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Introduction

These are lecture notes for a course on functional analysis taught by Professor Marc Burger
during spring semester 2022. The course begins by introducing C-algebras, Banach algebras
and C∗-algebras and the spectrum of elements of an algebra. Then it moves onto characters
and the Guelfand spectrum, endowing it with the Guelfand topology and establishing a rela-
tionship between the spectrum of an element and its Guelfand transform. This relationship
is then explored in the special case ofC∗-algebras. The course continues with spectral theory
and some applications before moving onto Fourier analysis on groups.

We deeply thank Professor Marc Burger not only for his great lectures, but also for his in-
credible help in writing these notes.
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1 Banach algebras

The material of this chapter is mainly taken from [Ka] 1.1 and [GeRaSh] I.1.

We begin by recalling some basic notions.

Definition 1.1 (C-algebra). A C-algebra, or simply an algebra, is a C-vector space A
endowed with a bilinear map

A×A −→ A
(x, y) 7−→ x · y

called product (or multiplication) and such that

(x · y) · z = x · (y · z) ∀x, y, z ∈ A.

We can introduce richer structure on an algebra by requesting some additional properties.

Definition 1.2. An algebra A is called unital if there exists e ∈ A, e 6= 0 such that

e · x = x · e = x ∀x ∈ A.

It is called abelian (or commutative) if

x · y = y · x ∀x, y ∈ A.

Definition 1.3. An ideal in A is a C-vector subspace I of A such that

x · I ⊂ I, I · x ⊂ I ∀x ∈ A.

It is then a standard fact that the product on A descends to a well defined product on A/I .

We can canonically embed any C-algebra A in a unital algebra, which we will usually de-
note by AI , by means of the following construction. Define AI := A × C and introduce the
operation

(x, λ) · (y, µ) = (xy + λy + µx, λµ).

This defines an algebra structure on AI with unit e := (0, 1) into which A embeds via the
map x 7→ (x, 0) as an ideal.

Nowwemove on to the main content of the course. In fact, the following definition is central
to it.

1



2 1 Banach algebras

Definition 1.4. A Banach algebra is aC-algebraA endowed with a norm ‖·‖ for which
A is a Banach space, and which satisfies

‖x · y‖ ≤ ‖x‖‖y‖ ∀x, y ∈ A.

Similarly to how we constructed a unital algebra from an algebra A, we can define an “ex-
tension” of a norm on A into AI , namely by defining

‖(x, λ)‖ = ‖x‖+ |λ| .

Then AI becomes a unital Banach algebra.

Exercise
Let A be a unital C-algebra with a Banach space norm for which the product in A is
continuous. Then there is an equivalent norm ‖·‖∗ for A in which it remains a unital
Banach algebra and ‖e‖∗ = 1.

The following definition will appear in several examples further in the course.

Definition 1.5. If a Banach algebra A admits a map x 7→ x∗ with the following prop-
erties:

(i) (x∗)∗ = x,

(ii) (x+ y)∗ = x∗ + y∗,

(iii) (αx)∗ = ᾱx∗,

(iv) (xy)∗ = y∗x∗,

(v) ‖x∗‖ = ‖x‖,

for every x, y ∈ A and α ∈ C, we say A is an involutive Banach algebra and the map
x 7→ x∗ is the involution on A. If the involution satisfies the additional condition:

‖x∗ · x‖ = ‖x∗‖‖x‖ ∀x ∈ A,

then A is called a C∗-algebra.

Exercise
If e is a unit in an involutive Banach algebra then e∗ = e.

There are three main classes of Banach algebras. These can roughly be described as alge-
bras of functions with pointwise multiplication, algebras of operators with composition of
operators, and group algebras with convolution product. We now give examples of Banach
algebras in each of these three classes.

Example 1.6 (Banach Algebras).

(i) Commutative C∗-algebra. Let X be a locally compact Hausdorff topological space.
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The C-vector space

Cb(X) := {f : X −→ C : f is continuous and bounded}

is a C-algebra for pointwise multiplication of functions. The norm

‖f‖∞ := sup
x∈X
|f(x)|

makes it a commutative unital algebra. By defining f∗(x) := f(x), the map f 7→ f∗ is
an involution, and in fact it is a C∗-algebra. Recall that f : X −→ C vanishes at infinity
if for every ε > 0 there existsK ⊂ X compact such that |f(x)| < ε for every x ∈ X \K.
The space

C0(X) = {f : X −→ C : f is continuous and vanishes at infinity} ,

endowed with the norm ‖·‖∞ is a commutative C∗-algebra; it is unital if and only if
X is compact. In fact, as a consequence of Guelfand’s theory of commutative Banach
algebras, wewill see that any commutativeC∗-algebra is isomorphic toC0(X) for some
appropriate X .

(ii) Let X ⊂ C be a compact set. Define

A(X) = {f : X −→ C : f is continuous and holomorphic in the interior of X} .

Then A, together with ‖·‖∞, is a unital Banach subalgebra of C(X). Observe that if
IntX 6= ∅, then f∗(ξ) = f(ξ) is not an involution since f∗ is not holomorphic in IntX
in general.

(iii) Let a < b and n ∈ N. Let

Cn([a, b]) = {f : [a, b] −→ C : f is n-times continuously differentiable}

with pointwise multiplication and the norm given by

‖f‖ :=
n∑

k=0

1

k!
‖f (k)‖∞,

where f (k) denotes the k-th derivative of f . Then it follows that Cn([a, b]) is a Banach
space. In addition,

‖f · g‖ =
n∑

k=0

1

k!
‖(f · g)(k)‖∞ =

n∑
k=0

‖
k∑

j=0

1

j!(k − j)!
f (j)g(k−j)‖∞ ≤

≤
n∑

l=0

n∑
s=0

1

l!
‖f (l)‖∞

1

s!
‖g(s)‖∞ = ‖f‖‖g‖.

Thus Cn([a, b]) is a commutative unital Banach algebra. It is a nontrivial fact that
C∞([a, b]) does not admit any Banach algebra norm (see Example 3.19).

(iv) Volterra Algebra. Let λ be the Lebesgue measure on R restricted to [0, 1] and L1([0, 1])
the space of measurable, absolutely integrable functions on [0, 1] with the L1-norm. It



4 1 Banach algebras

is a classical fact that L1([0, 1]) is a Banach space. Using Fubini’s theorem one can show
that f ∗ g(x), defined by

f ∗ g(x) =
∫ x

0
f(x− t)g(t)dt,

exists and belongs to L1([0, 1]) for λ-a.e. x ∈ [0, 1]. The operation given by convolu-
tion is obviously bilinear, and by substituting t 7→ x − t we can clearly see that it is
commutative. It is also easy to check that

‖f ∗ g‖1 ≤ ‖f‖1‖g‖1,

thus making L1([0, 1]) a commutative Banach algebra. It is an interesting exercise to
show that it has no unit.

(v) Let B be a Banach space with norm ‖·‖ and

L(B) := {T : B −→ B : T is linear and continuous} .

Then L(B) is a C-algebra for the composition. It is a fact from functional analysis that
L(B) is characterized as the space of linear maps T : B −→ B for which

‖T‖ := sup
‖x‖≤1

‖T (x)‖ <∞.

Furthermore, ‖T1T2‖ ≤ ‖T1‖‖T2‖ and L(B) is a unital Banach algebra. However, it is
not commutative unless dimB = 1.

(vi) Let now H be a Hilbert space with scalar product 〈·, ·〉. Recall that the adjoint T ∗ of
T ∈ L(H) is uniquely defined by

〈T ∗v, w〉 = 〈v, Tw〉 ∀v, w ∈ H.

Then (T ∗)∗ = T and it is easy to verify the first four properties that an involutive Banach
algebra satisfies. As for the last two, if v ∈ H, we have

‖Tv‖2 = 〈Tv, Tv〉 = 〈T ∗Tv, v〉 ≤ ‖T ∗Tv‖‖v‖ ≤ ‖T ∗T‖‖v‖2,

which implies ‖T‖2 ≤ ‖T ∗T‖. Together with ‖T ∗T‖ ≤ ‖T ∗‖‖T‖, thus implies that
‖T‖ ≤ ‖T ∗‖, and hence

‖T‖ ≤ ‖T ∗‖ ≤ ‖(T ∗)∗‖ = ‖T‖.

Therefore ‖T ∗‖ = ‖T‖.

For the sixth property we come back to ‖T‖2 ≤ ‖T ∗T‖ and deduce from the earlier
statements that

‖T ∗T‖ = ‖T ∗‖‖T‖.

Hence L(H) with the operation T 7→ T ∗ is a unital C∗-algebra.

In particular, Guelfand’s structure theorem for commutative C∗-algebras (see chapter
4) can be applied to commutative sub-C∗-algebras ofL(H) leading to spectral theorems
for unitary, self adjoint, or more generally normal operators.
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(vii) Let Γ be a group, for example SL(n,Z) or simply {1}. Then

`1(Γ) =

f : Γ −→ C :
∑
γ∈Γ
|f(γ)| <∞


is a Banach space when endowed with the usual `1 norm

‖f‖1 =
∑
γ∈Γ
|f(γ)| .

Recall that C[Γ] is the C-vector space with basis {δγ : γ ∈ Γ}where

δγ(µ) =

{
1, µ = γ,

0, µ 6= γ.

That is, C[Γ] consists of formal linear combinations of elements of Γ. Define the follow-
ing product on the basis elements by

δγ · δη := δγη

and extend by linearity toC[Γ]. Then it is easy to verify this is aC-algebra. Furthermore,
C[Γ] can be seen as a subset of `1(Γ) and the above product extends to `1(Γ). For f, g ∈
`1(Γ), we extend it by

f ∗ g(γ) =
∑
η∈Γ

f(γη)g(η−1)

and call it the convolution product. Let us estimate its norm:

‖f ∗ g‖1 =
∑
γ∈Γ

∣∣∣∣∣∣
∑
η∈Γ

f(ηγ)g(η−1)

∣∣∣∣∣∣ ≤
∑
η∈Γ

∑
γ∈Γ
|f(γη)|

∣∣g(η−1)
∣∣ =

=

∑
γ∈Γ
|f(γ)|

∑
η∈Γ
|g(η)|

 = ‖f‖1‖g‖1.

One can then define an involution as f∗(γ) := f(γ−1). With this, `1(Γ) is an involutive
Banach algebra.



2 Spectrum of a Banach algebra el-
ement

The material of this chapter is mainly taken from [Ka] 1.2.

Definition 2.1. Let A be a C-algebra with unit e ∈ A. An element x ∈ A is called
invertible if there exists a y ∈ Awith xy = yx = e. Then y is uniquely determined and
is denoted x−1.

The set of invertible elements G(A) = {x ∈ A : x is invertible} is a group with natural iden-
tity element e.

Definition 2.2 (Spectrum). Let A be a unital algebra. For x ∈ A, define

SpA(x) := {λ ∈ C : x− λe is not invertible} ,

as the spectrum of x. Its complement, ρA(x) = C \ SpA(x), is called the resolvent set.

If A has no unit, then for x ∈ Awe define SpA(x) = SpAI
(x), and ρA(x) = ρAI

(x).

Example 2.3. Let A = End(V ), where V is a finite dimensional C-vector space. For T ∈ A,
SpA(T ) is the set of roots of the characteristic polynomial of T . Notice that T − λ id is not
invertible if and only if ker(T − λ id) 6= {0}, which is equivalent to cT (λ) = det(T − λ id) = 0.
The Fundamental Theorem of Algebra implies that SpA(T ) 6= ∅.

One of the main results of this section is that for any Banach algebra, the spectrum of an
element is a nonempty set. In fact, we will prove that the spectral radius formula, which
given x, provides the radius of the smallest closed disc centered at 0 ∈ C that contains the
spectrum of x. We will now present a few lemmas that are going to be useful for proving the
spectral radius formula.

Definition 2.4. For x ∈ A, define rA(x) = inf
{
‖xn‖1/n : n ≥ 1

}
.

Since ‖xn‖ ≤ ‖x‖n, we get ‖xn‖1/n ≤ ‖x‖ and therefore rA(x) ≤ ‖x‖. In addition, we have
rA(λx) = |λ| rA(x) for every λ ∈ C and every x ∈ A. This key remark will allow us to
say something about rA(x) in the case ‖x‖ < 1, i.e., when x is inside the unit ball. Now,
for the following lemma we use the (not generally appreciated) convention that the natural

6
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numbers include 0, and N∗ = N \ {0}.

Lemma 2.5. Let f : N∗ −→ R≥0 with f(n+m) ≤ f(n)f(m) for all n,m ≥ 1. Then

lim
n→∞

f(n)1/n = inf{f(n)1/n : n ≥ 1}.

Proof. Let r = inf
{
f(n)1/n : n ≥ 1

}
. Let ε > 0 and pick k ≥ 1 such that f(k)1/k < r + ε. Let

n ≥ k and write n = ak + b, for a ≥ 1 and 0 ≤ b ≤ k − 1. Then

f(n) = f(ak + b) ≤ f(k)af(1)b,

and hence

f(n)1/n ≤ f(k)a/nf(1)b/n =
(
f(k)1/k

)ak/n
f(1)b/n =

(
f(k)1/k

)1−b/n
f(1)b/n

=
(
f(k)1/k

)1−b/n
f(1)b/n ≤ (r + ε)(1−b/n)f(1)b/n.

Therefore we can bound the lim sup in the following way,

lim sup
n→∞

f(n)1/n ≤ r + ε,

and therefore, since lim inf is greater or equal that inf, which is precisely r, we get

lim sup
n→∞

f(n)1/n ≤ r ≤ lim inf
n→∞

f(n)1/n.

From here we obtain the following corollary.

Corollary 2.6. For every x ∈ A, we have

lim
n→∞

‖xn‖1/n = rA(x).

To prove this, we can simply use the previous lemma with f(n) = ‖xn‖.

The next results introduce criteria for the invertibility of an element x ∈ A and they give us
information about the topological properties of G(A). This will help us prove that SpA(x) is
a closed set. The first of these lemmas, along with the remark wemade after the definition of
rA(x), allows us to check that every element x in the unit ball makes e− x invertible, giving
us an explicit expression for its inverse.

