optimal sets will of course be balls. Then, closeness of
f € L*(R) and Q C R? to their respective optimal counterparts will be measured in
the normalized L?-distance of f and its closest Gaussian (cf. (4.3))), and the Fraenkel
asymmetry of €,

|QAB(x, )|
1

As we remarked in the introduction, this is a natural notion of asymmetry and it is
often used to formulate the stability of geometric and functional inequalities, such as the
isoperimetric inequality |CL, FiMP}, FMP2| or the Faber-Krahn inequality for the Dirichlet
Laplacian [AKN| BPV].

AQ) = inf{ = Ba,r) = Q],r > 0,2 € RQ}. (4.2)

With these choices, the question of stability can be positively answered, as shown by A.
Guerra, J. P. G. Ramos, P. Tilli and the author in |[GGRT], in the form of the sharp
quantitative Faber-Krahn inequality for the STFT.

Theorem 4.1 (Stability of the Faber-Krahn inequality for the STFT). There is an ez-
plicitly computable constant C > 0 such that, for all Q@ C R? measurable and with finite
measure and all f € L*(R)\{0}, it holds that

: If — cpzll2 01/2 1/2
inf 2= < Ce o(f; Q)= 4.3
weCe=lfll:  fllz 7 i) (13)

and for some explicit constant K = K(|2|) > 0 we also have

A(Q) < K§(f; Q)2 (4.4)

28
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We may remark a few facts about the nature of the result itself before explaining how it is
obtained. First, the constants C' and K are explicit, as the proof is purely quantitative and
does not rely on compactness arguments, like previous results on the sharp quantitative
Faber-Krahn inequality for the Dirichlet Laplacian [BPV] |AKN]|, or any reduction steps
through penalization methods |CL].

Moreover, the result is sharp in two different ways. Firstly, it is sharp in the decay rate,
i.e. the factor 8(f; Q)2 cannot be substituted by d(f;Q)? for any 8 > 1/2. Secondly, it
is also sharp in the dependence on € of the constant el’l in (£.3)): the estimate

1f —cozlle 0|0
in S o) §Ql/2
weCle=lfll2 Ifll2 — ()

no longer holds whenever 6 < 1/2. We will see this later in Section

The stability estimate holds for general functions f € L?(R), and when looking at
the problem from the point of view of localization operators, we can fix  C R?, consider
Lo, = V*1qV, and focus on the specific case where f = fo is the first eigenfunction of
Lo,,. Then, we reach the following corollary.

Corollary 4.2. Let Q C R? be a measurable set of finite Lebesgue measure and define

5(Q) := 0(fa; Q),
where fq is a unit-norm eigenfunction associated to the first eigenvalue ®q of L ,. There
s an explicitly computable constant C' > 0 such that

inf  ||f — cpmlla < CelU25(Q)1/2.
20€C,|c|=1

In this case, however, the sharpness of this corollary does not follow from that of Theo-
rem [£.I] As a matter of fact, we do not currently know whether this result is sharp or
not. To answer this question, it would be necessary to find an example that shows that
it is. This would either run through computing the eigenfunctions of Lq , for domains €
increasingly close to a ball (similarly to how ellipsoids and spherical harmonics are used
for the isoperimetric inequality [Mal), [Fu]), or inversely, given a function f, construct a
domain €y such that f is the first eigenfunction of Lq ,. The first method seems rather
hard, as the eigenfunctions of localization operators are not known even when () is an
ellipse with low eccentricity: see |[AD, |Da2|. The second method, while more promising,
remains an open topic that requires a new set of ideas which are essentially disjoint from
the work we will over in the thesis.

Let us begin to outline the ideas and techniques involved in the proof of this result. As
expected, a first step of translating the problem to the Fock space reduces Theorem
to the following statement.

Theorem 4.3 (Fock space version of Theorem [4.1). Let Q C C be a measurable subset
of finite measure. There is an explicitly computable constant C' > 0 such that, for all
F € F(C)\{0}, we have
[F — el 7
e=IFlF  IFllF
C

z0€

where F,, = By, as in (2.24]), and we use the notation 6(F;Q) == 6(f; ), where F' = Bf.
Moreover, for some explicit constant K = K (|Q2]) > 0 we also have

A(Q) < K(QD3(f; )12, (4.6)

< Cel25(F; )12, (4.5)
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Upon close inspection of the proof of Theorem one could expect that Theorem
is shown via adaptation of the original argument, this time running through quantitative
versions of (3.25)), (3.26) and (3.28]). Although we are able to establish their stability
counterparts, this is only directly achieved for as a direct consequence of Proposi-
tion In particular, is achieved as a consequence of the proof itself, and
cannot be directly established in a quantitative form. Instead, we first prove the stabil-
ity for the function by showing that 1 — maxu < C(s)d(f; Ay=(s)) whenever this is small

2
—alal?

enough. We then use this to show that u behaves roughly like a Gaussian v(z) = e
which makes (3.26)) easier to make quantitative.

This proof is, however, not the only one we present, as we also consider, although not in
full detail, a variational approach to the stability of the function in the spirit of [Fu]. We
will focus on the functional

F up(z) dz. (4.7)
{ur>up(s)}

Its second variation turns out to posses a few interesting properties around a neighbour-
hood of the constant function Fy = 1. In particular, studying it reveals that one needs
to be especially precise when approximating F' in the Fock space, as it vanishes on all
approximations of F' of order 1 (or 0).

These two directions are of independent interest but very closely related. The first method
yields the optimal dependence on || of the constant in , whereas the variational
one yields the asymptotic optimal constant as the deficit goes to zero, and provides the
appropriate tools to show the sharpness of the result. The main difference between them
is how through the first approach, one creates a comparison function for «* which ends up
showing the estimate 1 — maxu < CO(f; Ay=(5)). The variational path instead addresses
the super-level sets A; of u when ¢t is close to 1. In particular, through this analysis one
finds many deep geometric links between the super-level sets of v around its maximum
and spheres — they are in fact smooth and uniformly convex.

We will dedicate the rest of the manuscript to proving Theorem [4.3] along with its higher
dimensional and wavelet counterparts. We begin in Section with a discussion of the
stability of the function. In Subsection [£.1.1] we will show a non-sharp version of it, which
we require in order to find sharp estimates in Subsection and we will follow with
the stability of the set in Section [£.2] Later, we address the geometry of the super-level
sets of u and the variational approach to the stability of the function in sections and
[4.4] respectively. We finish the discussion of Theorem [4.1] by showing how it is sharp in
Section Finally, in Chapter [5, we deal with the higher dimensional and wavelet case

in Sections [5.1] and [5.2] respectively.

4.1 Stability for the function

We begin with a simple remark in the flavor of [Mal]: we may always be able to assume
that F' and Q have a small deficit §(F; ), as small as required. Indeed, if we look for a
result of the type

[F' = cFy |l 7 < K| Fl| 70 (F; )
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for some K,a > 0, and there is already a constant C' for which it holds, assuming that
0(F; Q) is smaller than some §, then since ||F' — cF,, ||z < 2||F|| 7, the constant K can be
chosen as

K =max {C,267°}.

The same can be said about (4.4)), since A(€2) < 2 as well. For this reason, we will often
look for an asymptotic result, that is, when necessary, we will assume that 6(F;Q) is
smaller than some given 6. Additionally, by homogeneity, we can, and will assume that

IFr =1

4.1.1 An initial stability estimate

We have already highlighted the importance of the super-level sets of u that are close to
its maximum, but in order to establish a sharp result through volume estimates, we first
need an initial non-sharp stability result that the sharp version builds upon. Although
it is possible to reach such a bound with exponent 1/4 via an analysis of the function
G in the proof of Theorem and through various uses of the Chebyshev inequality, we
present a more beautiful —and sharper— proof. Let us introduce the setting.

We fix 59 > 0 as the measure of €2, i.e. s9 = ||, and concern ourselves with the particular
case when we take €2 to be a super-level set of u. For this reason, given s > 0, we define

_l—et—1(s)

0s(F) == 6(F;{u>u*(s)}) = o (4.8)

This is, 05(F) is the deficit measuring the failure of F' in achieving the equality in (3.8))
over its unique super-level set of measure s.

The starting point of our argument will be the fact that

S§—00

[e.9] oo oo
/ e *ds=1= lim I(s):/ I'(s)ds:/ u*(s)ds.
0 0 0
Since 1 — maxu = u*(0) < 1, by the continuity of u* there exists s* > 0 for which
u*(s*) = e™*", and we may use this to prove the following lemma.

Lemma 4.4. In the setting above, the following estimate holds:

1 — maxu < (26568, (F))"/?

whenever maxu > e~ %0. Moreover, when maxu < e”*

decay rate:

0, there is a sharper bound on the

205, (F)
1— 85 (F)

1 —maxu <

Proof. In order to avoid the notation from being too condensed, we write

0 = 05y (F) = §(F;{u > u*(s0)}). (4.9)

STEP 1. We assume sy > s*. In this first step we seek to exploit the fact that the
functions s — u*(s) —e™® and s — e~ * —u*(s) integrate the same over [0, s*] and [s*, +00)
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respectively. The first integral will be seen to control (1 — maxu)?, whereas the second
one will be directly controlled by ds,(F).