Lemma 2.7. Let A be a Banach algebra with identity e ∈ A and x ∈ A with rA(x) < 1.
Then e− x is invertible and

(e− x)−1 = e+

∞∑
n=1

xn =

∞∑
n=0

xn,

where the series is absolutely convergent.



8 2 Spectrum of a Banach algebra element

Recall that in a general Banach space we say the series
∑∞

n=1 an, an ∈ A, converges if the se-
quence of partial sums converges in the norm topology. We say that it converges absolutely
if
∑∞

n=1‖an‖ converges. To prove that absolute convergence implies convergence it is neces-
sary to prove that the sequence of partial sums is Cauchy bymeans of the triangle inequality.
Similarly to the real case, absolute convergence implies convergence.

Proof. The idea here is to compare the series to a geometric one. Pick a number rA(x) < q < 1.
By the previous corollary, take N ≥ 1 with ‖xn‖1/n ≤ q for every n greater than N . This
means that ‖xn‖ ≤ qn. At the same time this implies that the series

∞∑
n=1

‖xn‖

converges since eventually it compares to a geometric series on q. Hence,
∑

n≥1 x
n converges

in A. Let

Sn = e+
n∑

k=1

xk, y := lim
n→∞

Sn.

Then Sn · x = Sn+1 − e. In a similar way, x · Sn = Sn+1 − e. By letting n tend to infinity, it
follows that yx = y− e from the first equality and xy = y− e from the second one. Therefore
e = y(e− x) and e = (e− x)y.

Remark. If ‖x‖ < 1 then rA(x) ≤ ‖x‖ < 1 and e − x is invertible. This means that if we take
an open ball of radius 1, it is entirely contained in G(A), the group of invertible elements.

Lemma 2.8. Let A be a Banach algebra with an identity element e ∈ A.

(i) For all x, y in G(A), if ‖y − x‖ ≤ 1
2‖x

−1‖−1, then ‖y−1 − x−1‖ ≤ 2‖x−1‖2‖y − x‖.
Thismeans that in a neighborhood of x, themap y 7→ y−1 is Lipschitz continuous

(ii) G(A) is open in A and if x ∈ A is such that ‖e− x‖ < 1 then x ∈ G(A).

Proof. For the first part, write y−1 − x−1 = y−1(x − y)x−1. Since A is a Banach algebra, we
obtain

‖y−1 − x−1‖ ≤ ‖y−1‖‖x− y‖‖x−1‖. (2.1)
In particular, by the inverse triangle inequality together with the hypotheses, this means that

‖y−1‖ − ‖x−1‖ ≤ ‖y−1‖‖x− y‖‖x−1‖ ≤ 1

2
‖y−1‖.

Therefore 1
2‖y

−1‖ ≤ ‖x−1‖, and inserting this into (2.1) shows (i).

For the second part, notice that if ‖e−x‖ < 1, then rA(e−x) < 1 and x = e− (e−x) ∈ G(A).
Now if x ∈ G(A) and y ∈ Awith ‖y − x‖ < ‖x−1‖−1, we can estimate

‖x−1y − e‖ = ‖x−1(y − x)‖ ≤ ‖x−1‖‖y − x‖ < 1,

which implies x−1y ∈ G(A), and hence y ∈ G(A).

This shows that the inverse map is a homeomorphism of G(A) into itself. The following
theorem is one of themost fundamental results in the theory of Banach algebras. It uses some
basic facts from the theory of holomorphic functions, as well as the uniform boundedness
theorem from functional analysis.
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Theorem 2.9. Let A be a Banach algebra, x ∈ A. Then the spectrum SpA(x) is a non-
empty compact subset of C and

rA(x) = max
{
|λ| : λ ∈ SpA(x)

}
.

Recall that if A is unital, SpA(x) = {λ ∈ C : x− λe is not invertible} and if A is not unital,
then we define SpA(x) = SpAI

(x), since otherwise it could be argued that no element is
invertible and the first expression would make no sense. Before proving the theorem, let us
introduce some notation.

Definition 2.10 (Spectral radius). For x ∈ A, we denote by

‖x‖Sp := sup
{
|λ| : λ ∈ SpA(x)

}
the spectral radius of x.

Theorem 2.9 tells us that ‖x‖Sp could be defined as a maximum, but we do not know of its
existence beforehand. The theorem states that for every element x ∈ A, its spectrum is a
nonempty compact set that is sharply contained in a ball of radius ‖x‖Sp, and there exists a
point λ in it which has λ = ‖x‖Sp. An important result that follows from theorem 2.9 is the
following corollary.

Corollary 2.11 (Guelfand-Mazur). If A is a unital Banach algebra such that every non-
zero element is invertible, then A ∼= C.

This result is of key importance since in the future we will take the quotient of A by some
ideal in order to establish a similar situation as that of the corollary, and thus prove that the
quotient is isomorphic toC. Additionally, it is foundational tomuch ofGuelfand’s theory and
can be seen as a generalisation of Frobenius’ theorem, which states that a finite dimensional
C-algebra in which every nonzero element is invertible is itself C.

Now, before giving an argument for this, let us continue with the proof of theorem 2.9.

Proof of theorem 2.9. We may first assume that A is unital. If not, we adjoin the identity and
in view of the definition of the spectrum of an element, this does not affect the result.

Step 1. First, let us show that SpA(x) is contained within a disk of some big enough radius
(namely rA(x)). Write

λe− x = λ
(
e− x

λ

)
so if rA

(
x
λ

)
< 1, then e − x

λ is invertible by Lemma 2.7 and so is λe − x. Now, by checking
that rA(x/λ) = rA(x)/ |λ| from the definition, we obtain that if |λ| > rA(x), then λ /∈ SpA(x).
By the contrapositive of this last statement, it follows that ‖x‖Sp ≤ rA(x).

Step 2. Observe that SpA(x) is a closed subset ofC; indeed SpA is the inverse image ofA\G(A)
under the continuous map

C −→ A
λ 7−→ λe− x

but G(A) is the group of invertible elements, which is open in A by Lemma 2.8. Since the
spectrum is a closed, bounded subset, it is compact.
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Step 3. Let us see that SpA(x) is nonempty. Begin by setting ` ∈ A∗ to be a continuous linear
form from A to C. Now, for every λ in the resolvent set, ρA(x) = C \ SpA(x), define the
function f(λ) = `

(
(λe− x)−1

)
. Let µ ∈ ρA(x) and compute

f(λ)− f(µ) = `
(
(λe− x)−1 − (µe− x)−1

)
= `

(
(µe− x)− (λe− x)
(λe− x)(µe− x)

)
= (µ− λ)`

(
1

(λe− x)(µe− x)

)
.

Therefore if λ 6= µ,
f(λ)− f(µ)

λ− µ
= `

(
1

(λe− x)(µe− x)

)
.

The map
ρA(x) −→ G(A)
µ 7−→ (µe− x)−1

is continuous by Lemma 2.8. Hence

lim
µ→λ

f(λ)− f(µ)
λ− µ

= −`
(

1

(λe− x)2

)
.

Therefore, f : ρA(x) −→ C is holomorphic. The idea now is to assume the spectrum is empty.
Thismeans that f is defined over all ofC. However, by the definition of f , when |λ| increases,
f vanishes. Since f is entire, we reach a contradiction and hence SpA(x) cannot be an empty
set. In order to make this rigorous, we are going to derive a power series expansion for e− x

λ
so that we can investigate the behavior of f at∞. We know that if |λ| > rA(x) then rA

(
x
λ

)
< 1

and we have an absolutely convergent series expansion by Lemma 2.7:

(
e− x

λ

)−1
=

∞∑
n=0

(x
λ

)n
.

Hence

(λe− x)−1 =

∞∑
n=0

λ−(n+1)xn.

Therefore,

f(λ) =

∞∑
n=0

λ−(n+1)`(xn),

which is allowed since the series for (λe−x)−1 is absolutely convergent for |λ| > rA(x) and ` is
continuous as well as linear. Now we proceed with the argument. Assume that SpA(x) = ∅.
Then f is entire and if |λ| ≥ 2‖x‖, then

|f(λ)| =

∣∣∣∣∣λ−1
∞∑
n=0

λ−n`(xn)

∣∣∣∣∣ ≤ |λ|−1
∞∑
n=0

(2‖x‖)−n‖`‖‖x‖n =

= |λ|−1 ‖`‖
∞∑
n=0

1

2n
= 2 |λ|−1 ‖`‖.

In particular, by Liouville’s theorem, f must be constant (since it is holomorphic on C and
bounded) and since 2 |λ|−1 ‖`‖ → 0 as |λ| → ∞ this constant must be 0. But this means that
for all ` ∈ A∗

`((λe− x)−1) = 0
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hence (λe− x)−1 = 0 which is impossible. Therefore SpA(x) 6= ∅.

Step 4. We proceed to show that rA(x) ≤ ‖x‖Sp. Recall that in the first step of the proof we
established that ‖x‖Sp ≤ rA(x). Now define, for |ξ| < 1/rA(x),

g(ξ) = f(1/ξ) =
∞∑
n=0

ξn+1`(xn).

Notice that g is holomorphic in |ξ| < 1/rA(x). Also, f is holomorphic on C \ SpA(x) ⊃
C \

{
λ ∈ C : |λ| ≤ ‖x‖Sp

}
, and thus g is holomorphic in the disk

{
ξ ∈ C : |ξ| < 1

‖x‖Sp

}
. As a

consequence, the Taylor expansion of g at 0 converges for all |ξ| < 1/‖x‖Sp. In particular, for
every such ξ,

sup
n≥1

∣∣ξn+1`(xn)
∣∣ <∞ ∀` ∈ A∗

by the expression for the Taylor expansion of g and its convergence. By the uniform bound-
edness principle, supn≥1‖ξ

n+1xn‖ < ∞. Therefore there exists a constant c(ξ) for which
‖ξnxn‖ ≤ c(ξ), and ‖xn‖ ≤ c(ξ) |ξ|−n. Hence

‖xn‖1/n ≤ c(ξ)1/n |ξ|−1 .

If we take the limit when n → ∞, we get rA(x) ≤ |ξ|−1, for all |ξ| < 1/‖x‖Sp. This proves
rA(x) ≤ ‖x‖Sp, which together with the inequality in step 1 proves the theorem.

Now we give a proof for corollary 2.11.

Proof of corollary 2.11. Let x ∈ A. We know that SpA(x) is nonempty, and hence there exists
λ ∈ C such that λe− x is not invertible. By the hypotheses, λe− x = 0. This determines the
following map. Let us denote by λ(x) the unique complex number with λ(x)e− x = 0. Now
it is an easy exercise to see that λ : A −→ C is the desired isomorphism. Continuity follows
directly from the fact that it is a vector space isomorphism, making A a finite dimensional
Banach algebra. Since |λ(·)| is a norm, it is continuous. This isomorphism is unique: idC is
the only C-algebra automorphism of C.

2.1 Holomorphic functional calculus

This short section will be dedicated to some natural developments which are part of a more
comprehensive treatment of the theory of Banach algebras. We will however not use any of
these results later on.

Let x ∈ A and f : C −→ C. We ask the question of how to extend f to A, i.e., how to define
f(x). If f is entire, then we know that ∑ f (n)(0)

n!
zn

is absolutely convergent: we can therefore define f(x) as this series evaluated in x 1. Addi-
tionally, this works well with the exponential. On the other hand, if f is only holomorphic in
an open set U ⊃ SpAx, then the idea is to choose a path that goes around the spectrum once
and try to give a meaning to the integral over C of f(λ)

λe−x ,

1

2πi

∮
C

f(λ)

λe− x
dx.

1Convergence in A is inherited by absolute convergence in the complex plane.
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The way to realise this idea is to take this integral over a compact set, and therefore the
function inside –as a function of λ– is uniformly continuous, resulting in the Riemann sum
converging in the Banach algebra. This limit is uniquely characterized by

ϕ(y) =
1

2πi

∮
C
f(λ)ϕ

(
(λe− x)−1

)
dλ, ϕ ∈ A∗.

Let us state this in greater detail.

Let A be a unital Banach algebra. For every polynomial

P (X) = aXn + ...+ a0 ∈ C[X]

and every element x ∈ A, the evaluation of P in x is well defined as an element of A,

P (x) = axn + ...+ a0 ∈ A.

In fact, this can be extended to a ring of holomorphic functions in the following way. Let
x ∈ A, and f : U −→ C be a holomorphic function defined over an open set U containing
SpA(x). Let C ⊂ U be a simple closed curve enclosing SpA(x). For every ϕ ∈ A∗, define

F (ϕ) :=
1

2πi

∫
C
f(λ)ϕ

(
(λ− x)−1

)
dλ.

Proposition 2.12. F ∈ A∗∗ is in fact represented by a vector v ∈ A, that is,

F (ϕ) = ϕ(v) ∀ϕ ∈ A∗.

We will denote this vector by f(x) ∈ A; symbolically, f(x) is given by

f(x) =
1

2πi

∫
C
f(λ)(λ− x)−1 dλ.

Proposition 2.13. The map f 7→ f(x) ∈ A is a homomorphism of the algebra
A
(
SpA(x)

)
of all functions that are holomorphic in a neighborhood of SpA(x) into A,

which sends the constant function to the identity 1 ∈ A and the function λ 7→ λ to x.

Theorem 2.14 (Spectral mapping theorem). LetA be a unital Banach algebra, x ∈ A, and
f a holomorphic function on a neighborhood of SpA(x). Then

SpA(f(x)) = f
(
SpA(x)

)
.

Moreover, if g is holomorphic on a neighborhood of f
(
SpA(x)

)
, then

g ◦ f(x) = g(f(x)) .



3 The Guelfand representation

The material of this chapter is mainly taken from [Ta] I.3. An alternative source is e.g.
[RaVa], chapter 2.

Our goal now is, given a commutative algebra A, to construct its Guelfand spectrum

Â = {ϕ : A −→ C : ϕ is a homomorphism}

and endow it with a topology. We will later study its properties, along with its relation to
the original algebra. For this, we first need to develop some machinery regarding ideals
in commutative Banach algebras. For this reason, throughout this whole chapter we will
consider A to be a commutative Banach algebra. The following concept captures a key idea
that is necessary for the discussion.

Definition 3.1. An ideal I ⊂ A is regular if there exists u ∈ A such that ux− x ∈ I for
all x ∈ A.

Notice that in case I is regular and proper, then A/I is unital, in other words, I is regular if
either the quotient A/I admits [u] as an identity element or A/I = (0). Also, if A is unital,
then e is an identity for every proper ideal, meaning that if A is unital, then every ideal
is regular. For this reason it is interesting to find regular ideals in non-unital algebras. It
resembles finding ideals of A that are unital, in an algebra that is non-unital. Now we will
give a few examples.

Example 3.2 (Regular ideals).

(i) Let χ : A −→ C be a C-algebra homomorphism such that χ 6= 0 and χ(A) = C. Then
kerχ is a regular ideal of A. This is proven through noticing that 1 = χ(u) for some
u ∈ A.

(ii) Any ideal in a unital Banach algebra is regular. This is the trivial example.

(iii) An important example that will appear throughout the rest of the chapter is the fol-
lowing. Let X be a locally compact Hausdorff space. Recall that C0(X) consists of all
the continuous functions from X to C that vanish at infinity. Define

I(E) = {f ∈ C0(X) : f |E = 0} ,

for E a closed subset of X . Then I(E) is regular if and only if E is compact. In order
to prove this, we need the following lemma.

13
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Lemma 3.3 (Urysohn’s lemma). Let X be a locally compact, Hausdorff space.
Suppose K ⊂ V ⊂ X , where K is compact and V is open. Then there exists
f : X −→ [0, 1] such that f |K = 1, supp f ⊂ V and f has compact support.

Now we argue. For the direct implication, we need u ∈ C0(X) such that u|E = 1 (in
order to achieve (uf − f)|E = 0). For this reason we require E to be compact. For the
converse, the map u from above is given by Urysohn’s lemma.

The following proposition tells us that u cannot be too close to the ideal I , since otherwise it
would get absorbed, preventing it from being regular.

Proposition 3.4. Let I ⊂ A be a proper, regular ideal, and let u ∈ A be a unit modulo
I . Then

‖u− x‖ ≥ 1 ∀x ∈ I.

Proof. Assume that there exists a x ∈ I such that ‖u − x‖ < 1. By Lemma 2.7 the sum
s =

∑∞
n=1(u− x)n is absolutely convergent. Now,

u− x = s− s(u− x) = s− su+ sx.

Note that s − su ∈ I by definition of u, sx ∈ I by the definition of an ideal, and x ∈ I
by assumption. Therefore u ∈ I and thus A/I = 0. Hence, I = A, which contradicts the
assumption that I is proper.

Definition 3.5 (Maximal ideal). An ideal I ⊂ A is maximal if any ideal I ⊆ M ⊆ A is
either I or A.

We recall here the definition of maximal ideal in order to introduce the following corollary,
in which we see that regular ideals can be widened to their closure given that the distance
from elements of I does not increase that of I .

Corollary 3.6. The closure of any proper, regular ideal in A is a proper and regular
ideal. In particular, any maximal regular ideal is closed.

Proof. Let I ⊂ A be a regular and proper ideal. Then Ī is an ideal because of the continuity
of the algebraic operations. I is regular because I ⊂ I . It is also proper: for u a unit modulo
I , it holds that ‖u− x‖ ≥ 1 for every x ∈ I , and thus the same holds for x ∈ Ī .

The following lemma gives us a sense of how a proper regular ideal also satisfies the property
that it is contained in some maximal ideal, same as ideals in algebras. Following a similar
vein to what we did before, we can widen a regular ideal since uwill still be the unit for A/J
whenever J contains I and u is not in it.

Lemma 3.7. Every regular and proper ideal is contained inside a maximal proper and
regular ideal.
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Proof. Let I ⊂ A be a regular and proper ideal in A. Define

L = {J ⊂ A : I ⊂ J, u /∈ J and J is an ideal} .

The idea now is to orderL by the inclusion and check that it satisfies the hypotheses of Zorn’s
lemma. We endow L with the order defined by the inclusion. Let K be a totally ordered
subset of L. Then define

L =
⋃
K∈K

K,

and notice thatL is an ideal and u /∈ L, since otherwise it would be in someK ∈ K. Therefore
L is maximal in K. Thus, by Zorn’s lemma, there exists J which is maximal in L. It is proper
as well, since J ∈ L implies u /∈ J .

Corollary 3.8. LetA be a unital commutative Banach algebra. If x ∈ A is not invertible
then x is contained in a maximal proper ideal.

Proof. Let e ∈ A be the identity and consider the proper ideal A · x. Then e /∈ A · x, so A · x
is regular. Hence by Lemma 3.7 there exists M a maximal regular proper ideal such that
A · x ⊂M . Thus, x ∈M .

The next proposition shows that the Banach algebra structure onA induces a Banach algebra
structure on quotients by a closed ideal.

Proposition 3.9. Let A be a Banach algebra and I ⊂ A a closed ideal. Then A/I is also
a Banach algebra with the quotient algebra structure.

Proof. Let π : A→ A/I be the quotient map. We have that:

• A/I is an algebra with multiplication (x+ I)(y + I) = xy + I .

• A/I is a Banach space with norm ‖x+ I‖I := inf {‖x+ u‖ : u ∈ I}.

We have to show that ‖π(x)π(y)‖I ≤ ‖π(x)‖I‖π(y)‖I for every x, y ∈ A. Let ε > 0 and u, v ∈ I
such that

‖x+ u‖ ≤ ‖π(x)‖I + ε.

‖y + v‖ ≤ ‖π(y)‖I + ε.

Then we can estimate

‖π(x)π(y)‖I = ‖π(x+ u)(y + v)‖I ≤ ‖(x+ u)(y + v)‖ ≤
≤ ‖x+ u‖‖y + v‖ ≤(‖π(x)‖I + ε)(‖π(y)‖I + ε)

Since εwas arbitrary, we conclude.

We turn to an application of Urysohn’s lemma to determine all the closed ideals in the par-
ticularly important example of C0(X), which we will need later in the course.

Proposition 3.10. Let X be a locally compact Hausdorff space and define

I(E) := {f ∈ C0(X) : f |E = 0} ∀E ⊂ X.
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Then
{E ⊂ X : E is closed} −→ {I ⊂ C0(X) : I is a closed ideal}

E 7−→ I(E)

is a bijection. Moreover, I(E) is maximal if and only if |E| = 1.

Proof. We divide the proof into several steps.

Step 1. IfE ⊂ X is arbitrary, then I(E) is closed since I(E) = I(Ē) by continuity of functions
in C0(X). Secondly, by Urysohn’s lemma, I(E) is proper whenever E 6= ∅, and if E1, E2 are
distinct closed sets in X , then I(E1) 6= I(E2) so the map from the statement is indeed an
injection.

Step 2. Now we prove it is surjective. Given a proper, closed ideal I ⊂ C0(X), define E :=
{x ∈ X : f(x) = 0 ∀f ∈ I}. By definition of E, we have the inclusion E ⊂ X , closedness of
E, and the inclusion I ⊂ I(E). To prove the converse inclusion (and hence the equality), we
proceed in two steps:

(i) Firstly, we prove that every g ∈ C0
c (X) (i.e. continuous functionwith compact support)

with supp g ∩ E = ∅ belongs to I .

(ii) Secondly, we prove that the set J =
{
g ∈ C0

c (X) : supp g ∩ E = ∅
}

is dense in I(E).
Since I ⊂ I(E) is closed, we get the equality by density of I in I(E).

Let us turn to the first claim, for which we need the following fact:

(∗) Let C ⊂ X be a compact set, C ∩ E = ∅. Then for all x ∈ C there exists hx ∈ I
with hx(x) 6= 0 and (hx)

2 ∈ I . Since C is a compact, there exists F ⊂ C such that
h =

∑
x∈F (hx)

2 ∈ I and h is strictly positive on C.

Let J be as in (ii) and g ∈ J : then by (∗) there exists h ∈ I such that h(y) > 0 for all
y ∈ supp(g). Define

f(x) :=

{
0 x /∈ supp g
g(x)
h(x) x ∈ supp g.

It is easy to verify that f is continuous and f ∈ C0
c (X). Since h ∈ I and g = fh ∈ I , it must

happen that g ∈ I , concluding the proof of (i).

For the second claim, let ε > 0 and f ∈ I(E). Define C := {x ∈ X : |f(x)| ≥ ε}. Then C is
compact, and C ∩ E = ∅. Therefore, by Urysohn’s lemma there exists a map h : X −→ [0, 1]
that is continuous and compactly supported, and such that h|C = 1 and supph ⊂ X \ E.
Define g = fh ∈ J and ‖f − g‖∞ ≤ ε. This concludes the proof.

3.1 Characters and the Guelfand spectrum

We now introduce the construction of the Guelfand spectrum and its topology. To this end,
we introduce its elements and the relation it bears with ideals in A, giving meaning to the
discussion about regular ideals that precedes this section.

Definition 3.11 (Characters). Let A be a commutative Banach algebra. A character of
A is a C-algebra homomorphism χ : A −→ C that is not identically zero.
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Notice that a character χ is always surjective, since χ(A) ⊂ C is a nonzero vector subspace.
Now we define and associate the Guelfand spectrum to a commutative Banach algebra.

Definition 3.12 (Guelfand spectrum). Let A be a commutative Banach algebra. We de-
note by Â the set of characters of A and call it the Guelfand spectrum of A.

We first establish the relation between Â and ÂI .

Remark. Every ϕ ∈ Â has a unique extension ϕ̃ to AI given by

ϕ̃(x, λ) = ϕ(x) + λ.

Let ˜̂
A =

{
ϕ̃ : ϕ ∈ Â

}
⊂ ÂI . If ϕ∞ : AI −→ C denotes the character given by ϕ∞(x, λ) = λ,

then ÂI =
˜̂
A ∪ {ϕ∞}. In this heuristic we will, whenever convenient, identify Â with ˜̂

A and
drop the latter notation.

The following proposition is a little miracle in the theory of abelian Banach algebras.

Proposition 3.13. For every ϕ ∈ Âwe have

|ϕ(x)| ≤ ‖x‖Sp ∀x ∈ A.

In particular, ϕ is a bounded linear functional with ‖ϕ‖ ≤ 1 in general, and ‖ϕ‖ = 1 if
A is unital and the norm of the unit is 1.

Proof. Because of the previous remark, wemay assumeA is unital. If |λ| > ‖x‖Sp, then x−λe
is invertible and since ϕ(e) = 1, we conclude ϕ(x) 6= λ. Hence

|ϕ(x)| ≤ ‖x‖Sp ≤ ‖x‖ ∀x.

If A is unital, then ϕ(e) = 1 and if additionally ‖e‖ = 1, we thus have ‖ϕ‖ = 1.

Example 3.14. It is an exercise to check that if A = L1([0, 1]) is the Volterra algebra, then

‖f‖Sp = 0 ∀f ∈ A.

Hence Â = ∅.

The following result gives the relationship between characters and maximal regular ideals,
announced at the beginning of this chapter. It is for the proof of this theorem that we devel-
oped the previous machinery about ideals inside commutative Banach algebras. The theo-
rem allows us to identify characters in the spectrum of A and certain ideals in A.

Theorem 3.15. For a commutative Banach algebra the mapping

ϕ 7−→ kerϕ

establishes a bijection between Â and the set MaxA of maximal regular proper ideals
in A.
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Proof. We will divide the proof into three steps.

Step 1. For ϕ ∈ Â, kerϕ is an ideal and it is maximal since it is of codimension 1 in A.
Moreover, it is regular by Example 3.2.

Step 2. If kerϕ1 = kerϕ2 =: I let u ∈ A be an identity element modulo I . Since I + Cu = A,
let x = x0 + λu. Then since ϕ1(u) = ϕ2(u) = 1,

ϕ1(x) = λϕ1(u) = λ = λϕ2(u) = ϕ2(x).

Step 3. Let I ∈MaxA and u ∈ A an identity modulo I . By Corollary 3.6 I is closed and hence
by Proposition 3.9 A/I is a Banach algebra with respect to the quotient algebra structure. By
assumption A/I is unital with neutral element u+ I . We claim that every x+ I with x /∈ I is
invertible. If not, then (x + I)A/I := J is a proper ideal of A/I and hence its inverse image
under the canonical projection π : A→ A/I is again an ideal satisfying

I ( π−1(J) ( A,

contradicting themaximality of I . Hence by the Guelfand-Mazur theoremA/I is isomorphic
to C, which leads to a character χ ∈ Âwith kerχ = I .

For the following example, recall Proposition 3.10.

Example 3.16. Let X be locally compact Hausdorff. Then for x ∈ X , the evaluation map
ϕ 7→ ϕ(x) defines a character of C0(X) which leads to a bijection X −→ Ĉ0(X).

Definition 3.17. Let A be an algebra. Define the radical of A as

RadA :=
⋂
{M : M ∈MaxA} .

We say A is semisimple if RadA = (0).

Notice that if every maximal ideal that appears in the definition above were regular, then we
would get

RadA =
⋂{

kerϕ : ϕ ∈ Â
}
,

meaning that if A is a commutative Banach algebra, then this holds.

The automatic continuity of characters given by Proposition 3.13 has some consequences for
C-algebra homomorphisms with values in semisimple commutative Banach algebras. Let us
explore them.

Corollary 3.18. Let ϕ : A −→ B be a C-algebra homomorphism with A,B commuta-
tive Banach algebras and B semisimple. Then ϕ is continuous.

Before proving this result we may recall the Closed Graph Theorem.

Theorem (Closed Graph). Let T : E −→ F be a linear map of Banach spaces. Then the
following are equivalent:

(i) T is continuous.
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(ii) Graph T ⊂ E × F is closed.

(iii) If xn → 0 in E and Txn → y in F , then y = 0.

Now we turn to the proof of the corollary.

Proof. Let {xn}n≥1 be a sequence in A with xn → 0 and ϕ(xn) → b in B. Let χ ∈ B̂. Then
χ ◦ ϕ ∈ Â ∪ {0} and both χ and χ ◦ ϕ are continuous by Proposition 3.13. Therefore

χ(b) = lim
n→∞

χ(ϕ(xn)) = lim
n→∞

(χ ◦ ϕ)(xn) = (χ ◦ ϕ)(0) = 0,

and b = 0 because B is semisimple.