Indeed, rearranging the expression for dy, we see that
/OSO (u*(s) —e™*)ds = —dp(1 — e™*°),
which together with [5° (u*(s) —e™®) ds = 0 implies that
A= / Tt (s) — %) ds = Go(1 — e ). (4.10)
50

The quantity A represents the area in the region between the graphs of u* and e™?, starting
at s = sg. By controlling, in terms of §g, the area of the region between u* and e™* and
limited by s* and sg, we can establish a control on [ u*(s) — e ®ds. This, in turn,
equals [; " (e7* — u*(s)) ds, which in particular can be bounded from below in terms of
(1 —maxwu)?. So in the end we get the desired control on 1 — max w.

We begin by defining the function

L(t) = p(t) + log(t), (4.11)

which is the length of the horizontal segment joining the graphs of e™* and u*(s) at height
t < €% (see Figure [4.1)), and notice that it is a decreasing function since L'(t) < 0 by
(13.18]).

S S0

Figure 4.1: Definition of L(¢).

Define now A; to be the area of the region enclosed between the graphs of ™% and u*(s),
and below the horizontal line t = e~%0 (see Figure , that is

e %0
A= / L(t)dt.
0
Then A > A1, and since L is decreasing,
Ay > L(e%)e % = (51 — s9)e %,
where s is such that u*(s1) = e™*0. Combining this with (4.10) we get

51— 8o < dpe®0 (1 — e %0).
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We now let As be the area of the region enclosed between the graphs of e~ and u*(s),
but this time above the line t = e~%°. Then,

*
—s

Ay = /: L(t)dt < L(e_so)(e_s* —e7%)

s
= (51— s0)(e™¥ —e7%0) < §pe*0 (1 — e 0) (™% — e%0),

S S0

Figure 4.2: Regions with areas A;, As and As.

If we put (4.10) and the above estimate together, we obtain

/:(u*<s)—€—8)ds:/;( “(s)— e ds+/ s

<A2—|—(50<1—6 S)<50 1—6 so)eso s

At this point, we can switch the region of integration while still preserving the new-found
bound, as we indicated earlier,

s* 00
/ (e7 —u*(s))ds = / (u*(s) — e ) ds < dp(1 — e 0)e® % . (4.13)
0 s*
It remains to bound the left-hand side from below by 1 — maxu. Writing T := maxu =
u*(0) and setting As to be the area of the region between the graph of e~ and the
horizontal line ¢t =T for 0 < s < —log T, we have

logT
As ::/ ¢=*ds — T(—logT) =1 —T + Tlog T,
0

Alternatively, by convexity of e™* and since its derivative at s = 0 is equal to —1, the region
between u*(s) and e~ from s = 0 to s = —logT' contains a triangle of area (1 —T)?/2.
Then, since Az < [) e™® —u*(s)ds, we find

(1—T)% <245 < 285(1 — e7°0)e*0 ™" < 285(e® — 1) < 26pe™

STEP 2. Assume now that s* > sp. We can treat this situation as two separate cases.
Either T' > ¢7% or T' < %, The first case is very similar to STEP 1. Indeed, it is not
necessary to switch the integration region now, since the deficit §g can be rewritten to
read

/80 (€7 —u*(s))ds = dp(1 — e %),
0
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allowing us to argue as before to obtain Ag < d5,(1—e~%0). This yields the desired control
on 1 — max u, that is,
(1 —=1T)% < 28(1 — ™) < 4.

We are left to deal with the case where 1" < e™*°. For this, we define (see Figure

S0 S0
Ay = / (e —T)ds=1—e — 5T, A= / (T — u*(s)) ds, (4.14)
0 0

so that A4 + As = Jp(1 — e%°). An immediate lower bound can be obtained by ignoring
As > 0 and using (4.14) for Ay,

1—e %0 — 50T < (1 — e ). (4.15)

This, coupled with the fact that T < e™%, yields, after rearranging,

S0

el <1+

1—00

SO _lnT 8*
Figure 4.3: Definition of A4 and As.

At this point, it suffices to notice that by convexity, this can only happen if sy is smaller

than zy that satisfies e® = 1 + 1f%0. Using the second order Taylor expansion of the

exponential,
2

1+xo+%<e“°:1+ 0

1—460’

which implies that
260

1—00

xo <

Coming back to (4.15]), since 9 < 1 and sg < xo we have

1— e 1—e 0 _ ]
T>(1—8)— o >(1- ) =01 — §o) =
S0 Zo Zo

—x0

=e
Then 1 —T <1 — e, and in particular

25,
1-T<1-e%<L < .
R
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This far into the discussion, we remark that we can already show a quantitative result for
the function. In fact, in the Fock space, Proposition the quantitative version of [NT,
Proposition 2.1] and the next natural step of the proof, reads as follows.

Proposition 4.5. Let F' € F(C). Then for every zy € C there exists a constant ¢ € C
with |c| = ||F||z such that

[F — cFyll 7

< V2Ap(z)' .
A

This result combines with Lemma to show that (under the normalization | F||r = 1)
there are zp € C and ¢ € C, |¢| = 1 with

|F = cFollr < 8 — 1)45,0 (F)11.

Additionally, if one is willing to pay the price of halving the exponent of §(F; ), it is
possible to obtain a quantitative estimate for the set without much effort by a direct
application of the Chebyshev inequality. Indeed, the inequality above provides a bound
for the difference |u(z) — v(z)|, where

v(z) = e‘“‘z|2, (4.16)

which already shows that, whenever 2 is a super-level set of u, its asymmetry can be easily
bounded in terms of ) (¥ )1/4. For a general €, the Chebyshev inequality then shows the

bound
1—e*

e~ 50

{2 €40\ Q: TGP - 1P > a2} < A

where Ag = {v > v*(|Q|)}, T is any map transporting Ag \ €2 into 2\ Aq and

1
ﬂQ%zl_eﬁm[[mmv@)—vﬂX@ﬂ.

This, in turn, implies that whenever 2 C R?, there is a constant K (|©2|) > 0 such that

|AgAQ)

T S K(12)d(@)"?.

Curiously enough, this is actually sharp in the decay rate (as can be seen by looking at the
ellipsoids from [Mal]), but to no use: this approach eventually yields an exponent 1/8 on
0(F; ), and we will see a different proof in Section that avoids using the Chebyshev
inequality and preserves the exponent from the stability estimate of the function while
employing the same ideas, although through refined techniques.

4.1.2 Sharp stability for the function
As discussed earlier, the first method of showing sharp stability relies on a sharp bound
for the measure of the super-level sets Ay, i.e. u(t) (recall (3.9)) for ¢ close to 1.
Lemma 4.6. Let F' € F(C) be such that ||F||x = 1. There is an absolute, computable
constant C > 0 such that the following holds. If T = maxc u(z) satisfies 1 =T < %, then
T
u(t) < (14 O =) log (7 ).

¢ 1
whenever 7>1-5.
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Proof. Up to translating and rotating F', we may assume that the maximum of u(z) occurs
at z = 0 and that F(0) is a real number, so we have T' = F(0).

STEP 1. We will first prove the sub-optimal inclusion
{z € C:u(z) > (1 —e)*T} c D(0,CVe),
for some absolute constant C' > 0. Write F' in terms of its Fock space series representation,
© k2
2) =) ap—=2". (4.17)
NG

A direct application of the Cauchy-Schwarz inequality yields

<o (Z ol frz\’“) (4.18)

k=0

[F(2)]e™"

and in addition to this, one easily observes that if u has a maximum at z = 0, then |F(z)|?
must have a critical point there as well. On the other hand,

[F(z)* =T +7'/2T"2 - Re(a12) + O(|2%)

holds in a neighbourhood of the origin, which implies that a; = 0; see also the discussion
at the beginning of Section [1.3] Hence, by (4.18), if we restrict z to the set {z € C: u(z) >
(1 — ¢)2T}, using that a; = 0 and the Cauchy-Schwarz inequality,

2 2
(1— )TV < |[F(z)le ™ >

22

<TV2. =

e x| Iz )
<Z ' \F (4.19)

2|2 1/2
+ e_w%(l —T)'/? (e”'z‘ —-1- 7r\z|2) /

2|2

< T1/2 e T

|21 1/2
<TY?2 .7 4 (1 - T)Y? (1 — (14 7)2]?) - e_”"le) / .
Let 7 := 7|z|?, so that (4.19) may be rewritten as

1-T

1/2
T ) (1—(1—|—7‘)e_7)1/2.

(1—¢) < e—7/2+(

We may use the inequality (1 — (1 + 7')6_7—)1/2 <1—e77, valid for all 7 > 0, on the factor

. . . . 1_T 1/2
in the right-hand side, and setting ¢ = (T) , we conclude that

l—e<e 24501 —e).

Finally, if we set z := 1 — e~7/2, the last inequality can be rewritten as
r—¢e <62z —2?) < 26,

which, in turn, implies z < =555 or, equivalently,

€ €
< — — < .
T < 210g(1 1—26) _01_25
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Since 1 — T < 1/C we have § < (ﬁ)l/2 and, as 7 = 7|z|?, one easily concludes the
assertion of the first step.

STEP 2. We now complete the proof of the lemma by refining the computations from
STEP 1. We first assume that ¢ is arbitrary, but in a moment it will be chosen to be so
that 7'/t is very small, depending on 4, as in the statement. Suppose that u(z) > t. We
use the power-series expansion in explicit form:

(2) = ?E

Z) o 7Tk/2 k

—1= ap——==2".
0) NG
Notice first that, by the estimates in (4.19), we have

‘ 2

R()P < (=7 (" =1 - 7z?) <62 (e —1—7)22), (4.20)

1/2
where § = (%) as in STEP 1. The condition u(z) > ¢ may be rewritten as

2|2
7r]z\2 + log(t/T) < log <|F(T)’> ,

and so
7|2|* + log(t/T) < log (1 +2ReR(z) + yR(z)P) < |R(z)]” + 2Re R(2). (4.21)
We now relabel h(z) := 2Re R(z). This, together with (4.20), implies
w22 + h(2) < log(T/t) + 62 (™ — 1 — 7|22} (4.22)
Choosing t so that
% = (1 —£0)°T,

STEP 1 readily implies that {u > ¢t} C D(0,C+/e,); hence, if ¢ is chosen sufficiently small,
then 7|z|2 < 1 whenever u(z) > t. Thus, for such z we have e™#* — 1 — 7|z|? < 7|z|%, and

from ,
(1 —6H)r|z2 4 h(2) < log(T/t). (4.23)

At this point, we have shown the set inclusion
{u>t}Cc E, = {z cC: (1—6)rm|z]2 +h(z) < log(T/t)}.

We now aim to bound the measure of the larger set so as to obtain an estimate for p(t).
To do this, we show that it is a star-shaped set, and compare it to the case when h does
not contribute to it,

Ey={z€C: (1- )]s <log(T/t)}.

The reason behind this is because a similar estimate can be extracted easily for Fy, and
then shown to be inherited by every (appropriate) deformation of E! into Ey through the
contribution of h,

E, = {z €C:(1-8)r|z*+ %h(z) < 10g(T/t>} :

exploiting a cancellation effect from the fact that it is a harmonic function.

In order to put this strategy into practice, we will need a few bounds on h and its deriva-
tives. We group these into the following lemma.



38 STABILITY

Lemma. There is an absolute constant C > 0 such that, for z € B(0,1/y/m), we have

Ih(2)] < COJz2,  |Vh(2)| < Cdlz|, |V2h(2)| < C6. (4.24)

Note that the bound (4.20)) yields
|R(2)| < 76|z (4.25)

The first inequality in (4.24)) follows directly from the definition of h and (4.25)). In order to
show the estimates for the derivatives of h, note that |Vh| < 2|R/(2)| and |V2h| < 4|R"(2)].
But, by the Cauchy integral formula,

R (2)] < / B, (4.26)

27 )y, w— 2]

where 7, is a closed, simple curve containing z. Applying (4.26)) with v, = 0D(0, 2|z|) and

using (4.25)) we obtain the estimate for Vh, while applying (4.26)) with ~v, = 9B(0,2/y/7)
and using again (4.25)), the estimate for V2h also follows.

Following the previous discussion, we let

Vy(r,0) = (1 — 62)mr? + %h(rew), (4.27)

where o € (—26,20). By ([4.24), we see that
0. Vy >2r(1 —6%) —Cér >0 (4.28)

as long as 0 < r < 1/4/7 and ¢ is sufficiently small, which shows that E, is starshaped.
Moreover, lim,_,o V5 (r,8) = 0 < log(T'/t), and, for each fixed 6 € [0, 27|, we have

Vy(1/\/7,0) > (1 —6%) — C§ > log(T/t)

since we are assuming that log(7'/t) is sufficiently small. Therefore, given ¢ > 0 with 7'/t
sufficiently close to 1, for each 6 € [0, 27) there is a unique number 7,(#) > 0 such that

Vi (r0(0),0) = log(T/t). (4.29)

Due to (4.28), the implicit function theorem shows that o — r,(6) is a smooth function
of o for each fixed 6 € [0,27). We can thus differentiate (4.29) with respect to o, and in
fact we will need the following estimates during the proof.

Lemma. Let r, be defined through (4.29). Then there is an absolute, computable constant
C > 0 such that, for o € (—26,26), we have

ro| + |ry] < Crp. (4.30)
If we differentiate (4.29)), we obtain

1 : A )
2(1 — ) wrr! + Sh(raele) + %(Vh(roew), eyl =0. (4.31)

Solving for 7/,
lh(r ew)
- 0o 9 — 4.32
"o 2(1 = 82)wre + §(Vh(ree), i) ( )
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and so, by (4.24), we have || < Cr,. We now compute the second derivative of r,.
Differentiating (4.31)) once more with respect to o, we obtain

2(1 - 52)7r ((r;)2 + rgrg) + g<Vh(7“oew), ew)rg
+ ngh(rgew)(e’e, eyl + E(Vh(rgezg), eyl = 0.

Solving for r in (4.33) and using (4.24) and |r.| < Cr, repeatedly, we see that || < Cr,.

These new estimates are necessary in order to bound the area of the super-level set {u > t}.
Indeed, as we remarked before, {u >t} C {z € C: 0 < |z| < r5(0)} = E,, and since this
set is starshaped,

u(t) < ;/0% r5(0)% do.

This motivates the definition of
1 27
fo)=5 [ o0 o,
2 Jo

where as before, we assume that o € (—20,26). Differentiating f and passing the derivative
inside the integral (which, due to the bound the bound (4.30)), is allowed), we obtain

2w
[f"(o)] < C/O ro(6)? do. (4.34)

0
Furthermore, notice that r/|,—o = % by (4.32)). We come now to the crucial step

in the proof: recall that, by definition, A is harmonic and so, by the mean value property,

1 2m 2

f'(0) = w5059 Jo h(roe'®) do = mh(o) =0.

The Taylor expansion (with remainder) of f, together with (4.34) provides us with the
bound

" 2m
f(8) = f(0)+ féa)(s? < £(0) + C48? / re(0)% df, for some o € (0,9). (4.35)
0
On the other hand, by (4.29) evaluated at 0 and o, we find

(1—82)m(r2 —r2) = —%h(rge“’).

By using (4.24) and taking § sufficiently small, we have 72 < 273 for all o € (—26,206).
Thus,
1+ C6* (2 1+C6* T
L/ rido = 1+ co”
0

t) < f0) < log —
since (1 — 6%)mrg = log L. O
We can now use the previous bound to prove a sharp stability estimate for the function.

Lemma 4.7. Let F' € F(C) be such that |[F||r =1 and |Q)| = so. There is an absolute,
computable constant C' > 0 such that

1 —maxu < Ce®d, (F).
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Proof. Before starting, note that we can, and do assume that T < e~ since in the
complementary regime Lemma [£.4] already yields optimal bounds.

STEP 1. With the aid of Lemma we show uniqueness and we find a suitable lower
bound on s*, as defined just before the proof of Lemma Indeed, assume there exist
s} < sb such that u*(s}) = e, i = 1,2. Then, recall that the function L(t) defined in
is decreasing, which implies that everywhere in [s7, s3], it must happen that u*(s) =
e~*. This, in turn, means that L/(t) = 0 for t € [e72,e7*1], and the proof of Lemma
shows that there is equality in L'(¢) > 0 in a point where p is differentiable if, and only
if, the set {u > t} is a ball, and |Vu| is constant on the boundary o{u > t} = {u = t}.
However, under these conditions, u must be e=m===* for some 20 € C, and u*(s) = e™*
for each s > 0. Since we are ruling out this case, s* must be unique with the property
that defines it.

By Lemma [4.6] we have:
u(t) < (14 C(1 = T))log (f) . (4.36)
Set then ¢ = e™*" in above. As t = u*(s"), we obtain
& < (1+C(1—T))-log (f) — (14+C(1=T))- (logT + 5.
Rearranging, one obtains

C1=T) s> (1+C(1—T))log @) , (4.37)

which implies that s* > ¢y for some ¢y > 0 absolute and computable.

STEP 2. We will now use the bound from Lemma to find a comparison function for
e~ ® that can play the role of u* in the proof of Lemma and improves the control on
1 — max u found before.

Notice that the estimate reads s < (14 C(1 — T'))log(T/u*(s)), which may be rewritten
as
w*(s) < Te THOU-T) (4.38)

Define the point § such that Te THOUT) — e~%, that is,

1+C(1—T)1Og<1)_

C(1-T) T

In particular, (4.37)) implies that § can be bounded from above and below by absolute
constants ¢y and c,

g:

s >c1 >35> ¢

whenever T satisfies the conditions of Lemma [4.6] If we now do the comparison step, we
find

/0 (e =T e Tl ) ds = (1 = T)(1 + Ce " = 7)) (4.39)

log T
= (1-T)(1+C - T(eT0-1 —1)),
and our goal is to show that the last factor is bounded from below by an absolute, positive

constant. To this end, consider the function

log T

R(C,T) =C-T(1 - e01). (4.40)
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Notice that, for fixed C' > 0,

%im1 R(C,T)=C(1—e V9 <1, T — R(C,T) is decreasing.
%

Since C is computable, absolute and finite, if we suppose that 1 — T is small enough
(depending only on C' from Lemma [£.6), then R(C,T) < 1 — py, where py > 0 is some
absolute and computable constant. Thus, by (4.39),

[ (e =l ) ds > - (- T R(CT))
0 (4.41)

> (1=T) (1=T) +pT) > 21 -T).