We have seen in Example 1.6 that for every n ≥ 0, Cn([0, 1]) admits a Banach algebra norm.
One can use Corollary 3.18 to show the following.

Example 3.19. The spaceC∞([0, 1]) does not admit any Banach algebra norm. The idea is the
following: Assume ‖·‖ is a norm on C∞([0, 1]). The algebra C([0, 1]) is semisimple and the
inclusion C∞([0, 1]) ↪→ C([0, 1]) is hence continuous. Thus, there exists c > 0 with ‖f‖∞ ≤
c‖f‖ for every f ∈ C∞([0, 1]). By means of this inequality and the Closed Graph Theorem
one can show that the derivative D : f 7→ f ′ is continuous. A contradiction is then reached
by considering the functions t 7→ eαt for every α ∈ C.

We further expose another example the importance of which will become clear in later chap-
ters.

Example 3.20. Consider A = `1(Γ), where Γ is an abelian group; for example one may take
a finite group, or the integers, etc. Let us compute Â. If χ ∈ `̂1(Γ), then in particular χ ∈
`1(Γ)∗ = `∞(Γ). That is, there exists a unique H ∈ `∞(Γ) with

χ(f) =
∑
γ∈Γ

f(γ)H(γ) ∀f ∈ `1(Γ).

Evaluating χ on δγ gives χ(δγ) = H(γ) and from the multiplicativity of χwe get

H(γη) = χ(δγη) = χ(δγ ∗ δη) = χ(δγ)χ(δη) = H(γ)H(η).

Also H(e) = χ(δe) = 1 and from ‖H‖∞ = ‖χ‖ = 1 we deduce |H(γ)| = 1 for every γ ∈ Γ.
Letting

T := {ξ ∈ C : |ξ| = 1}

we have obtained the identification `̂1(Γ) ∼= Hom(Γ,T). We will later see that `1(Γ) is
semisimple, but this fact lies deeper.

3.2 Guelfand topology

Now we move to a crucial point, namely that the Guelfand spectrum can be equipped with
a natural topology. One approach to do this, would be to observe that Â is contained in the
unit ball of the dual A∗ of A and restrict the weak*-topology to Â. We choose to pursue a
different, self-contained approach and only make use of Tychonov’s theorem.
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Wewill now introduce a topology on the Guelfand spectrum of a Banach algebraA. Declare
a subsetW ⊂ Â to be open if it is the empty set or if for every ϕ0 ∈W there exists ε > 0 and
a1, ..., an ∈ A such that

U(ϕ0; a1, ..., an; ε) :=
{
ϕ ∈ Â : |ϕ(ai)− ϕ0(ai)| < ε, 1 ≤ i ≤ n

}
is completely contained withinW . In other words, the set{

U(ϕ0; a1, ..., an; ε), ϕ0 ∈ Â, n ≥ 1, {a1, ..., an} ⊂ A, ε > 0
}

is the basis of open sets of a topology on Â, called the Guelfand topology.

Exercise

Show that the Guelfand topology is the weakest topology on Â with respect to which
all the functions

fx : Â −→ C
ϕ 7−→ ϕ(x)

for x ∈ A are continuous.

Here is a first fundamental fact:

Theorem 3.21.

(i) Â is locally compact Hausdorff.

(ii) Â is compact if A is unital.

(iii) ÂI is the one point compactification of Â.

By this point it may be useful for the reader to revisit the one-point compactification of a
topological space. To this end, we dedicate the first appendix. Now recall Tychonov’s theo-
rem: given a arbitrary family {Xi : i ∈ I} of compact topological spaces, the product space∏

i∈I Xi is always compact when equipped with the product topology.

Proof of theorem 3.21. We first show that Â is compact if A is unital. Under this assumption,
for every x ∈ A, it holds that |ϕ(x)| ≤ ‖x‖, for all ϕ ∈ Â. Let D(0, r) := {z ∈ C : |z| ≤ r},
and consider the map

Φ: Â −→
∏

x∈AD(0, ‖x‖)
ϕ 7−→ (ϕ(x))x∈A.

When equipped with the product topology, one verifies easily that Φ : Â→ Φ(Â) is a home-
omorphism onto its image. Next we indicate how to show that Φ(Â) is closed; together with
Tychonov’s theorem this implies that Â is compact.

Let (λx)x∈A ∈
∏

x∈AD(0, ‖x‖) be in the closure of Φ(Â). Let ε > 0, x, y ∈ A,α, β ∈ C be
given. Furthermore, let ϕ ∈ Â be such that:

|ϕ(a)− λa| < ε ∀a ∈ {x, y, x · y, αx+ βy} .

Then using appropriate triangle inequalities:

|αλx + βλy − λαx+βy| ≤ ε(|α|+ |β|+ 1)
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|λxy − λx · λy| ≤ ε(1 + ‖y‖+ ‖x‖)

which by arbitrariness of ε implies that λ : A → C is a C-algebra homomorphism. Since
ϕ(e) = 1 ∀ϕ ∈ Â, we get that λe = 1 and λ ∈ Φ(Â).

Now to tackle the general case we drop the hypothesis that A is unital. As previously ex-
plained, we may consider Â as a subset of ÂI = Â ∪ {ϕ∞}. One verifies then that the
Guelfand topology on Â coincides with the one induced by ÂI . The statement about the
one point compactification is left as an exercise.

Exercise

LetX be a locally compact Hausdorff space. We had a setwise bijectionX −→ Ĉ0(X).
Now with the Guelfand topology on Ĉ0(X) this bijection is a homeomorphism.

The following definition will be of key relevance throughout the rest of the course, and we
will identify it in certain examples as an important, well-known operator: the Fourier trans-
form.

Definition 3.22. Let x ∈ A and define

x̂ : Â −→ C
χ 7−→ χ(x).

The map x 7→ x̂ is the Guelfand transform.

We have then the following result.

Theorem 3.23. If A is an abelian Banach algebra, the Guelfand transform

A −→ C0(Â)
x 7−→ x̂

is a homomorphism from A into the abelian C∗-algebra C0(Â) of all the continuous
functions on Â vanishing at infinity. If A is unital, then Â is compact and SpA(x) =

x̂(Â), and if A is not unital, then SpA(x) = x̂(Â) ∪ {0}. In any case ‖x̂‖∞ = ‖x‖Sp for
every x ∈ A.

Proof. If A is unital, the first assertion is clear. If it is not, embed A ↪→ AI so that every x ∈ A
defines a continuous function on ÂI = Â ∪ {ϕ∞} satisfying x̂(ϕ∞) = ϕ∞(x) = 0. Since
Â ∪ {ϕ∞} is the one-point compactification of Â, this implies that x̂|

Â
vanishes at infinity:

indeed, x̂ is continuous at ϕ∞ and vanishes, which implies that ∀ε > 0 there exists K ⊂ Â

such that on
(
Â \K

)
∪ {ϕ∞}, |x̂| < ε.

Now for the other assertions, assumeA unital. If λ ∈ SpA(x) then x−λe is not invertible and
hence, by Corollary 3.8, it is contained in some maximal regular ideal I . By Theorem 3.15,
there is ϕ ∈ Â with kerϕ = I , so ϕ(x − λe) = 0 or equivalently ϕ(x) = λ. This shows
SpA(x) ⊆ x̂(Â). Conversely if λ = ϕ(x) then ϕ(x−λe) = 0 and hence x−λe is not invertible,
because ϕ is a C-algebra-homomorphism. This shows x̂(Â) ⊆ SpA(x).
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If A is not unital, embed again A ↪→ AI and get that for all x ∈ A,

SpA(x) = x̂(Â ∪ {ϕ∞}) = x̂(Â) ∪ {0} .
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The material of this chapter is mainly taken from [Ta] I.4 and [Ka] 2.1, 2.2 and 2.3.

The motivation for this section is our need to develop tools to deal with L(H), the space of
linear functionals on a Hilbert space. Recall that an involution is the key object that defines
involutive Banach algebras and C∗-algebras. It is a map x 7→ x∗ satisfying a series of impor-
tant properties. Namely, it is a C-antilinear map, (x∗)∗ gives back the original element x, it
reverses products, (xy)∗ = y∗x∗, and it preserves the norm, i.e. ‖x∗‖ = ‖x‖. If, in addition, it
satisfies ‖xx∗‖ = ‖x‖‖x∗‖, then we are dealing with a C∗-algebra.

Themain goal of this chapter is to show that for abelianC∗-algebras, the Guelfand transform
is actually an isomorphism. First, we shall establish some basic facts aboutC∗-algebras with-
out assuming that they are abelian. Throughout the entire chapter we will assume that A is
an involutive Banach algebra.

Definition 4.1. Let A be an involutive Banach algebra, then x ∈ A is self-adjoint if
x = x∗, it is normal if it commutes with x∗, and if A has a unit e, then x is unitary
whenever xx∗ = x∗x = e.

This leads to some easy observations. First of all, elements that are self-adjoint or unitary
have to be normal at the same time. More importantly, every x ∈ A can be written as x1+ix2,
where x1, x2 are self-adjoint, namely

x1 =
x+ x∗

2
, x2 =

x− x∗

2i
,

and this decomposition is unique. Now we explore some fundamental properties of C∗-
algebras.

Proposition 4.2. Let A be a C∗-algebra and x ∈ A normal. Then,

‖x‖ = ‖x‖Sp.

Before proving this proposition, let us give an example operator forwhich the statement does
not hold.

Example 4.3. TakeH = C2, T =

[
1 2
0 1

]
, with ‖T‖Sp = 1. Note however that

‖T‖2 = sup
‖z‖≤1

〈Tz, Tz〉 = sup
‖z‖≤1

〈T ∗Tz, z〉

23
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is equal to the largest eigenvalue of T ∗T , which is 3+ 2
√
2 > 1. Hence, by Proposition 4.2, T

cannot be normal.

We now move on to the proof.

Proof. First, notice that for every y ∈ A, ‖y‖2 = ‖y∗y‖. Now, for n ≥ 1, let x be normal in A,
and notice that under such assumption,

‖x2n‖2 = ‖(x2n)∗x2n‖ = ‖(x∗x)2n‖ = ‖(x∗x)n(x∗x)n‖.

Observe that y = (x∗x)n is self-adjoint, so ‖(x∗x)n(x∗x)n‖ = ‖(x∗x)n‖2. That is, we have
reached

‖x2n‖ = ‖(x∗x)n‖.

Applying this we obtain the following

‖x2n‖ = ‖(x∗x)2n−1‖ = ‖(x∗x)2n−2
(x∗x)2

n−2‖

= ‖(x∗x)2n−2‖21 = ‖x2n−1‖21 = · · · = ‖x∗x‖2n−1
= ‖x‖2n ,

and by Theorem 2.9 we end up with

‖x‖ = ‖x2n‖1/2n −→
n→∞

‖x‖Sp.

We now face another problem. Let A be a non-unital, involutive C∗-algebra. On AI we can
always consider the involution

(x, λ) 7→ (x∗, λ).

Using the usual norm ‖(x, λ)‖ = ‖x‖+ |λ| onAI , we still obtain an involutive Banach algebra
but not a C∗-algebra in general,

‖(x, λ)(x∗, λ̄)‖ = ‖xx∗ + λ̄x+ λx∗‖+ |λ|2 ,

and
‖(x, λ)2‖ = ‖x‖2 + 2 |λ| ‖x‖+ |λ|2

If equality holds, that is, if ‖(x, λ)‖2 = ‖(x, λ)(x, λ)∗‖, then in particular

‖x‖2 + 2 |λ| ‖x‖+ |λ|2 = ‖xx∗ + λx+ λx∗‖+ |λ|2 ≤
≤ ‖xx∗‖+ ‖λx+ λx∗‖+ |λ|2 .

This is,
2 |λ| ‖x‖ ≤ ‖λx+ λx∗‖,

so by taking λ = i, we obtain 2‖x‖ ≤ ‖x∗ − x‖, implying that every self-adjoint element is
zero, which results in A being {0} (due to the decomposition into self-adjoint elements that
we described earlier).

So the natural question is how can we extend a non-unital C∗-algebra to a unital C∗-algebra
AI adequately extending the C∗-norm of A?

Proposition 4.4. Assume A is a non-unital C∗-algebra. Then there is a C∗-algebra
norm on AI extending the given norm on A.
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Proof. Let AI = A × C and observe that A is an ideal in AI . For every x ∈ AI , consider the
left multiplication

Lx : A −→ A
y 7−→ x · y .

We obtain an algebra homomorphism

AI −→ L(A)
x 7−→ Lx.

If x ∈ A, let us compute ‖Lx‖:

‖Lx‖ = sup
‖y‖≤1

‖xy‖ ≤ ‖x‖,

and using the fact that ‖xx∗‖ = ‖x‖2, giving ‖x(x∗/‖x‖)‖ = ‖x‖, the supremum is attained
by y = x∗/‖x‖, for which we find ‖Lx‖ = ‖x‖ since ‖y‖ = 1.

Notice by this point that this gives us another way to look at the norm of an element x ∈ A.
Through this new idea we are able to extend the norm to AI via the following argument.

Define, for every x ∈ AI , N(x) := ‖Lx‖. This clearly satisfies sublinearity and, in fact, all the
properties that any Banach algebra norm should fulfill. The only one that is not trivial to see
is that N(x) = 0 implies x = 0. For this, let x = x′ + λ · e be such that

Lx(y) = (x′ + λe)y = 0, ∀y ∈ A.

Here, we may assume λ 6= 0, since for x ∈ A, ‖Lx‖ = ‖x‖. This means that x′y + λy = 0, so

y =

(
− 1

λ

)
x′y,

which defines x′ for every y ∈ A. Then

y∗ = y∗
(
− 1

λ
x′
)∗

.

We would get that −x′/λ is a left identity on A and (−x′/λ)∗ a right identity. Therefore(
−x

′

λ

)
=

(
−x

′

λ

)(
−x

′

λ

)∗
=

(
−x

′

λ

)∗

This implies that both elements are the same and thus it is a right and left identity (i.e. an
identity), which is a contradiction to the assumption that A is non-unital. ThereforeN(x) =
‖Lx‖ for x ∈ A is a Banach algebra norm on AI .

It remains to verify thatN is aC∗-algebra norm onAI . For all x ∈ AI , we check thatN(x∗) =
N(x) easily, and we show that N(x∗x) = N(x)2. For x ∈ AI and a ∈ A, given that xa ∈ A,

‖Lx(a)‖2 = ‖xa‖2 = ‖(xa)∗(xa)‖ = ‖a∗x∗xa‖ ≤
≤ ‖a∗‖‖x∗xa‖ = ‖a∗‖‖Lx∗x(a)‖ ≤ ‖a‖2‖Lx∗x‖

where in the second step we used that xa ∈ A and this is a C∗-algebra. Therefore,

‖Lx‖2 ≤ ‖Lx∗x‖ ≤ ‖Lx∗‖‖Lx‖,

and N(x)2 ≤ N(xx∗) ≤ N(x∗)N(x) = N(x)2, showing that N(x∗x) = N(x)2 and thus
concluding the proof.

The next result establishes the natural properties of the spectrum of unitary and self-adjoint
elements in a unital C∗-algebra. Proposition 4.4 will be crucial to extend those properties to
elements of general C∗-algebras.
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Proposition 4.5. Let A be a unital C∗-algebra.

(i) If u ∈ A is unitary, then SpA(u) ⊂ T := {ξ ∈ C : |ξ| = 1}.

(ii) If h ∈ A is self-adjoint, then SpA(h) ⊂ R.

Proof. Step 1. We prove the first statement. Let A be a unital C∗-algebra and denote by e a
unit in A. Then ea = ae = a implies a∗e∗ = e∗a∗ = a∗, for any a ∈ A, showing that e∗ is also
an identity and therefore e = e∗e = e∗. Furthermore, ‖e‖2 = ‖e∗e‖ = ‖e‖ so that ‖e‖ = 1,
and unitary elements also have unit norm.

Let λ ∈ C with |λ| < 1. Then u− λe = (e− λu∗)u. However,

‖λu∗‖ = |λ| ‖u∗‖ = |λ| < 1,

and by Lemma 2.7, (e− λu∗) is invertible, making u− λe invertible.

If, otherwise, |λ| > 1, then u− λe = λ(u/λ− e). Since∥∥∥u
λ

∥∥∥ =
1

|λ|
< 1,

it must happen that u/λ − e is invertible. Thus, λ(u/λ− e) = u − λe is invertible, which
concludes the proof of part (i).

Step 2. For the proof of the second part, notice that λ ∈ C is real if and only if eiλ ∈ T. First,
we will show that if f : C −→ C is holomorphic then for every x ∈ A, f(x) ∈ Amakes sense
and f

(
SpA(x)

)
⊂ SpA(f(x)). Then the result follows by a simple application of this fact: if

h = h∗, then exp(ih) is unitary, and it follows that

exp
(
iSpA(h)

)
⊂ SpA(exp(ih)) ⊂ T.

This immediately implies that SpA(h) ⊂ R. Therefore we are left to prove the first statement.

Let f(z) =
∑∞

n=0 anz
n be the Taylor expansion of f at 0 ∈ C. It converges absolutely for all

z ∈ C, and hence,

f(x) :=
∞∑
n=0

anx
n, x ∈ A

is well defined by absolute convergence of the series. By x0 here we mean e. We will write

f(x)− f(λ)e =
∞∑
n=0

anx
n −

∞∑
n=0

anλ
ne =

∞∑
n=1

an(x
n − λne) =

∞∑
n=1

(x− λe)pn(x, λ)

where the factorization xn − λne = (x − λe)
(
xn−1 + xn−2λ+ ...+ xλn−2 + λn−1e

)
defines

pn(x, λ) as the last polynomial in the expression. We can bound it in the following straight-
forward way,

‖pn(x, λ)‖ ≤ nrn−1, with r := max(|x| , |λ|).

But f ′(ξ) =
∑∞

n=0 nanξ
n−1 converges absolutely and uniformly over compact sets, and there-

fore
∑∞

n=0 n |an| rn−1 converges, making
∑∞

n=0 pn(x, λ) absolutely convergent in A. We get

f(x)− f(λ)e = (x− λe)
∞∑
n=0

anpn(x, λ) = (x− λe)p(x, λ).
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Hence if λ ∈ SpA(x), (x − λe) is not invertible, making f(x) − f(λ) = (x − λe)p(x, λ) not
invertible. Therefore f(λ) ∈ SpA(f(x)). We have shown

f
(
SpA(x)

)
⊂ SpA(f(x)) .

Finally, let f(z) = exp(z) =
∑∞

n=0
zn

n! . This defines expx ∈ A for every x ∈ A. Then one
shows that if xy = yx, then exp (x+ y) = expx exp y, by means of the binomial theorem.
This completes the proof.

Using Proposition 4.4, we readily obtain the following consequence.

Corollary 4.6. LetA be aC∗-algebra and h = h∗ a self-adjoint element. Then SpA(h) ⊂
R.

Proof. If A is not unital, we have by definition that SpA(h) = SpAI
(x). We have seen in

Proposition 4.4 that there is a norm on AI that makes it a C∗-algebra and extends the norm
of A. Hence regardless of whether A is unital or not, the spectrum is with respect to a unital
C∗-algebra, so the statement follows from Proposition 4.5.

At this point we are finally ready to introduce the main result we have been building up to.
Namely, it states that the Guelfand transform is better than a homomorphism whenever A
is an abelian C∗-algebra: it becomes an isomorphism, meaning that A and C0(Â) are iso-
morphic C∗-algebras. More concretely, this gives us a classification of abelian C∗-algebras.
Indeed, it tells us that any abelian C∗-algebra is isomorphic to a space of continuous func-
tions vanishing at infinity on a locally compact Hausdorff space. We can therefore start to
apply our intuition about continuous functions to the elements of abelian C∗-algebras.

Theorem 4.7. Let A be an abelian C∗-algebra and Â its Guelfand spectrum. Then the
Guelfand transform A −→ C0(Â) is a C∗-algebra isomorphism.

The proof for this theorem will need the following classical approximation result.

Theorem (Stone-Weierstrass). Let X be locally compact Hausdorff and let B ⊂ C0(X)
be a subalgebra that satisfies the following properties.

(i) If f ∈ B, then f ∈ B.

(ii) For all x ∈ X there exists f ∈ B with f(x) 6= 0.

(iii) ∀x 6= y, ∃f ∈ B with f(x) 6= f(y).

Then B is dense in C0(X) for ‖·‖∞.

We prove Theorem 4.7.

Proof of theorem 4.7. SinceA is abelian, every x ∈ A is normal and hence ‖x̂‖∞ = ‖x‖Sp = ‖x‖
by virtue of Theorem 2.9 and Proposition 4.2. Thus,

A −→ C0(Â)
x 7−→ x̂
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is norm-preserving. Now let B = {x̂ : x ∈ A} ⊂ C0(Â). Then B is a subalgebra, and since A
is complete and x 7→ x̂ is norm-preserving, B is complete and hence closed in C0(Â). Now
we want to show that B satisfies the assumptions of the Stone-Weierstrass theorem. If that
were the case, closedness and density would imply equality of B and C0(Â).

Step 1. First observe that if a = a∗, then â(Â) ⊂ R since â(Â) ⊂ SpA(a) by Theorem 3.23, and
SpA(a) ⊂ R by Corollary 4.6.

Step 2. Let χ ∈ Â. Since χ(A) = C, there exists a ∈ A with χ(a) 6= 0, that is â(χ) 6= 0. Then B
satisfies (ii).

Step 3. For every χ1 6= χ2, by definition there exists a ∈ A such that χ1(a) 6= χ2(a), that is
â(χ1) 6= â(χ2). This proves that B satisfies (iii).

Finally, we conclude by the Stone-Weierstrass theorem that B is dense in C0(Â), and since it
is closed, B = C0(Â).

Recall that we defined the radical J of A in the previous chapter by

J =
⋂
χ∈Â

kerχ.

Denote by ∆: A→ C0(Â) the Guelfand transform. Its kernel is

ker∆ =
{
x ∈ A : x̂(χ) = 0, ∀χ ∈ Â

}
=
⋂
χ∈Â

{x ∈ A : χ(x) = 0} =
⋂
χ∈Â

kerχ = J.

Therefore, the radical of A is nothing else than the kernel of the Guelfand transform on A.
But using the previous Theorem 4.7 we see that in the case of commutative C∗-algebras,
the kernel ker∆ is always trivial, so this implies that commutative C∗-algebras are always
semisimple.

To conclude this section, we remark how it is natural to enquire about the functorial nature
of the map A→ C0(Â). The following corollary of Theorem 4.7 answers this question.

Corollary 4.8. For two abelian C∗-algebras A and B, the following are equivalent.

(i) A and B are isomorphic as C-algebras.

(ii) Â and B̂ are homeomorphic.

(iii) A and B are isomorphic as C∗-algebras.

Proof. Let T : A −→ B be a C-algebra isomorphism. Since B is semisimple, Corollary 3.18
implies that T is continuous. Since A is semisimple as well, T−1 is continuous by the same
argument. From this it follows that if χ is a character in B̂, then χ ◦ T ∈ Â, and the map

t : B̂ −→ Â
χ 7−→ χ ◦ T

is a bijection. We are now going to show that it is continuous.

Let χ0 ∈ Â, a1, . . . , an ∈ A and ε > 0. For χ ∈ Â,

|χ(ai)− χ0(ai)| < ε ⇐⇒
∣∣(χ ◦ T−1

)
(T (ai))−

(
χ0 ◦ T−1

)
(T (ai))

∣∣ < ε
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for 1 ≤ i ≤ n. This shows that

t−1(U(χ0; a1, . . . , an; ε)) = U
(
t−1(χ0);T (a1), . . . , T (an); ε

)
.

Therefore t is a homeomorphism. Thus the map

δ : C0(Â) −→ C0(B̂)
f 7−→ f ◦ t

is an isometric C∗-isomorphism, and δ ◦ ∧ = ∧ ◦ T ,

[δ(â)] (χ) =(â ◦ t) (χ) = â(t(χ)) = â(χ ◦ T ) =(χ ◦ T ) (a) = χ(T (a)) = T̂ (a)(χ).

This shows that T is an isometric C∗-isomorphism.

As a next application we will prove an “abstract spectral theorem” for normal operators.
However, we first dedicate the rest of the chapter to deal with the following issue. If A is a
Banach algebra with identity e and B is a sub-Banach algebra with e ∈ B, then clearly, if for
x ∈ B and λ ∈ C, the element x− λe is not invertible in A, then it cannot be invertible in B.
Thus

SpA(x) ⊂ SpB(x).

In general, equality does not hold. What we want to understand is if equality holds when
we endow A andB with a bit more structure, i.e. when they are C∗-algebras. Before this, we
illustrate the issue with an example.

Example 4.9. Let A = `1(Z), abelian Banach algebra with involution f∗(x) := f(−x). Let

B =
{
f ∈ `1(Z) : f(x) = 0 ∀x ≤ −1

}
3 δ0.

Recall that δ0 is an identity, and that supp f ∗ g ⊂ supp(f) + supp(g) (as can be verified
elementarily from the definition) resulting in B being a subalgebra of A. One can also check
that δ1 ∈ B ⊂ A, with δ∗1 = δ−1 and δ1 ∗ δ∗1 = δ0, so δ1 is unitary. We leave it as an exercise
to check that SpA(δ1) ⊂ T, for which we give the hint that one can use the fact that `̂1(Z) =
Hom(Z,T) and that for x ∈ A, x̂(Â) = SpA(x). Note however that δ1 is not invertible in B,
which means that 0 ∈ SpB(x) and hence SpA(x) is a proper subset of SpB(x).

Proposition 4.10. Let e ∈ B ⊂ A be unital C∗-algebras and let x ∈ B. Then SpA(x) =
SpB(x).

Proof. We have already observed that SpA(x) ⊆ SpB(x). For the opposite inclusion, let λ /∈
SpA(x). We will divide the proof into two steps.

Step 1. If x is self-adjoint, then by Proposition 4.5, SpB(x) ⊂ R. We may therefore assume
that λ ∈ R. Let ε > 0 and λε = λ+ iε. Then λε is not in SpB(x), and thus (x− λεe)−1 ∈ B for
all ε > 0. By the continuity of the inverse in G(A),

lim
ε→0

(x− λεe)−1 = (x− λe)−1 ∈ G(A).

On the other hand, since B is closed in A, we conclude that (x − λe)−1 ∈ B. Hence, λ /∈
SpB(x). This proves the result when x is self-adjoint.
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Step 2. For the general case. Assume y ∈ B is invertible in A. Then y∗y is invertible in A and
hence inB aswell, since it is self-adjoint. Therefore, there is z ∈ Bwith z(y∗y) = e. The same
argument applied to yy∗ yields u ∈ B with (yy∗)u = e. By setting a = zy∗ and b = y∗u we
find that a, b ∈ B satisfy ay = yb = e. This immediately implies that a = b = y−1, meaning
that y is invertible in B. We conclude by applying this to (x− λe).

Now we examine a particular result of intrinsic relevance. Let A be a unital C∗-algebra and
let x ∈ A be normal, that is xx∗ = x∗x. Denote by C[X,Y ] the polynomial algebra in two
variables, and define

B = {P (x, x∗) : P ∈ C[X,Y ]} ⊂ A,

with the convention that x0 = e. Then B is an abelian sub C∗-algebra of A, and therefore
SpA(x) = SpB(x) by Proposition 4.10. For the statement of the theorem, we denote by 1 the
constant function that sends every element to 1 in C.

Theorem 4.11. The map
x̂ : B̂ −→ C

χ 7−→ χ(x)

induces a homeomorphism B̂−→SpA(x). For every f ∈ C
(
SpA(x)

)
there is a unique

element in B which we denote by f(x), satisfying

f̂(x)(χ) = f(χ(x)), ∀χ ∈ B̂.

The resulting map C
(
SpA(x)

)
−→ B is a C∗-algebra isomorphism sending 1 to e and

id to x.