STEP 3. To conclude the desired estimate, we divide the analysis depending on the
relative positions between s*,§,s9. Recall that s* > §, and before beginning the case
analysis, recall also from the proof of Lemma and in particular, that the deficit
0o satisfies the relation

/080 (e7% —u*(s))ds = dp(1 — e~ ). (4.42)

Case 1: sop > s* > §. Putting (4.38) and (4.41)) together yields

/ (e7® —u*(s))ds > / (e_s —T- e_m) ds > @(1 -T),
0 0 2

and the conclusion follows from (4.13)), since

*

So(1 — e%0)e% 0" > / (e7® —u*(s))ds.
0

Case 2: s* > sg > 5. This case follows directly from (4.41f) and (4.42), since

s

o . S S Po
/ (e —u (s))dsZ/ (e S—T-e 1+C<1*T>)d82—(1—T).
0 0 2

Case 3: s* > 5> 5. In this case, notice that if s € [0, 5], then

d

T
G

1+C(1-T)

5 _ T THOET)) = —F 4 ¢ TRU=T) < (),

Hence, again by (4.41]), and by concavity,

(1 —e%)5 > / ’ (e7® —u*(s)) ds
0
> % [

(e = 7o) 0> w20 -7),
S Jo

C1

This finishes the proof, since sg — % is bounded from above and below by positive,
absolute constants. O
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4.2 Stability for the set

After the discussion in the previous section, it remains to prove stability of the set. The
ideas in this part are based on a mass transportation argument after taking the point of
view of a perturbation problem. We aim to find a quantitative version of , but we
know very little about the function u a priori, and so we need to exploit the result proved
in the last section. We do this by arguing that « has to be very close to a Gaussian v
(recall ) We can measure this difference and work with the Gaussian explicitly in

(3.26)), which allows us to find a proof of (4.4).
Proof of Theorem[{.1l Let F' € F(C) with ||F||z = 1. We write § = §(F'; ) for simplicity,
and we may assume that § < Jg, for some arbitrarily small constant §g. We may assume

that u attains its maximum at the origin and the stability result for the function suggests
the decomposition F' = 1 4 pGG, where

p=|IF — 1] < CU22 |@|F=1.
Given the uniqueness of the super-level sets with respect to a fixed measure, we will write
Agq = Ay~(|q)), and through the rest of the proof the sets €2 \ Ag and Agq \ Q will play a
pivotal role: take T" to be any transport map 7: Ag \ 2 — Q\ Agq, that is,
Lovag (T(x)) det VI'(x) = 1 g,\q(7),
cf. |[FG} Section 1.4.1], and define
Bi={z € A\ Q: [T(@)] - |2]* > Clo7},

where C|q,7 are constants to be chosen later. Notice that, by virtue of ([2.23),

—71'2’2
fu— vl = |(|F? = 1)e~"

— 7|22 —7|z|2 —7|z|?
< (1F = 1e™=02) (|Rle0/2 1 e=ml=R02) < p(P) (|17 + 1111 7) = 25,
(4.43)

which yields the set inclusions
{v>u*(s)+2p} C{u>u"(s)} C {v>u*(s)—2p}. (4.44)

Since T is a transport map, the inclusion above guarantees that the inequality

/Bu(z) —w(T(2))dz g/

Ap\Q

w(z) — w(T(2)) dz = / u— / w=:d(Q)  (4.45)
Ag Q
holds true. Note too that from the proof of Theorem [3.1, we have the bound

dQ) <1—e 10— /Qu = (1—e1%s. (4.46)

STEP 1. Having set the context up, we begin by showing the following lower bound on B,

u(z) —uw(T'(z)) > 5y forx € B, (4.47)
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whenever C|o| and 7 are chosen adequately. Notice that

u(x) —u(T(x)) = el _ g=mIT ()2
+2p (Re(G(2)e ™I") = Re(G(T(x))e ™T@)
+ 02 (|G()Pe ™ — |G(T (@) 2T

and since |G(y)|2e~ ™" < 1 for each y € R?, we can bound the difference from below by

u(@) —u(T(x)) > e ™7 — e T@F _(4p 4 p2)

— o mlz? (1 _ e—ﬂ(\T(I)|2_‘x|2)) 4y 2 (4.48)

This holds for any x € Ag \ Q. If, in particular, 7(|T(z)|? — |z|?) > 1 then we have

e~ 19 e~ 19
u(@) —u(T(@) = o1 —e ) —dp—p2 = S —tp—

On the other hand, if 7(|T(x)|?> — |z|?) < 1, we argue as follows: since x € B C Agq, (4.43)

shows that
€7|Q|

e’ > u(z) —2p > u (|Q) —2p > e 1 —4p > 5

where we also used that
e U —2p < ur () < e 1 4 2. (4.49)

Thus, from (4.48)),

el (T(@) = [of?)
u(e) — u(T(@) = ;

_a?Y
—4p—p* = Cge” 5 —dp— .

Choosing Cjq| = 20e/?l and ~ > p, the previous estimates yield the desired (£.47).

STEP 2. With this bound for u(z) —u(7T'(z)) we can estimate the size of B, which already
shows that Aq and 2 must be close. Observe that by the definition of T', the identities

9~ 1Bl = 9]~ [T(B)| = 12\ T(B)| = 9] ~ 40\ 9] + |(@\ T(B))\ Agl,
hold true, and thus
S19A 40| =40\ 9] = [B + @\ T(B)) \ Ao, (450)

By estimating the terms on the right-hand side we find the desired bound. The estimate

for the first term follows by combining (4.45)), (4.46]) and (4.47)):

d(©) _ 61— e~ 1)
5y — 5y ’

1B < (4.51)

To estimate the second term, note that Q\ T'(B) is contained in a C’- C|qy-neighborhood
of Ag (for C’ that depends only on |Q| and that we may drop), but we know by (4.44))

that Aq is in nested between two concentric balls:

{z:v(2) > u*(|Q]) +2p} C Aq C {z: v(2) > u"(|Q]) — 2p} =: Eq. (4.52)
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Combining this information with (4.49)), we can estimate

(Q\T(B))\ Ag| < 4Cjq11/— log(e 12 — 4p)
< 4C|Q|’y\/ Q| + 8pe\Q|

1/2 el 1/2 1/2 e
<ACigv | 19 +4PW < ACigy | 197 +4C0 Q2 )

(4.53)

provided that p is sufficiently small, depending on |Q|. Choosing p < v = C§'/2, where C
is the constant provided by Theorem [4.3] and combining (4.50), (£.51)) and (4.53)), we get

IQAAq| < C§'/2,

for some new but still explicitly computable constant C.

STEP 3. To conclude, we just need to compare Q with the ball Sq = {z: v(z) > e719}.
In fact, as Sq C Eq, and |Eq \ Sq| < C5'/2, we naturally have

[SaAQ| < [Q\ Eg| +|Eq \ Sol +[Sa \ Q|
< |Q\ Eq| + |Eq \ Sa| + |Eq \ Q| < |EqAQ| + C5'/2.

It suffices to estimate |EqAS|. We apply the estimate from the previous step twice,

together with (4.52))
|EqAQ| = |Eq \ Q| + |2\ Eq| < |Eq \ Ag| + |Ag \ Q| + |\ Ag| < C3*/2,

and the conclusion follows. O

4.3 The geometry of super-level sets

We will dedicate this section to exploring the geometric properties of the super-level sets
of w. In particular, we have seen that the function V,(r,#) defined in is monotone
increasing in r, which in particular implies that its sub-level sets are star-shaped. By doing
a more careful analysis, we can show that this happens for super-level sets A, = {u > t}
of u too, as long as t is sufficiently large. Moreover, these sets actually satisfy even better
properties, as explained by the following proposition.

Proposition 4.8. There exist small explicit constants dg,c > 0 such that for all F € F(C)
with
5(F; Au*(s)) < 6_550

and for all s < clog(1/dg), the super-level set
Aupss) = {2 € C:u(z) > u*(s)}

has smooth boundary and convex closure.
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The core result in this section will be Lemma [4.9] It shows that, above a certain threshold,
all level sets of the function u behave like those of the standard Gaussian, as long as F
is sufficiently close to 1 in the Fock space — which happens if the deficit is small enough.
Before we present it, let us introduce a few normalizations.

We will assume that ||F||z = 1 and that F attains its maximum at z = 0. Furthermore,
it will be useful to consider the decomposition for F' that we used in the proof of the set
stability, namely

F=1+¢G, |G|r=1.

Lemma 4.9. Let F' satisfy the normalizations above. Then there exist constants g, c1 > 0

with the following property: if € < eq, then for any o € [0, 27|, the function

[1e% [1e% —7r?
9o (r) = u(re'®) = |F(re )\26

is strictly decreasing on the interval [0, clx/log(l/s)}.

Proof. Without loss of generality we will take @ = 0, and we will separate the proof in
two cases: when r is close to 0, and when it is away from it.

Case 1: 1/10 < r < c1y/log(1/e). We differentiate the function gg in terms of r, which
gives us

gh(r) = =27r|F(r)2e™™" + 2Re(F'(r)F(r))e ™"

. (4.54)
= —27r(1 + 26 Re(G(r)) + €2|G(r)[?)e™ ™ + 2e Re(G'(r)(1 + eG(r)))e ™",
The last term can be bounded using the Cauchy integral formula,
) 627r|w|2
|G'(w)| < — sup |G(2)] <2 , (4.55)

0] |2|=2]w| |w]

since |G(z2)] < e™**/2 and by (2.23),
11+ eG(r)| <ex”.
The £2-term in ([L.54) is negative, and |Re G(r)|e™™" < e~™/2 < 1, so we can estimate

4e 3x
go(r) < —271'1"(e_m2 —2e) + “EeEr
r

Now, given that r < c11/log(1/), it holds that ™ < emeilos(1/e) = =m¢i 5o for all &
small enough, we have e — 2 > ™ — 2 > 0 provided that mc? < 1. Since also
1/10 < r, we can further bound

3m

go(r) < —2mr(e™F — 2¢) 4 40T,

which reveals that the dominating term will be —27re™ i as long as ¢ is small enough and

?c% <1, (4.56)

resulting in g((r) < 0, as we claimed.

Case 2: 0 < r < 1/10. This case is more subtle, and the reason for dividing the proof
in two parts, as gj(r) — 0 when r — 0. We need to analyze the second derivative of go
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and show that it is strictly negative for r € (0,1/10). This implies that the first derivative
decreases in (0,1) and, as ¢((0) = 0, it follows that g;(r) < 0 in this interval, thus proving
the claim.

Starting from (4.54)), we compute:

2

go(r) = —2m(1 4+ 2e Re(G(r)) + 52|G(T)|2)6_M
— dme(Re(G'(r)) + 2e Re(G/ (r)G(r)))e ™"
+ 47272 (1 + 26 Re(G(r)) + €2|G(r)[2)e ™
+2eRe(G" (1) (1 + eG(r))e ™ + 2%|G/ (r)[2e™™"

2

—2nre Re(G'(r)(1 + eG(r)))e ™ .

2

We now follow the same strategy as before. For |w| < 1, the Cauchy integral formula
yields

G ()] < — max |G(2)] < 2627, |G"(w)] < ~ max |G(2)] < 4e2, (4.57)
27 |z|=2 T |2|=2

and we have
glr) < —2m(1 - 2mr2)e ™™ + £ f(e),

where f: R — [0, 00) is a smooth function. Since r < 1/10, it holds that 1—2772 > 0 and
so the first term above is negative. The second term will be small enough to not be the
leading term as soon as ¢ is sufficiently small, resulting in g{j(r) < 0 for all » € (0,1/10),
from where the conclusion follows. O

Lemma[4.9]already provides intuition on the next result: since w is radially decreasing close
to its maximum, given any z in some super-level set A; of u, the segment [0, z] should be
contained in Ay, as for any of its points w, it must happen that u(w) > u(z) > t.

Lemma 4.10. Under the same hypotheses of Lemma[{.9, one may find a small constant
co > 0 such that, for t > &2, the level sets

{z€C:u(z) >t}

are all star-shaped with respect to zy. Moreover, for such t, the boundary O{u >t} = {u =
t} is a smooth, closed curve.

Proof. STEP 1. Let ¢; > 0 be given by Lemma We claim that if |z| > ¢14/log(1/e),
then
2
u(z) < 4e™1. (4.58)

As before, we use the decomposition F' = 1+ G to write
u(z) = (1 + 2e Re(G(2)) + £2|G(2)|2)e ™"

For |z| > ¢14/log(1/e), and ¢ sufficiently small, since |G|/ = 1, we can bound as in the
last proof to show that , ,
u(z) <e™i(l+ 2+ 82) < 4™,

since we can choose mc < 1 to force the choice of a leading term (cf. (4.56)).
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2
STEP 2. We now claim that the conclusion of the lemma holds with ¢, = % Suppose

that this were not the case: then there is tg > € such that A;, = {z € C: u(z) > to} is
not star-shaped with respect to 0, i.e. there exists a point wg € A, for which, for some
r € (0,1), it happens that rwg ¢ Az,. Then, (4.58)) implies that

lwo| < c14/log(1/¢). (4.59)

Indeed, if |wo| > ¢14/log(1/e) then, for a small enough ¢, we would have

mc2 /2

u(wp) < 4™ < ¢ < to,

contradicting the fact that wy € As,. However, (4.59)) contradicts Lemma if we let g

be such that e = Tuey> then the function s — | F(sei@)|2e=™s" is strictly decreasing for

s < c1y/log(1/¢) and thus

to > u(rwo) > u(wp) > to,
which is absurd. Hence A, is star-shaped with respect to the origin.

STEP 3. Finally, the smoothness of the boundary 0{u > t} = {u = t} is guaranteed by
the Inverse Function Theorem. Thanks to (4.58]), we see that if z has u(z) =t > £, then

|z| < c14/log(1/e), and by Lemma it holds that Vu(z) # 0. Then ¢ is a regular value
of u and the set {u =t} is a smooth curve. O

Lemmata [£.9] and [£.10| reveal some of the desirable geometric properties of the super-level
sets of u. However, the complete picture is even more surpising: these sets are actually
convex close to the maximum of u.

Proposition 4.11. Under the same assumptions as in Lemma[{.9, there are small con-
stants €g,c3 > 0 such that, as long as € < g and s < —czlog(e), the set

Ays(s) = {2 € C:u(z) > u*(s)}
has convex closure.

The proof of Proposition is technical and we refer the reader to |GGRT] for the
complete argument. It essentially relies on a series of estimates on the curvature of the
set A«(s) compared to that of the circle {v > u*(s)}. These ensure that the sets A; are
locally convex, which imply that their closure is convex through the Tietze—Nakajima
theorem |Na, Ti]. This proposition, together with the previous lemma, shows the validity
of Proposition [£.8]

4.4 A variational approach

Despite the fact that we have already essentially given a proof for the stability of the
function in Subsection [£.1.2] this result can also be established through a variational
approach, with the benefit that this provides tools to easily show how Theorem is
sharp. At the same time, it is much more technically involved, with many results having
long and technical proofs that escape the scope of this manuscript. For this reason, we will
limit our exposition of this approach to presenting the main results and ideas comprising
the variational proof, and we refer to the original work [GGRT] for a fully detailed account.
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Through the discussion we present in this section, it will be useful to introduce a series of
normalizations. In what follows, we consider

[F —c- Fyllr

P= eCecc || F|7

By appropriately translating, we can assume that u attains its maximum at zg = 0, and by
normalizing, we can set F'(0) = 1. In particular, we have F’(0) = 0 and by Proposition [4.5]
F,, =1 is the best contender for p, so that

» — min |1F—cll
ceC ||F|F

Observe that p differs slightly from the distance to the extremizing class used in (4.5)), due
to the condition on c¢. However, it is equivalent to this distance. Since

0 < |le — F(z0)e ™" /2| 2 < |¢]? — 2ReTF (zp)e 0/ /2 1 max F(z)[2 el
FAS

it holds that
IF — ¢+ Fuyll% = || + |c]* — 2Re(cF (z9))e ™17l /2

— 2 _
> | Fll% + |l = 2le|| F(z0)|e™ ™% = || FI|% - max |F(z) % Tl

2
‘ ’

(4.60)
and hence
F—c F F—c
= occiaDirls | IFHfZOHf =GR | HFllfo <V (461)
In addition to p, it will be convenient to consider the slightly different quantity
e=|F -1
This allows us to write
F=1+¢G, where |G|r=1, (4.62)
and the above assumptions on F' and F’ are translated as
(G,1) = (G,2)r = 0. (4.63)

Having discussed these normalizations, we introduce the following functional, which plays
a pivotal role in the entirety of the current section. Fix s > 0, and consider

K: F(C) >R, K[F] = H;(T!l

where I(s) is the integral of u over its super-level set of measure s (recall (3.23)). The
main result in this section will be the following theorem.

Theorem 4.12. Fiz s € (0,00). There are explicit constants €o(s),C(s) > 0 such that,

for all e € (0,e9), we have
K[1] — K[1 +£G] > C(s)e*

whenever |G|z =1 satisfies (4.63)).
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Its proof is essentially disjoint from the previous discussion, with the exception that we
will need the sub-optimal stability estimate from Lemma [£.4] and this theorem directly
implies the sharp function stability part of Theorem [£.3] although without the optimal
dependence in terms of |Q].

Proof of (4.5)) through Theorem . Without loss of generality, we may assume that
|Fll =1, F(0) € R and F'(0) = 0. If the deficit is sufficiently small, Lemma
implies
1/4

IF =1l = = |1Fll7p < O 5(F5 )",
together with Proposition and Q = Ay = {u > u*(t)}. Hence, (4.62) is in force
and we can assume that ¢ is sufficiently small so that we may apply Theorem [£.12] This
then implies that

(1 — e 5(F;Q) = K[1] = K[F] = C(I2)e = C(QDIIF - 1]%-

To complete the proof, note that F'(0) =1 < ||F||z. Thus

IF|F>p =271 1F—e Bl
weCle=IFlz  |[FF
where the last inequality follows from (4.61]). O

The proof of Theorem is based on a series of preliminary results. The first of these
is Lemma which shows that K[1] — K[1 + €G] is essentially controlled by the second
variation of IC at 1, in the direction of G.

Lemma 4.13. There is eg = €o(s) and a modulus of continuity n, depending only on s,
such that

K1+ 6] - K[| < |5 V2KI(G,6)| + nie)e?

for all 0 < e < gy(t) and G € F(C) such that |G| = 1 and which satisfy (4.63). Here

we have defined
d2
2K[1 = — 1 :
V°K[1|(G,G) 9e? 6:OlC[ + eG]

Since 1 is a local maximum for K, its second variation is negative definite, but to prove
Theorem [4.12] we need to show that this happens uniformly, as the next proposition indi-
cates.