Proof. We first note that the map x̂ is surjective by Theorem 3.23 and since the spectrum ofA
and the spectrum ofB are equal by the previous Proposition 4.10. Moreover, x̂ is continuous
since it is the Guelfand transform of x ∈ A. We now check that it is injective as well. For that,
let χ1, χ2 ∈ B̂ with χ1(x) = χ2(x). Then

χ1(x
∗) = χ1(x) = χ2(x) = χ2(x

∗),

and hence χ1(P (x, x
∗)) = χ2(P (x, x

∗)) for anyP ∈ C[X,Y ]. By definition ofB, these polyno-
mials are dense inB, so this implies that χ1 = χ2, since χ1, χ2 are continuous. So χ 7→ χ(x) is
a continuous bijection between compact Hausdorff spaces and hence it is a homeomorphism.

For f ∈ C
(
SpA(x)

)
we have that the map χ 7→ f ◦ x̂(χ) = f(χ(x)) is in C(B̂), and thus by the

fact that the Guelfand transform on B is an isomorphism, as seen in Theorem 4.7, there is a
unique element b ∈ B with

b̂(χ) = f(χ(x)), ∀χ ∈ B̂.

If we denote b by f(x), then the proof follows by some straightforward verifications.
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The material of this chapter is mostly taken from [Ru2] 12, and also from [EiWa] 12.5. Al-
ternative sources are [EiWa] and [Zi].

As an application of the structure theorem for abelian C∗-algebras, namely Theorem 4.7, we
are going to establish a spectral theorem for abelian sub-C∗-algebras of the C∗-algebra L(H)
of bounded linear operators on a Hilbert spaceH. In particular, we obtain spectral theorems
for normal operators. Observe that this result will be interesting with regards to the special
case of the Fourier transform, since it is a unitary operator on L2. We begin by presenting a
brief reminder on measures and the Riesz representation theorem for positive functionals.

5.1 Measures

Throughout this section we will refer toX as a locally compact Hausdorff topological space,
and we will denote the set of compactly supported, continuous functions on X by C00(X).

Definition 5.1. A positive linear functional on C00(X) is a C-linear form
Λ: C00(X) −→ C such that whenever f ∈ C00(X) is such that f(X) ⊂ [0,∞),
then Λ(f) ≥ 0.

Now we recall the Riesz representation theorem for positive linear functionals.

Theorem 5.2 (Riesz representation theorem). Let X be locally compact, Hausdorff and
Λ: C00(X) −→ C be a positive linear functional. Then there is a σ-algebraM contain-
ing all Borel sets and a unique positivemeasureµ onM representingΛ in the following
sense.

(i) Λ(f) =
∫
X f dµ, f ∈ C00(X).

(ii) µ(K) <∞ for allK ⊂ X compact.

(iii) µ is outer regular, i.e. any set can be approximated in measure by outer open
sets.

(iv) µ is inner regular on open sets and for sets of finite measure, i.e., these can be
approximated in measure by inner compact sets.

(v) µ is complete, i.e. if E ∈M with A ⊂ E and µ(E) = 0, then A ∈M.

Anymeasure satisfying the properties (ii) to (v)will be referred to as a positive regular

31
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Borel measure on X .

When X is compact then Λ is automatically continuous,

|Λ(f)| ≤ Λ(f)‖f‖∞ = µ(X)‖f‖∞,

and therefore ‖Λ‖ = µ(X). This motivates the following definition.

Definition 5.3. LetX be compact andB theσ-algebra of Borel sets. A complexmeasure
on B is a C-linear combination of positive regular Borel measures.

We will only be interested in a few key features of these. An essential fact is the following: if
µ is a complex measure and E =

⊔
i≥1Ei is a disjoint union of a countable collection of Borel

sets, then

µ(E) =

∞∑
i=1

µ(Ei),

the series being absolutely convergent. For a more comprehensive treatment of complex
measures, see chapter 8.

5.2 Operators in Hilbert spaces

In this section we will consider H to be a Hilbert space, with inner product 〈·, ·〉, and the
norm given by ‖x‖2 = 〈x, x〉. Let us denote the distance between x and c(t) by

d(x, c(t))2 = ‖x− c(t)‖2,

where c(t) is the straight line joining y and z, c(t) = ty + (1 − t)z. A geometric fact is that
when y 6= z, this function is strictly convex, and indeed its second derivative is ‖y− z‖2. Via
this realisation we can prove the following result.

Theorem 5.4. Let C ⊂ H be a closed convex subset and x ∈ H. Then there exists a
unique point y ∈ C with

d(x, y) = inf {d(x, z) : z ∈ C} .

Recall that given A ⊂ H, its orthogonal complement is defined as

A⊥ := {x ∈ H : 〈x, a〉 = 0 ∀a ∈ A} ,

and it is a closed subspace ofH. Also, A⊥
= A⊥.

From this, together with Theorem 5.4, one can deduce the following result.

Theorem 5.5. Let E ⊂ H be a vector subspace. Then we have an orthogonal direct
sum decomposition

E ⊕ E⊥ = H.

Proof. For the proof, we have E⊥ = E
⊥, so it suffices to prove the result in the case when E

is closed. Fix some x ∈ H and pick y ∈ E with

d(x, y) = min {d(x, z) : z ∈ E} ,
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then for everym ∈ E, the smooth function

d(t) := d(x, y + tm)2

has a minimum at t = 0. Therefore, 0 = d′(0) = 2Re 〈m,x− y〉. Similarly, if we replace m
with im we obtain 0 = Im 〈m,x− y〉. This shows x − y ∈ E⊥. Hence we have the decom-
position x = y + (x − y) where y ∈ E and x − y ∈ E⊥. Since y is unique, it follows that the
decomposition is unique and thus the sum E + E⊥ = H is direct.

We have the following corollary.

Corollary 5.6. If E ⊂ H is a vector subspace, then
(
E⊥)⊥ = E.

Now we turn to some basic facts concerning bounded operators inH, and in particular, nor-
mal operators.

Given T ∈ L(H), evaluation of 〈Tx, x〉 for every element x ∈ H determines 〈Tx, y〉 for x, y ∈
H. This is given by the appropriate handling of the expressions

〈T (x+ y), x+ y〉 − 〈Tx, x〉 − 〈Ty, y〉 = 〈Tx, y〉+ 〈Ty, x〉
〈T (x+ iy), x+ iy〉 − 〈Tx, x〉 − 〈Ty, y〉 = −i 〈Tx, y〉+ i 〈Ty, x〉 .

The adjoint operator of T , denoted by T ∗, and defined by

〈T ∗x, y〉 = 〈x, Ty〉 , ∀x, y ∈ H

induces an involution on the space L(H) via the application T 7→ T ∗ and in fact it endows
this space with the structure of a C∗-algebra (see Example 1.6 in chapter 1).

Proposition 5.7. If T ∈ L(H), then

kerT ∗ = (imT )⊥ and kerT = (imT ∗)⊥.

Proof. The second assertion follows from the first since (T ∗)∗ = T . For the first one,

T ∗y = 0 ⇐⇒ 〈x, T ∗y〉 = 0 ∀x ∈ H
⇐⇒ 〈Tx, y〉 = 0 ∀x ∈ H
⇐⇒ y ∈ (imT )⊥.

Let us now establish some basic facts about normal operators. Recall that T ∈ L(H) is normal
if TT ∗ = T ∗T .

Proposition 5.8. An operator T ∈ L(H) is normal if and only if ‖Tx‖ = ‖T ∗x‖ for
every x ∈ H. In addition, a normal operator has the following properties.

(i) kerT = kerT ∗.

(ii) kerT = 0 ⇐⇒ imT = H.
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(iii) T is invertible if and only if there exists c > 0 such that

‖Tx‖ ≥ c‖x‖, ∀x ∈ H.

(iv) If Tx = αx for some x ∈ H, then T ∗x = ᾱx.

(v) If α 6= β are eigenvalues of T , then the corresponding eigenspaces are orthogo-
nal.

Example 5.9. In Cn, a matrix X represents a normal operator if and only if there exists a
unitary element u ∈ U(n) such that uAu−1 is diagonal.

Proof. We begin by showing (i). For any x ∈ H, we have

‖Tx‖2 = 〈Tx, Tx〉 = 〈T ∗Tx, x〉
‖T ∗x‖2 = 〈T ∗x, T ∗x〉 = 〈TT ∗x, x〉 .

In combination with the remark following Corollary 5.6, this proves the first statement, from
which kerT = kerT ∗ readily follows.

For (ii), notice that by Proposition 5.7, kerT ∗ = (imT )⊥, and by (i), we get that kerT =
(imT )⊥. Taking orthogonal spaces, we obtain (kerT )⊥ = imT , and we conclude.

For (iii), we first prove the reverse implication. Assuming that ‖Tx‖ ≥ c‖x‖ for all x ∈ H
for some constant c > 0, it follows that kerT = 0, and T is injective. This inequality gives
us closedness of imT , and in view of (ii) we find that imT = H, so T is also surjective.
Therefore T−1 : H −→ H exists as a linear map and ‖Tx‖ ≥ c‖x‖ for every x ∈ H, being
equivalent to ‖y‖ ≥ c‖T−1y‖ for every y ∈ H, provides continuity. The converse follows
from the open mapping theorem.

For (iv), wemerely check that ker(T−α id)∗ = ker(T ∗−ᾱ id), and by (i), this is ker(T−α id).

Finally, for (v), set Tx = αx, Ty = βy. Then a computation shows

α 〈x, y〉 = 〈αx, y〉 = 〈Tx, y〉 = 〈x, T ∗y〉 =
〈
x, βy

〉
= β 〈x, y〉 .

Therefore (α− β) 〈x, y〉 = 0, meaning that 〈x, y〉 = 0 whenever α 6= β.

To conclude this section we discuss a few characterizations of self-adjoint projections. Recall
that P ∈ L(H) is called a projection if P 2 = P .

Proposition 5.10. Let P ∈ L(H) be a projection. Then the following are equivalent:

(i) P is self-adjoint.

(ii) P is normal.

(iii) imP = (kerP )⊥.

(iv) 〈Px, x〉 = ‖Px‖2 ∀x ∈ H.

Moreover, for two self-adjoint projections P,Q we have

imP ⊥ imQ ⇐⇒ PQ = 0.



5.3 An example 35

Proof.

• (i) =⇒ (ii): clear.

• (ii) =⇒ (iii): P 2 = P and P is normal. This implies that kerP = (imP )⊥. Going to
the orthogonal space, we get that (kerT )⊥ = (imP )⊥⊥ = imP . We claim that imP is
closed: since P is a projection we have x = Py for some y ∈ H if and only if Px = x.
This means that imP = ker(P − Id), so the former is closed.

• (iii) =⇒ (iv): Assume now that imP = (kerP )⊥ since kerP ⊕ (kerP )⊥ = H. This
implies that imP ⊕ kerP = H. Now let x = y + z with y ∈ imP and z ∈ kerP , then

〈Px, x〉 = 〈Py + Pz, y + z〉 = 〈y, y + z〉 = 〈y, y〉 = 〈Px, Px〉 = ‖Px‖2.

• (iv) =⇒ (i): Assume now that 〈Px, x〉 = 〈Px, Px〉 ∀x ∈ H. Since the latter is real, by
taking the complex conjugate we get 〈x, P ∗x〉 = 〈P ∗x, x〉 ∀x ∈ H. We conclude by the
remark following Corollary 5.6 that P = P ∗.

The last claim is elementary.

5.3 An example

Let T ∈ L(H) be a normal operator. We consider the abelian sub-C∗-algebra generated by T ,

B := {P (T, T ∗) : P ∈ C[X,Y ]}.

Let Sp(T ) ⊂ C be the spectrum of T seen as an element ofL(H). Then Theorem 4.11 provides
us with a C∗-algebra isomorphism

C
(
Sp(T )

)
−→ B

f 7−→ f(T )

sending 1 to idH and id to T .

Lemma 5.11. If λ0 ∈ Sp(T ) is an isolated point, then λ0 is an eigenvalue of T .

Proof. The characteristic function δλ0 of {λ0} is continuous on Sp(T ). Using Theorem 4.11,
let P := δλ0(T ). We have

δλ0δλ0 = δλ0

δλ0 = δλ0 ,

making P a self-adjoint projection. Now, observe that (x − λ01(x))δλ0(x) = 0 for all x ∈
Sp(T ), from where it follows that (T − λ0 id)P = 0. Since δλ0 6= 0, we have imP 6= {0}, and
λ0 is an eigenvalue of T .

Example 5.12. Take now `2(Z) as the Hilbert spaceH and Tf(x) := f(x+1) as the operator.
Then T ∗f(x) = f(x − 1) and T is unitary, so Sp(T ) ⊂ T. We find that Sp(T ) is compact,
nonempty and without isolated points in T. Therefore, it is in particular uncountable. In-
deed, if it had an isolated point λ0 ∈ Sp(T ), then by Lemma 5.11 it would be an eigenvalue.
Let f ∈ `2(Z) satisfy

f(x+ 1) = Tf(x) = λ0f(x) ∀x ∈ Z.
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This would imply f(x) = λx0f(0) and∑
x∈Z
|f(x)|2 =

∑
x∈Z
|λ0|x f(0),

and this is finite if and only if f(0) = 0, which implies f ≡ 0.

5.4 Resolutions of the identity

LetX be a locally compact Hausdorff space, B be the σ-algebra of Borel sets onX , and letH
be a Hilbert space.

Definition 5.13. A resolution of the identity is a map E : B −→ L(H)with the follow-
ing properties.

(i) E(∅) = 0, E(X) = idH.

(ii) For every ω ∈ B, E(ω) is a self-adjoint projection.

(iii) E(ω1 ∩ ω2) = E(ω1)E(ω2).

(iv) If ω1 ∩ ω2 = ∅, then E(ω1 ∪ ω2) = E(ω′) + E(ω′′).

(v) For all x ∈ H the set function Ex,x(ω) := 〈E(ω)x, x〉 is a positive regular Borel
measure.

In a certain way, a resolution of identity is an object fromwhich we can obtain a regular Borel
measure on X . Part (v) in the definition shows how to do this for the particular case of a
positivemeasure, butwewill later see that it is possible extractmore generalmeasures. More
generally, we can think of a resolution of identity itself as something similar to ameasure that
takes values in self-adjoint projections which will allow us to decompose certain operators
into projections using an integral. In the finite dimensional case, the spectrum is discrete, so
one can split up amatrix into projections onto its eigenspaces. In the infinite dimensional case
the notion of spectrum entailsmore than only discrete parts and thuswe need amore general
tool to obtain a similar decomposition as in finite dimensions. This tool is the resolution of
identity as we will see in the following sections.