Proposition 4.14. For all G € F(C) such that |G|z = 1 and which satisfy (4.63), it
holds that 1
5v%m(G, G) < —se .
These two results then provide a direct proof of the theorem.
Proof of Theorem[{.12. Combining Lemma and Proposition we have
1 C
K1) = K[1 4+ £G] > —&2 <2V21C[1](G, Q)+ 17(5)) > g2 (és) - 17(6)) .

The conclusion now follows by choosing €9 = €¢(s) even smaller so that Cf) >n(ep). O
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What is now left to do is to prove Proposition This involves three independent
results that build up to show an explicit expression for the second variation of K in the
form of Lemma below. They rely on the following strategy.

The first step is to consider the sets
Qe = {ue >ui(s)}, wu. =1+ EG\Qeﬂer, (4.64)

and to write

Qs - CI)S(QO)7

for a suitable volume-preserving flow ®.. This is constructed using a general lemma that
allows to deform the unit disk into a given family of graphical domains over the unit circle
through a suitable flow.

Lemma 4.15. Denote by Dy C R? the unit disk, and suppose that we are given a one-
parameter family {De}eocloe,] of domains, whose boundaries are given by smooth graphs
over the unit circle:

0D, = {(1+ g-(w))w: w € S'}.

Suppose, additionally, that the family {ge }.c(0,c,] depends smoothly on €. Then there exists
a family {1@}56[0750} of smooth vector fields, which depends smoothly on the parameter €,
such that, if U, denotes the flow associated with Y, i.e. if

d

7\1’5:Ya \I,Ea
= (¥e)

then ¥.(Dy) = D.. In addition, Y: is of the form

L1 4 00(@))0ege (@)

Y;:<T7W> - ;

and such that div(Yz) = 0 in a neighbourhood of S!.

These types of results are well-known, and we refer the reader to [GGRT] for the details,
and to [AFM| Theorem 3.7] for a more general statement. Then, using this result on €.
yields a globally defined vector field X that depends smoothly on €, with associated flows
o..

Lemma 4.16. Let G € F(C) satisfy [£.63)). There is g = (s, |G||7) > 0 such that, for
all € € [0,e9], there are globally defined smooth vector field X., with associated flows P,
such that

Q. = d.(Qo)

and moreover X, depends smoothly on € and is divergence-free in a neighborhood of 0€).
We also have

/ <X€7 V€> =0, (4.65)
Qe
where v, denotes the outward-pointing unit vector field on 0S)..

Finally, proving Lemma although by far not a simple task, amounts to exploiting
the properties of &, 4 and X. in relation to G on 0.

Lemma 4.17. For all G € F(C) which satisfy (4.63), we have

1V2K[1](G,G):/ \G!Qe_“‘z|2dz—HG]BT/ e_”|z|2dz+e_m°|][ G2 A (2). (4.66)
2 Qo Q 00

0
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With this expression for the second variation of I at hand, we are now able to prove

Proposition

Proof of Proposition[f.14 Since G € F(C) satisfies (4.63)), we can write

00 7rk % o)
Gz) =Y ar(77)" % NG = Y lanf.
k=2 : k=2
Then, (4.66) can be rewritten in terms of the power series of G as
1 o0
SVECII(G.G) = 3 lan*Vils), (4.67)
k=2
where . .
™ 2 2 S
Vi(s) = —/ 2|2kemIA" — / e A e 4.68
k() k! JB(0,\/s/7) 12 B(0,\/s/7) k! (4.68)

We now claim that Vi (s) <0 for all s > 0. Indeed, from (4.68),

7Tk S

k
Vi _ 2k —m|z|? d 1 —s
% (8) u /C\B(o, — |z|*"e z4+ 1+ )€

T(k+1,s) sF\ Ml
ke (1) e (B

=1

where I'(a, s) = [° r¢~le~"dr is the upper incomplete Gamma function. We conclude
by remarking that limg o Vi(s) = e7* — 1 < 0, and, given that Vj(s) is decreasing in k
for s > 0 fixed,

inf (—Vi(s)) = —Va(s) = se”*.

k>2
Using this in (4.67)) yields
1 > s
S VKNG, G) = Y. arlPVels) < Va(s)Gllr = —se,
k=2
which concludes the proof. O

4.5 Sharpness

We now address the sharpness of the stability estimates in Theorem This is where
the variational approach turns out to be quite useful, since the computations are greatly
simplified. Our strategy in this section will be to use a particular example to show that
it is not possible to hope for a better exponent for the deficit and a better dependence on
|| of the constant. In order to do this, we begin by introducing the example.

Proposition 4.18. Let s > 0 be a fized positive real number. Given g9 > 0 sufficiently
small, there is a constant C > 0 and, for each € < gy a set Q. and a function F. € F(C)
such that
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(i) Qo a ball and || = s;
(ii) infezpec | Fe — cFallr > &

(iii) the deficit satisfies §(F.; Q) < Cﬂ%_z_g)e?
Proof. Let Fo(z) = 1+e2% and as usual let us write u(z) := |F-(2)[2e~™**. Consider the

domains
Q. ={z€C:u(z) >ui(s)},

where s > 0 is fixed. We then have

(1 —e %)d(Fe;: Q) = K[1] — K[F]

€2 e s (4.69)

< —Esz[l](ZQ, 22) 4 e%n(e) = 257T2 e2 —n(e)e?.

where we used Lemma to pass to the second line and also (4.66]) in the last equality.
Now note that taking e sufficiently small yields the desired upper bound if we choose

F. = ”}fﬁ For the lower bound on ||F. — cFy,|| 7, we recall from (#.60) that

Hﬁ’g —c- Fz0||2f > 1 — max lﬁg(zo)|2e*”|z‘2.
20€C

In order to finish, we only need to show that the only global maximum of |Fy(z)|2e 7"

occurs at z = 0, which is equivalent to showing that
(14 2e(2? — y?) + 2 |2Y) < ™,
for each z € C. As 1+ 7|z|? + L22\z|4 < ™= this inequality is true if & < T. Thus, for

such ¢,

~ 1 g2
2
HFE_CFZOHFZl_l 732822772’

which concludes the proof. ]

With this we immediately see how Theorem [4.1] is sharp.
Corollary 4.19. The following assertions hold:
(i) the factor 5(f; Q)2 cannot be replaced by 5(f;Q)%, for any B > 1/2, in [&3) and

@9

(ii) there is no ¢ € (0,1) such that, for all measurable sets Q@ C C of finite measure, we
have

1f = cozll2 | 1/2
min T2 L C(ePHS(fQ .
weCle=lflz [Ifllz ~ ( i ))

Proof. Notice that follows directly from combining and in the statement of
Proposition and taking s — oo; so we just have to prove

The fact that one cannot improve the exponent in (4.3)) follows directly from Proposition
above. To see it, we argue as follows. As long as ¢ is small enough, Lemma
provides X, and V., by means of which we can write

QE = QOE(QQ).
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Additionally, since ®. is the flow of X., we have
B (2) = Po(2) + eXo(Po(2)) + O(?) = z + e Xo(2) + O(e?), (4.70)

and we may write Xo(z) = ho(z)z for some scalar function hg: C\ {0} — R. Indeed, the
fact that X is of this form follows from its explicit formula in a neighbourhood of S*

Xe(r,0) = 1 (1F @) S, @)

granted by Lemma Lastly, by comparing the expansions of u.(®.(2)) and u’(s) as a
power series in ¢ for z € 90y = 9 {uo(z) > ui(s)}, we infer (see [GGRT]) that

7(Xo, z) = Re(2?) on 6Qp. (4.72)
Writing (4.72)) in terms of hg then yields the explicit expression

2 .
mo(z) = S e,

where rq is the radius of the ball €. Therefore,

cos(260) B CEQH 9

0.4 > 9\ Q| > Hrew:ro<r<ro+e > crie,
T

which concludes the proof. O



CHAPTER 5

(Generalizations

The arguments that show stability in sections and in the previous chapter all feature
techniques that are based on estimates on the distribution function p and rearrangement
u*, bounds given by the RKHS structure of F(C), and mass transportation arguments.
None of these are, a priori, specific to the one-dimensional case, and as such, we are able
to extend them to both the setting of dimension d > 1 and the wavelet case.

5.1 Stability in higher dimensions

As hinted by Theorem slightly modified versions of the deficit § defined in (4.1]) and
the asymmetry (4.2)) are now required in the higher dimensional setting. We can simply
replace R? by R*@ in ([£.2)) to find the latter, and given Q and f as in Theorem the

new deficit will be
o Vf(z,w)|? do dw

1£137(d, cq)

where, again, cq = 7(|Q] /wag)*/* and + is the lower incomplete gamma function. Then,
the higher dimensional counterpart of Theorem can be stated as follows.