Given two Borel sets ω1 and ω2 inX , disjointedness of ω1 and ω2 immediately implies by (iii)
and Proposition 5.10 the orthogonality of the images of E(ω1) and E(ω2) as subspaces ofH.
This is the reason behind requiring E(ω) to be a self-adjoint projection for any ω ∈ B. This,
in particular, means that whenever ω1 and ω2 are disjoint, E(ω1 ∪ ω2) is also a projection, as
one can readily see from the computations

(E(ω1) + E(ω2))
2 x = E(ω1)

2x+E(ω1)E(ω2)x+E(ω2)E(ω1)x+E(ω2)
2x = E(ω1)x+E(ω2)x

by the assumption ω1 ∩ω2 = ∅ and since E(ω)2 = E(ω ∩ω) = E(ω). In some sense, when ω1

and ω2 are disjoint, then E(ω1 ∪ ω2) is still a projection, using (iv) to see that the left-hand
side is just E(ω1 ∪ ω2)

2 and the right-hand side is E(ω1 ∪ ω2). We find that {E(ω) : ω ∈ B}
is a family of commuting, self-adjoint projections.

Additionally, observe that

Ex,x(ω) =
〈
E(ω)2x, x

〉
= 〈E(ω)x,E(ω)x〉 = ‖E(ω)x‖2 ≥ 0.
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The first 4 axioms imply that Ex,x : B −→ [0,∞) is a positive additive set function taking
values in [0, 1]. What (v) essentially grants is the σ-additivity of this set function. Knowing
this, we naturally wonder what happens when we take the scalar product with a pair of
different elements x, y ∈ H in (v). Define Ex,y(ω) = 〈E(ω)x, y〉. By the remark following
Corollary 5.6,

2Ex,y(ω) = Ex+y,x+y(ω) + iEx+iy,x+iy(ω)− (1 + i)Ex,x(ω)− (1 + i)Ey,y(ω),

which implies thatEx,y is a complexmeasure, and enjoys σ-additivity (see chapter 8). Using
this we show the following result.

Proposition 5.14. For every x ∈ H, the map ω 7→ E(ω)x is countably additive, i.e. if
ω =

⊔
n≥1 ωn is a countable, disjoint union of Borel sets, then

E(ω)x =
∞∑
n=1

E(ωn)x,

where the sum converges in the norm topology ofH.

To prove this, we will need the following lemma.

Lemma 5.15. Assume {xn : n ≥ 1} is a sequence of pairwise orthogonal vectors inH.
Then the following are equivalent

(i)
∑∞

n=1 xn converges inH.

(ii)
∑∞

n=1‖xn‖2 converges.

(iii)
∑∞

n=1 〈xn, y〉 converges for every y ∈ H.

Proof. By orthogonality, for every 1 ≤ n ≤ m,

‖x1 + · · ·+ xm‖2 = ‖x1‖2 + · · ·+ ‖xn‖2

Assume (ii) holds. Then it suffices to check that∥∥∥∥∥
N+m∑
n=N

xn

∥∥∥∥∥
2

=
N+m∑
n=N

‖xn‖2

to get that
∑

n=1 xn is Cauchy if and only if
∑

n=1‖xn‖2 is, resulting in the equivalence of (i)
and (ii).

To get (i) =⇒ (iii), we apply Cauchy-Schwarz,∣∣∣∣∣
m∑

k=n

〈xk, y〉

∣∣∣∣∣ =
∣∣∣∣∣
〈

m∑
k=n

xk, y

〉∣∣∣∣∣ ≤
∥∥∥∥∥

m∑
k=n

xk

∥∥∥∥∥‖y‖,
implying (iii).

Finally, for the implication (iii) =⇒ (ii), define the linear form Λn for n ≥ 1 by

Λn(y) :=

n∑
k=1

〈y, xk〉 .
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By the hypotheses, for every vector y ∈ H, limn→∞ Λn(y) exists. By Banach-Steinhaus, the
sequence (‖Λn‖)n≥1 is bounded. To conclude, observe that

‖Λn‖ = ‖
n∑

k=1

xk‖ =

(
n∑

k=1

‖xk‖2
)1/2

,

which gives the desired result.

Now we turn to the proof of the proposition.

Proof of Proposition 5.14. Wehave seen that for everyx, y ∈ H,E(ω) = 〈E(ω)x, y〉 is a complex
measure, and if ω =

⊔
n≥1 ωn, then we have

Ex,y(ω) = 〈E(ω)x, y〉 =
∞∑
k=1

〈E(ωk)x, y〉 .

Observe that {E(ωk)x} is a pairwise orthogonal family of vectors, therefore Lemma 5.15
applies and

∑∞
n=1E(ωn)x converges inH. We can then perform the otherwise highly illegal

move

Ex,y(ω) =
∞∑
n=1

〈E(ωn)x, y〉 =

〈 ∞∑
n=1

E(ωn)x, y

〉
Since the expression above holds for every y ∈ H, we get E(ω)x =

∑∞
n=1E(ωn)x.

Let us observe that since for a self-adjoint projection P we always have that ‖P‖ is either 0 or
1, the series

∑
n≥1E(ωn)will not converge inL(H) unless all except for finitelymanyE(ωn)’s

are 0.

Example 5.16. Consider X = {x1, . . . , xn} with B = P(X), H = H1 ⊕ · · · ⊕ Hn, and
Pi : H → H the orthogonal projection ontoHi, i = 1, . . . , n. Define

E(ω) :=
∑
xi∈ω

Pi.

Then E is a resolution of the identity.

5.5 The algebra L∞(E)

Throughout this section, considerX to be a compact, Hausdorff space, and letE : B → L(H)
be a resolution of the identity. We proceed to define the C∗-algebra L∞(E) of bounded Borel
functions. Let f : X −→ C be a complex valued measurable function. We want to define the
essential image of f .

Lemma 5.17. Let ω =
⋃

n≥1 ωn where ωn ∈ B with E(ωn) = 0 for all n ≥ 1. Then
E(ω) = 0.

Proof. Since E(ωk) = 0, we get Ex,x(ωn) = 0 for every n ≥ 1, x ∈ H. By σ-additivity of Ex,x

we obtain Ex,x(ω) = 0 for every x ∈ H. Therefore, E(ω) = 0.
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Let {Dn : n ∈ N} be a countable basis for the topology on C, consisting of open discs. Define

V :=
⋃

E(f−1(Dn))=0

Dn.

The discsDn with E(f−1(Dn)) = 0 have a similar role as null sets in measure theory, in that
their contributionswith respect to the resolution of identity are negligible. Furthermore, V is
clearly an open set ofC satisfying additionally, by the preceding lemma, thatE(f−1(V )) = 0.
It follows that V is the largest open subset of C with the property that E(f−1(V )) = 0. We
call the complement C \ V the essential image of f , denoted ess im(f) ⊂ C. We say f is
essentially bounded if ess im(f) is bounded, and we define the L∞-norm of a function in
terms of the essential image. Namely,

‖f‖∞ := sup {|λ| : λ ∈ ess im(f)} .

Exercise (Support and essential range)
Let z ∈ ess im(f). Then for every open neighborhoodD of z, we have E(f−1(D)) 6= 0.
This property is reminiscent of the notion of support of a measure.

Next, let B∞ denote the space of bounded Borel functions, equipped with the norm ‖·‖,

B∞ := {f : X −→ C : Borel measurable, with ‖f‖ := sup {|f(x)| : x ∈ X} <∞} .

One verifies that B∞(X), endowed with ‖·‖, is in fact an abelian C∗-algebra for pointwise
multiplication. The subspace

N = {f ∈ B∞(X) : ‖f‖∞ = 0} .

is a closed ideal in B∞(X) and we define

L∞(E) := B∞(X)/N.

Then the quotient norm of a class [f ] = f +N is just ‖f‖∞, and the spectrum

SpL∞(E)([f ]) = ess im(f).

It is customary to write f for an element [f ] of L∞(E).

What we have done until this point can be viewed as a similar construction as the one of
L∞(R) with the Lebesgue measure. In this general setting, the set V is built by joining all
the open sets that f builds up from sets of E-measure zero. This precisely states that the
pushforward measure by f of V is zero. Also, V is taken by joining open sets which form
a basis of the topology in C and this choice makes it the biggest possible set with this prop-
erty. This is why we define C \ V to be the essential image of f : the rest of C gets positive
measure from f . Then we simply collapse all functions with L∞-norm equal to zero into one
equivalence class, meaning that two functions are the same if their difference is zero over its
essential image. This is the same as saying they differ only on a set of measure zero.

We can make an essential observation: for every f ∈ B∞(X), we have ‖f‖∞ ≤ ‖f‖. This is
because ess im f ⊂ im f .
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Theorem 5.18. Given a resolution of the identityE : B −→ L(H), there is aC∗-algebra
isomorphism

ψ : L∞(E) −→ B ⊂ L(H)

onto a sub-C∗-algebra B which is related to E by

〈ψ(f)x, y〉 =
∫
X
f dEx,y,

where x, y ∈ H and f ∈ L∞(E). Moreover,

‖ψ(f)x‖2 =
∫
X
|f |2 dEx,x

and an operatorQ ∈ L(H) commutes with every E(ω) if and only if it commutes with
B.

We will encode the equation 〈ψ(f)x, y〉 =
∫
X f dEx,y by using the notation

ψ(f) =

∫
X
f dE.

Notice that this result can be seen as a sort of Riesz representation theorem, where a func-
tional is somewhat expressed as integration of the function it is evaluated on against a par-
ticular measure. Here, however, we have an inner product instead of just a functional.

Definition 5.19. A simple function onX is a function s ∈ B∞(X) taking finitely many
values.

Let S(X) be the C-vector space of simple functions. It is a sub-algebra of B∞(X), and it is
dense for the norm topology. Now we move on to the proof of the theorem.

Proof of Theorem 5.18. Let s ∈ S(X) with distinct values α1, . . . , αn, so that

s =
n∑

i=1

αiχωi ,

with ωi = s−1(αi) ∈ B. Define now

Ψ(s) =

n∑
i=1

αiE(ωi).

Then Ψ is a C∗-algebra map, that is,

(i) Ψ(s)∗ =
∑n

i=1 αiE(ωi)
∗ =

∑n
i=1 αiE(ωi) = Ψ(

∑n
i=1 αiχωi) = Ψ(s̄).

(ii) Ψ(st) = Ψ(s)Ψ(t) since for s =
∑n

i=1 αiχωi , t =
∑m

j=1 αiχω′
j
,

Ψ(st) = Ψ

 n∑
i=1

m∑
j=1

αiβjE(ωi ∩ ω′
j)

 = Ψ

 n∑
i=1

m∑
j=1

αiβjE(ωi)E(ω′
j)

 = Ψ(s)Ψ(t)
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Linearity is left as an exercise. Now, let us compute

〈Ψ(s)x, y〉 =
〈∑

αiE(ωi)x, y
〉
=
∑

αi 〈E(ωi)x, y〉 =
∑

αi

∫
X
χωi dEx,y

=

∫
X

(∑
αiχωi

)
dEx,y =

∫
X
sdEx,y

and we end up with

‖Ψ(s)x‖2 = 〈Ψ(s)∗Ψ(s)x, x〉 = 〈Ψ(s)Ψ(s)x, x〉 =
〈
Ψ(|s|2)x, x

〉
=

∫
X
|s|2 dEx,x.

This immediately implies

‖Ψ(s)x‖2 ≤ ‖s‖2∞
∫
X

dEx,x = ‖s‖2∞‖x‖2.

Moreover, if x ∈ im(E(ωj)), then

Ψ(s)x = αjE(ωj)x = αjx

since the projections E(ωi) have mutually orthogonal range. Therefore, if we chose j such
that |αj | = ‖s‖∞, then for x ∈ imE(ωj) we have ‖Ψ(s)x‖∞ = ‖s‖∞‖x‖ and hence ‖Ψ‖ =
‖s‖∞.

Let now f ∈ B∞(X) and (sn)n≥1 ⊂ S(X)with limn→∞‖sn−f‖ = 0 (i.e. we approximate f by
simple functions). Then it follows from the previous conclusion that since (sn) is a Cauchy
sequence, that (‖ψ(sn)‖)n≥1 is a Cauchy sequence as well. Now let ψ(f) = limn→∞ ψ(sn).
One then verifies easily that Ψ(f) is independent of the approximating sequence of simple
functions sn, and ‖Ψ(s)‖ = ‖s‖∞ ≤ ‖s‖ implies that ‖Ψ(f)‖ = ‖f‖∞.

Now let x ∈ H, and see that

〈Ψ(f)x, x〉 = lim
n→∞

〈Ψ(sn)x, x〉 = lim
n→∞

∫
X
sn dEx,x.

Given that ‖sn − f‖ tends to zero, we can exchange the limit and the integral above to find
that

〈Ψ(f)x, x〉 =
∫
X
f dEx,x.

An analogous argument shows that

‖Ψ(f)x‖2 =
∫
X
|f |2 dEx,x.

Hence Ψ is a C∗-injection of L∞(E) into L(H), and its image A is therefore closed. The final
assertion is then proved by an approximation argument.

5.6 The spectral theorem

The spectral theorem establishes that every bounded, normal operator T over aHilbert space
H (i.e. T ∈ L(H)) induces a resolution of the identity E in a canonical way. This is defined
on the Borel subsets of the spectrum of T within C, and in fact T can be reconstructed from
E by an integration process as discussed in Theorem 5.18. In fact, this will be a special case
of the spectral theorem for abelian sub-C∗-algebras of L(H).
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Theorem 5.20. Let A ⊂ L(H) be an abelian sub-C∗-algebra containing idH, and let Â
be its Guelfand spectrum. Then the following hold.

(i) There is a unique resolution of the identityE defined on the Borel sets of Âwhich
satisfies, for every T ∈ A,

T =

∫
Â
T̂ dE,

where T̂ ∈ C(Â) is the Guelfand transform of T .