5(f:9) =1 (d—1), (5.1)

1/d

Theorem 5.1 (Stability of the FK inequality for the STFT in dimension d). There is an
explicitly computable constant C = C(d) > 0 such that, for all measurable sets Q C R*
with finite measure |Q > 0 and all functions f € L>(RY)\{0}, we have

. If — ezl 1/2

inf T—222 < Ce®™(f;Q)7=, 5.2

@ e S OETdY) (5:2)
zoECd

and moreover, for some explicit constant K = K(d, |Q2]) we also have

AQ) < K5(f;)'2. (5.3)

As one could expect, the first step to tackling Theorem [5.1] is to reduce the problem to
the Fock space over C%. After this initial reduction, the rest of the proof follows the exact
same strategy as the case d = 1, with only a few minor changes having to be taken into
account.

o4
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Theorem 5.2 (Fock space version of Theorem [5.1)). There is a computable constant C' =
C(d) > 0 such that, for all measurable sets Q@ C R?? with finite measure |Q| > 0 and all
functions F € F(C4)\{0}, we have

HF - CFZoHF 1/2
inf 11— 207 < gecag(F; Q)2 (5.4
d=IFlz  |Fllr (54 )
Z()E(Cd

where F is of the form (2.24). Moreover, for some explicit constant K = K(d,|Q|) we
also have

A(Q) < K6(F; Q)2 (5.5)

Proof. The proof of Lemma [4.4] remains virtually unchanged, with s* now defined by

/OOO v*(s)ds = /OOO u*(s)ds,

where v*(s) = e~ (/920" ingtead of e~ ?, and the function L now being

1

w d
L(t) = u(t) — v(t), where v(t):= W—Qdd <log t) .

The fact that it is decreasing is again shown via the d-dimensional version of the convexity

inequality (3.18)), i.e.

dwl/d 1—1/4| 1
() + [;dmf) - ] S <0, (5.6)

and instead of €%, the constant that we find in front of the deficit is now e“?. The main
change regarding the case maxu = T > v*(s¢) is found when estimating As from below:
(1-T)d+1

CESy I hence the non-sharp estimate reads

we come to a bound of the type A3 > C

1-T < C(d) (e=§(F; Q)Y @D

When sp < s* and T < v*(sg), one finds that

d—1 j
c Cgl * So(d— 1)!
GQ_JEOJ‘S’Y(CLCQ)U (So)gm

xl x4
em — - =
jzo Jt d(1—=do)
With the same strategy as before, we find a bound of the type
do
1-T<K(d

Moving on to the sharp stability estimates for the function, the conclusion of Lemma [4.6
now reads

u(t) < = (1+ C(d)(1 - T)) (log T/1)",

= d!
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and C(d) depends on the dimension. The proof is the same, except every instance of
log(T'/t) has to be substituted by 7 log(T/t), 7o is now defined over S?**~!, and instead
of using the Cauchy integral formula in to bound the derivatives of R, and conse-
quently of h, we need to use the fact that A is harmonic. Indeed, seeing h as a function
h(z1,y1, ..., x4, yq) with z = (1 +1iy1, ..., zq+1yq), its partial derivatives with respect to
x; and y; are also harmonic functions, and by a direct application of the mean value prop-
erty of harmonic functions together with the divergence theorem, we obtain the bound,

9
8.7}j

9
dy;

d
< -max|h|, 1<j<d.

T B.(x)

h(x) h(z)

)

Indeed, if e; is the i-th unit vector of the usual basis in R? and « has the mean value

property, then, for any R > 0,
0 1 1
u(y) = —— div(e;u)(z) dz = / ue; - vdHY,
05, "W = B Joan Y T R S

and therefore

M sup ]u\<i sup |u|
Wik opne) T Romaw)

‘ 0
8:@

A similar type of bound can be obtained for the k-th order derivatives of h by induction
on the order of the multi-index, together with the above result. We only use the bound
on the second order derivatives.

u(y)| <

This shows that (4.24) reads the same in the current setting, with C' now depending on
the dimension. Finally, the estimate for u(¢) in Lemma changes in that the function

f is now defined by
1

=57 o ra(z/)Qd ds(z).

f(o)

Lemma follows exactly the same proof, but again with v*(s) instead of e~*. In STEP 1
it is only necessary to accommodate for dimensional changes, resulting in co(d), ¢1(d) > 0
depending on the dimension. In STEP 2, the estimate (4.41)) now follows from an analysis
of

/g v*(s) — Tef(%)l/d =
0
§ » (5.7)
(d_11)! [V(dv (d13)YD—T(1+C(1—T))y <d7 <1+Cd(‘1—T)) ) ]

Indeed, when T is close enough to 1, the above expression behaves like (1 — T)pg for a
positive constant pg. STEP 3 is identical to the case d = 1.

Finally, Proposition [£.5 and the proof of set stability remain unchanged, and the constant
C in (4.4) now depends on d as well. This concludes the proof. O

5.2 Stability for wavelet transforms

Since the proof of Theorem [3.3] is done, as discussed in Chapter [3| in the framework
introduced in [NT] that shows Theorem the techniques we have introduced can be
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adapted to show stability in this context as well. The deficit and asymmetry both require
the following changes. We redefine § so that it reads

/‘W fxs 2 dxds

52
CR.If13

6(f; A, B) =

)

where A* C C* is any pseudohyperbolic disc of measure v(A), and the asymmetry now
substitutes the Lebesgue measure by the measure v (recall (3.5)),

v((A\AU(AT\A))
v(A)

AA) = inf{ LAY C CF (A% = V(A)} .

Theorem 5.3 (Stability of the FK inequality for Wavelet transforms). Let A C Ct, f €
H?(C*) and B > 0. Then there exists an explicit, computable constant C = C(s,[3) > 0

such that
1f —c¥pell

in
le|=1 12, £ |2
gect

< O3(f; A, B)V2. (5.8)

Moreover, for some explicit constant K = K (s, ) we also have
A(A) < K8(f; A, )2, (5.9)
Of course, this result can be stated in terms of Bergman spaces and the Bergman transform.

To this end, for a = 28 — 1, a function f = T o B, (f) for f € L?, and a set Q C D, the
image of some A C C* under the map z we put

z+1’
5(f;Q,a) = 6(f; A, B).

Additionally, we define the asymmetry Ap to be the equivalent of A for the disc, that is

Ap(Q) = A(A), where Q = {le zeA}

In turn, this definition is equivalent to

p(QAB(z, 7))
1($2)

Then, Theorem reads as follows in terms of Bergman functions.

Ap(Q) = inf{  1(B(z,)) = (), z € D} .

Theorem 5.4 (Bergman space version of Theorem . Let o > —1, Q C D such that
u(2) = s >0 and let f € Ay(D) denote a function in the Bergmann space on the disc.
Then there exists an explicit, computable constant C = C(s,a) > 0 such that

e Wl < oipi0,0)12, 5.10
el=lflae,  f]lA4a (f; ) (5.10)

weC

where f, is as in (2.26]). Moreover, for some explicit constant K = K(s,a) we also have

Ap(Q) < K6(f;9,a)2. (5.11)
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The outline of the proof is, once again, the same as that of Theorem Since the current
setting is now considerably different when compared to the higher dimensional case, we
will carefully go over and highlight the necessary changes and considerations. We start by
fixing the index o > —1, for which reason we shall omit this in the upcoming definitions.
Throughout this section, we will assume, by homogeneity, that ||f||4, = 1. We then set
(recall Section w(z) = |f(z)]* (1 = |2[*)*"2, with which we define

16)= [, uE)anc),

0(s) — 1(s)
0(s)

and in turn

65(f) = 0(fi{u>u"(s)},0) =

5.2.1 Non-sharp stability

We begin by addressing Lemma [£:4] Notice that we now have

1 —(a+2)
v(s) = j;a(l—i-jr) ;

where v* denotes the rearrangement according to the measure du. The existence of s*
such that v*(s*) = u*(s*) follows as usual, which allows us to rephrase Lemma as
follows.

Lemma 5.5. The following estimates hold true

It [R5 () if s> s,
—maxu <
i V2l D g )5, (F) if so < s

whenever maxu > v*(sg). Moreover, when maxu < v*(sp), the estimate is sharper on the
decay rate,

1+« 2704, (f)

—maxu <

™ T (a+2)(1 =65 (f))

Proof. The distribution function of w is now denoted by p, and we set dy = ds,(f) again,
for brevity. Inequality (3.18), which in this context is obtained through the hyperbolic
isoperimetric inequality (recall Section , now reads

T+p(t) 1
p’(t)+a+(2) 5 <0 (5.12)

in terms of p. The function L(t) is defined by

1
()]
a+1

and a direct computation shows that L'(t) < 0 for ¢ < ¢*. The constant that accompanies
the deficit is now

L(t) = p(t) —

(a + 1)(a + 2) 0(s0)
7T *(30)7
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where the factor on the right comes from estimating the area A; from above, and the one
on the left comes from bounding As from below.

The rest of the proof is a mechanical adaptation of the original one, with the only subtlety
being that the definition of x in the case maxu < v*(sp) should now be replaced by

v @)f(a) = (1 N ;”i)cw? ll - (1 N ;”’;‘)—uw)} - (5.13)

By means of the same argument one achieves the bound

. < 2o
~ (1-6p)(a+2)

which together with (5.13)) yields the result. O

5.2.2 Sharp stability for the function

The next milestone is the sharp stability result for the function. We now need sharp
estimates for the distribution function of u according to p, in analogy to Lemma [4.7] This
is achieved by the following result.

Lemma 5.6. Let f € A, be such that ||f|la, = 1. There is an absolute, computable

2
constant C' > 0 such that if T = max.ec |f(2)]* (1 — |2[*)*12 satisfies 62 = % <3,
then

pr(t) < m(1+ C?) l(f) = — 1]

whenever t/T >1—1/C.

Proof. We may assume that u achieves its maximum at z = 0 and that f(0) is a positive
number. Denote then u(0) = 7. We can prove the non-optimal set inclusion of STEP 1 in
the proof of Lemma [4.6| using the same method. Indeed, write

Then .
P < (- )2 S L
[F)I(L=1[217)72 < (1—[z]%) ,;:%'ak'\/@'

We deduce that a; = 0, and when restricting to the set {u > (1 —£)?T'}, we can use the
previous inequality to get

a2 1o\ V2 [14 1 2\1"*
1—5§(1—\z\2) 2 +< Tao) [ ﬂ-Oé_(l_‘Z‘Z)aJrZ co_i_‘i _

We call 6 = /(1 —a2)/T and let F be the factor in brackets in the expression above.
Then it is not hard to find a bound for F? by expanding its expression, which yields

a+1
T

F? < Ca |2|*
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whenever |z| < 1. In particular, this completes STEP 1,

e>C(1—C6) |z,

STEP 2. Let R(z) = f(2)/f(0) — 1. Then by the previous estimates, |R(z)[* < C62 |z,
and the condition u(z) >t can be rewritten to read

1 1

T %H ' 1
S R

(5.14)

where now h = —2Re R. Since

CF@E O - )P
Ok O)P

we can expand the last factor in (5.14)) in its series representation to obtain the bound

1> n(z) — |R(2)|P =1 >0,

1
AL+ |REI - h(z)7w

> 1+ (a+2) (h(z) = |RE)P).-

This, combined with the bound we found earlier for |R(z)[?, implies that

(T/t)a2 —1> (117 + (0 + 2)h(2) — Cla+2)8% 2],

1— |z
which motivates the definition of

g
o
We then check that for each 6 € [0,27), and for each o € (—20,20), there exists ry(6)
such that V, (r,(0),0) = (T/t)/(@+2) — 1. By the implicit function theorem, o — 7, (f) is

smooth and, as before, the next step is to bound the derivatives of r,(#) w.r.t. o in order
to eventually bound p(t). Differentiating

V, (r,0) = [ﬂ +(a+2)Zhre®) — Cla + 2)5%4} o (-20,2).  (5.15)

1 —7r2

g

2
2
r:+ (a+ )5

h(rge®) — (a+2)Co%rd = [(T/H)72 — 1] (1 —#2)

implicitly with respect to o twice we obtain bounds for |/ | and |r”|, where, again, 7/
denotes the derivative with respect to ¢. Indeed, we find

o O‘T+2h(7"gei€)
T 220 h(rpe®)eifa — C8 (o + 20 + 2y (T/t) 752
and
s S (Ohlroe®) (e + 1) + 002 h(ree) (r))?)
Te = — . .
O‘T“arh(r(;ew)elea — Co%(a+2)r3 + 2(T/t)a%r27‘g

C82(a 4 2)r2(r)2 + 2(T /1) a5 (17, )2
29, h(rse)eilo — C62(a+ 2)r3 + AT /t)a+2ry

These yield the bounds |/ |, |r”| < Cr,. By the previous considerations,

{u>t}C {z:rew:QG [0,271'),0<T<r5(9)},
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which implies that

p(t) < p ({z =re .0 €0,2m),0 <7 < ’r‘g(@)})
2 1 727 (0)2
/ / 1_T2 drd0<2/0 71_5r6(0)2d0.

This suggests that we define

1 r,(0)?
o) = 5/0 Wd@.

We can argue as in the STFT case in order to show that |F”(0)| < CF(0), and that
F’(0) = 0. Using Taylor’s theorem with remainder,

F(6) = F(0) + 5221?”(0) < F(0) + C8*F (o). (5.16)

Now, evaluating V,(r,(6),0) at 0 and o, we find
3
1—r¢ 1-12

_ ocoa+2
- 51—7“(2)

4 4
i 2 "o "o
h(rse") + (o +2)C4 (1—7‘8_17“(2,> )

and by taking § small enough, we have

2 2
1—r: 1—7r§

Plugging this back in (5.16) yields

o 2 1+082 [/T\ a3
< - 2 TO < () _
o) < F(8) < (1+ca)/0 l_rgde_wl_mQ[ t 1,

[y

[\

and this is precisely

p(t) <m (1 + %) [(f)i — 1] < (14 Co?) [(f)i — 1]

for a small enough 9. O

Finally, we can show the sharp stability for the function. First, we briefly remark that
Proposition [2.15] can be applied to Bergman spaces: setting

1F 12, = ()1 (1 — =)+
1£1%,, ’

Ag(z) =

then it reads as follows.

Proposition 5.7. Let f € A,. Then for every w € C there exists a constant ¢ € C with
el = 1L, such that
If — cfwllaa < V2A F(w )1/2'
/1] 4a

We complete the stability for the function with the following result.
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Lemma 5.8. There is an absolute, computable constant C,, = C(a) > 0 such that

0(s0)

—maxu < C, - max

a—+1
T

, 1} 5 (F).
Proof. We can replicate the steps in the proof of Lemma obtaining the bound

s —(a+2)
u*(s) ST(1+7T(1+052)> =:w(s).

Given that w(0) = u*(0), there exists § > 0 such that v*(5) = w(5). With this we can
bound

™ S

| @) —us)as /Og (0" (5) = w(s)) ds = 03) ~ T 750+ €0 ()
(5.17)

One can now compute carefully what this is. In fact,
1
lim — (9(5) S
o+

) 5
S 52 p(L+Co )9<1+052)>

—(a+1)
:(<a+1_1>a+1+0>( m(a+2)C > +a+1_c‘
a+2 T m(a+2)C —(a+1) T

We only need to show that this is positive for each C > 1, and each fixed a > —1, and then
we are able to conclude that the right-hand side of (5.17) behaves as ppd® = po(1 — ad)
when 9 is close to zero, for a positive, absolute constant pg > 0.

In fact, the above limit being positive is the same as the condition

Ca+2
< 1.

+1 +1
(O~ Sty 4 =g 0eT

The function on the left-hand side tends to 1 as C' — oo and at C' = 1 it is smaller than 1.
Also, for C' > 1 it is increasing, hence it always lies beneath 1. This completes the proof
of the wavelet analogue of Lemma [4.7] O

5.2.3 Stability for the set

Now we complete the result with the stability for the set.

Proof of Theorem[5.3. Let f € A, with ||f]la, = 1. We will write § = §(f;Q, «) and
() = s for simplicity, and we may assume, if necessary, that § < dy for some arbitrarily
small constant §y. We may also assume that u attains its maximum at z = 0, and we will
decompose f as f = /(a+ 1)/7+ pg, as suggested by the stability of the function, where

p=IIf = (@+1)/7]a, <C()8"2 [lg]la, = 1.

By the uniqueness of the super-level sets of u with respect to the measure u, we write
Aq = Ay«(q)), and throughout the rest of the proof, we will consider 7' to be a map
transporting 1 4,\q du into Loy 4, dp.
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STEP 1. In this first step, we are concerned with finding a bound for the difference
|T'(z)| — |z| whenever z lies in the set

B:={z¢€ Aq\ Q:d(0,T(z)) —d(0,2) > Kqv},

where d(0,y) is the hyperbolic distance between y and the origin, d(0,y) = log (1 + |y|) —
log (1 — |y|). Rewrite the condition defining B as

1- TG 144

: e Kav,
1+ |T(z)] 11—z

Now set d = 1 — e~ 57, This gives

HH TR 1+ T(2)|
. .
1—|z| 1+ 2]

Rearranging,
d
T() = |2l > 5 A+ [T()]) (= [2]).

We can bound |T'(z)| > 0 and use the fact that z € B C Ag \ Q to bound 1 — |z| > 1 —1r,
that is, r being the radius of the smallest ball containing Aq: in particular, thanks to the
analogue of (4.44) in the current setting, found via the same argument, which reads

{v>u*(s)+2p} C {u>u"(s)} C{v>u"(s)—2p}, (5.18)
we find that r can be made to depend only on |Q2|. Then
1—r

(1 — e Kam),

T()] = |21 >

In particular, by concavity of x — 1 — e~ %, if K7y is small enough, we have

1—r 1—r
T — (1 - e Kav
T() = [z > ——(1—e )2~

STEP 2. We now aim to bound the measure of the set B. To this end, we will need to use

the bound we found in STEP 1.
a+1 L- TP\ a+1 a1
u(z) — w(T(2) = 2211 [y (1 ( ) ) _etla g fetl,
7r T
— 1 1
>C(s,a) [1— 1—| Ol |Z et p? 4“04—1— p-
1—|z? 7r

1-— z|
Given that |T(z)| < 1, the quantity (|T'(z)|*—|z|?)/(1—]|z|*
then it is also positive. Since the function z — 1 — (1 —x)
maps 0 — 0 and 1 +— 1, whenever |T'(z)| > |z| we have

)i 1s at most 1, and if | T'(2)| > |z,
@+2 is concave on z € [0,1], and

TP =2 a+1 a+1
TP |2 _atl, N
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whenever z € B. With the appropriate choice of Kq and as long as v > p we have
u(z) —u(T(z)) > C(a)y, which provides a bound for the measure of B,

du — d
o fAQu 1 Jaudn < C(Q)L(’Q‘)d
v vy v

Here, C(a) can be set to, for example, (o + 1)/.

STEP 3. Finally, follows from the same argument used in steps 2 and 3 of the proof
of in Section Indeed, holds true still, with the volume of the sets replaced
by their py-measure, and it can be bounded using the same technique, since holds
true as well, in the form of . O
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