(ii) The inverse C(Â) −→ A of the Guelfand transform extends to a C∗-algebra iso-
morphism,

Φ: L∞(E) −→ B

onto a sub-C∗-algebra B ⊂ L(H) with B ⊃ A and given by

Φ(f) =

∫
Â
f dE, f ∈ L∞(E).

Explicitly, Φ is linear, multiplicative and satisfies both Φ(f̄) = Φ(f)∗ and
‖Φ(f)‖ = ‖f‖∞.

(iii) B is the closure in L(H) of the space of all finite linear combinations of the pro-
jections E(ω).

(iv) If ω ⊂ Â is open and non-empty, then E(ω) 6= 0.

(v) An operator S ∈ L(H) commutes with every T ∈ A if and only if it commutes
with all the projections E(ω).

Before continuing onto the proof of the theorem, we will need one preliminary lemma, and
we stop here to make a few remarks.

Remark.

(i) Let f ∈ C(Â) and assume that ‖f‖∞ = 0. ThenE
(
|f |−1((0,∞))

)
= 0 and |f |−1((0,∞))

being open, together with (iv), implies that it is empty, hence f = 0 and C(Â) injects
into L∞(E).

(ii) SinceA is abelian, it follows from (v) that every T ∈ A commuteswith every projection
E(ω).

(iii) For T ∈ A and χ0 ∈ Â, let ε > 0 and consider

ω =
{
χ ∈ Â :

∣∣∣T̂ (χ)− T̂ (χ0)
∣∣∣ < ε

}
,

a non-empty open set. Then E(ω) 6= 0 and we claim that ∀v ∈ imE(ω), we have

‖T (v)− T̂ (χ0)v‖ ≤ ε‖v‖,

so imE(ω) consists of “almost eigenvectors” of the eigenvalue T̂ (χ0). Indeed,

(T − T̂ (χ0) id)E(ω) = Φ((T̂ − T̂ (χ0)1)χω),
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and therefore ∥∥∥(T − T̂ (χ0) id
)
E(ω)

∥∥∥ =
∥∥∥(T̂ − T̂ (χ0)1

)
χω

∥∥∥
∞
≤ ε

Now we introduce the lemma we will need to prove Theorem 5.20

Lemma 5.21. Let f : H×H → C be a sesquilinear, bounded form in the sense that

M := sup {|f(x, y)| : ‖x‖ = ‖y‖ = 1} <∞.

Then there is a unique T ∈ L(H) such that

f(x, y) = 〈Tx, y〉 , ∀x, y ∈ H.

Moreover, ‖T‖ =M .

Proof. By scaling and sesquilinearity, we get that |f(x, y)| ≤ M‖x‖‖y‖ for every x, y ∈ H.
Next, for every y there exists a unique S(y) ∈ H such that f(x, y) = 〈x, S(y)〉, by the Riesz
representation theorem and since x 7→ f(x, y) for a given y is a continuous linear functional.
Additionally, one easily checks that S is linear and bounded because f is sesquilinear. Defin-
ing T = S∗ yields the desired result, and notice that

‖S‖ = sup
‖y‖=1

‖Sy‖ = sup
‖y‖=1

sup
‖x‖=1

〈x, Sy〉

= sup
‖y‖≤1

sup
‖x‖=1

|f(x, y)| =M.

We finally move onto the proof of the theorem.

Proof of Theorem 5.20. Let us denote g : C(Â) −→ A the inverse of theGuelfand isomorphism.
Then naturally g is also a C∗-algebra isomorphism. Pick x ∈ H and consider

C(Â) −→ C
f 7−→ 〈g(f)x, x〉 .

This is a linear functional on C(Â). Moreover, assume f ≥ 0 and set h :=
√
f . Then f = h̄h,

and we get g(f) = g(h)∗g(h), from which it follows that

〈g(f)x, x〉 = 〈g(h)∗g(h)x, x〉 = ‖g(h)x‖2 ≥ 0.

With this, the Riesz representation theorem immediately gives a Borel measure Ex,x on Â
satisfying

〈Tx, x〉 =
∫
Â
T̂ dEx,x, ∀T ∈ A, ∀x ∈ H.

We can now define a complex measure, which will be useful since in the end we need a
resolution of the identity. Define by polarization

Ex,y :=
1

2
(Ex+y,x+y + iEx+iy,x+iy − (1 + i)Ex,x − (1 + i)Ey,y).
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By the polarization property of the inner product we directly get

〈Tx, y〉 =
∫
Â
T̂ dEx,y, ∀T ∈ A, ∀x, y ∈ H.

This last equality implies that for every f ∈ C(Â) the function

(x, y) 7→
∫
Â
T̂ dEx,y

is sesquilinear. Since complex measures are completely determined by their value on C(Â),
it follows that this holds for every f ∈ B∞(Â). Next, observe that for every v ∈ H and
f ∈ B∞(Â), we have ∣∣∣∣∫

Â
f dEv,v

∣∣∣∣ ≤ ‖f‖Ev,v(Â) = ‖f‖‖v‖2.

Using the definition of Ex,y we get that the sesquilinear form (x, y) 7→
∫
Â
f dEx,y is bounded

over functions in B∞(Â). By Lemma 5.21, there exists Φ(f) ∈ L(H) with

〈Φ(f)x, y〉 =
∫
Â
f dEx,y, ∀f ∈ B∞(Â).

Wenow need to analyse the properties ofΦ in order to conclude the proof. We can sum these
up as follows.

(i) Φ is clearly linear.

(ii) From 〈Tx, y〉 =
∫
Â
T̂ dEx,y =

〈
Φ(T̂ )x, y

〉
we deduce that Φ(T̂ ) = T for every T ∈ A,

making it clear that Φ extends the inverse of the Guelfand transform to the whole Â.

(iii) A few computations show that Φ(f) is a C∗-homomorphism,

〈Φ(f)∗x, x〉 = 〈x,Φ(f)x〉 = 〈Φ(f)x, x〉 =
∫
Â
f dEx,x =

∫
Â
fEx,x =

〈
Φ(f)x, x

〉
.

Since x ∈ H was arbitrary, we deduce that Φ(f)∗ = Φ(f̄) for every f ∈ B∞(Â).

(iv) To show multiplicativity of Φ, we use the fact that the Guelfand transform is multi-
plicative. Let S, T ∈ A, and notice that T̂ S = T̂ Ŝ. Therefore∫

Â
ŜT̂ dEx,y =

∫
Â
ŜT dEx,y = 〈S(T (x)), y〉 =

∫
Â
Ŝ dET (x),y

Now, what this means is that the complex measures T̂ dEx,y and dET (x),y coincide on
continuous functions over Â, so they coincide on B∞(Â) as well, making it possible to
replace Ŝ by any f ∈ B∞(Â). Rewriting this yields∫

Â
fT̂ dEx,y =

∫
Â
f dET (x),y = 〈Φ(f)T (x), y〉 = 〈T (x),Φ(f)∗y〉

= 〈T (x), z〉 =
∫
Â
T̂ dEx,z



5.6 The spectral theorem 45

where we have set z = Φ(f)∗y. Therefore the complex measures f dEx,y and dEx,z

coincide on C(Â), hence on B∞(Â). That is,∫
Â
fg dEx,y =

∫
Â
g dEx,z.

This implies that

〈Φ(fg)x, y〉 =
∫
Â
fg dEx,y =

∫
Â
g dEx,z = 〈Φ(g)x, z〉

= 〈Φ(g)x,Φ(f)∗y〉 = 〈Φ(f)Φ(g)x, y〉 ,

which finally shows that

Φ(fg) = Φ(f)Φ(g), f, g ∈ B∞(Â).

Now we can define E in the following way. Let ω ⊂ Â be a Borel subset, and set

E(ω) = Φ(χω)

where, as usual, χω represents the indicator function of ω. It remains to verify that E is a
resolution of the identity.

(i) We readily see that E(∅) = Φ(0) = 0 and E(Â) = Φ(1) = idH since

〈Φ(1)x, x〉 =
∫
Â
dEx,x = ‖x‖2 = 〈x, x〉 .

(ii) If ω is a Borel set, then χ2
ω = χω and χω = χω, and since Φ is a C∗-homomorphism, we

deduce that E(ω) is a self-adjoint projection. Indeed,

E(ω)2 = Φ(χω)
2 = Φ(χ2

ω) = Φ(χω) = E(ω),

and
E(ω)∗ = Φ(χω)

∗ = Φ(χω) = Φ(χω) = E(ω).

(iii) For ω1, ω2 Borel sets,

E(ω1 ∩ ω2) = Φ(χω1 · χω2) = Φ(χω1)Φ(χω2) = E(ω1) · E(ω2).

(iv) If ω1∩ω2 = ∅, then χω1∪ω2 = χω1+χω2 andwe easily obtainE(ω1∪ω2) = E(ω1)+E(ω2)
by exploiting the additivity of Φ.

(v) Ex,x(ω) = 〈E(ω)x, x〉 so Ex,x is a regular Borel measure by construction.

Therefore, E is a resolution of identity and

〈Φ(f)x, y〉 =
∫
Â
f dEx,y, ∀f ∈ B∞(Â).

It follows fromTheorem 5.18 thatΦ factors via the projectionB∞(Â) −→ L∞(E) and induces
the map ψ : L∞(E) −→ L(H) shown in Theorem 5.18. Thus, ‖Φ(f)‖ = ‖f‖∞, which shows
assertions (i) and (ii) of the theorem.
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We are left to prove (iii), (iv) and (v). Now, (iii) easily follows since every L∞(E) function
is a uniform limit of simple functions. For (iv), assume that ω ⊂ Â is open and hasE(ω) = 0.
Then Ex,x|ω is the zero measure for every x ∈ H, and given T ∈ A with supp T̂ ⊂ ω, this
means that

〈Tx, Tx〉 =
∫
ω
|T̂ |2 dEx,x = 0, ∀x ∈ H.

Hence T = 0, but this implies ω = ∅.

Finally, to prove (v), let S ∈ L(H) and T ∈ A. Then

〈STx, y〉 = 〈Tx, S∗y〉 =
∫
T̂ dEx,S∗y

and
〈TSx, y〉 =

∫
T̂ dESx,y.

Then
〈STx, y〉 = 〈TSx, y〉 , ∀x, y ∈ H ⇐⇒ dEx,S∗y = dESx,y ∀x, y ∈ H.

This can be easily shown to be equivalent to

〈E(ω)x, S∗y〉 = 〈E(ω)Sx, y〉 ,

and since the right hand side is equal to 〈SE(ω)x, y〉, we have finished and the proof is com-
plete.

Now we turn to a consequence of the spectral theorem which says that any normal operator
is, up to a Hilbert space isomorphism, given by multiplication on an L2-space.

Theorem 5.22. Let H be a separable Hilbert space and A ⊂ L(H) an abelian sub-C∗-
algebra containing idH. Then there is a finite positive regular Borel measure µ on Â×N
and a Hilbert space isomorphism

Λ: H −→ L2(Â× N, µ)

such that for all T ∈ A and v ∈ H,

Λ(Tv) (χ, n) = T̂ (χ)Λ(v)(χ, n).

In other words, the following diagram commutes:

H L2(Â× N, µ)

H L2(Â× N, µ)

Λ

T M
T̂

Λ

whereM
T̂
: L2

(
Â× N, µ

)
−→ L2

(
Â× N, µ

)
denotes the multiplication operator defined for

f ∈ L2
(
Â× N, µ

)
by

(M
T̂
f)(χ, n) = T̂ (χ)f(χ, n).
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If A ⊂ L(H) is any sub-C∗-algebra (not necessarily abelian) then for every v ∈ H, the space

A · v = {T (v) : T ∈ A}

is a C-vector subspace of H, and so is its closure A · v. With this remark at hand, we intro-
duce the following lemma concerning the decomposition ofH into several closed, orthogonal
subspaces given by A, which we will need to prove Theorem 5.22.

Lemma 5.23. Let H be a separable Hilbert space and A ⊂ L(H) as above. Then there
exists a finite or countable family of vectors v1, v2, v3, ... such that the closed subspaces
Avi are pairwise orthogonal and

H =
⊕̂

i≥1
Avi,

where
⊕̂

denotes the direct orthogonal sum.

Sketch of the proof. Consider the set

C =
{
F ⊂ H \ {0} : ∀v 6= w ∈ F, Av ⊥ Aw

}
,

equipped with the partial order given by inclusion. Notice first that C 6= ∅. Also, by Zorn’s
lemma, there exists a maximal set F ∈ C. Now we claim that the direct sum

⊕
v∈F A · v is

dense inH. This implies that
⊕̂

v∈FA · v = H. Indeed, if it were not, define L =
⊕

v∈F A · u.
Then L⊥ 6= (0). By taking any vector u ∈ L and appending it to F we get a contradiction to
its maximality. Indeed for any v 6= u ∈ F , T ∈ A,

〈Tu, v〉 = 〈u, T ∗v〉 = 0

since T ∗ ∈ A as well. Finally sinceH is separable, F is countable.

Proof of Theorem 5.22. Let E be the resolution of identity on Â given by Theorem 5.18. In
particular, ifH 3 v 6= 0, then

〈Tv, v〉 =
∫
Â
T̂ dEv,v ∀T ∈ A.

Applying this to S = T ∗T ,

‖Tv‖2 = 〈T ∗Tv, v〉 =
∫
Â

∣∣∣T̂ ∣∣∣2 dEv,v.

What this relation implies is that Tv = 0 if and only if T̂ = 0 almost everywhere with respect
to Ev,v. Hence we obtain a well defined map

Lv : A · v −→ L2(Â, Ev,v)

T · v 7−→ T̂ .

which is isometric (Lv is linear andnormpreserving), and thus extends to aHilbert space iso-
morphism between the respective closures since C(Â) is dense in L2(Â, Ev,v), which means
that Lv extends to A · v,

Lv : A · v −→ L2(Â, Ev,v).
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In addition, for every a, T ∈ A, we have

Lv(aT · v) = (̂a · T ) = â · T̂ = âLv(T · v).

Therefore this extends to the closure, and for all w ∈ A · u,

Lv(aw) = âLv(w).

Let now v1, v2, . . . be a sequence of non-zero vectors such that

H =
⊕̂

i≥1
A · vi

is an orthogonal decomposition. Let us scale the vi’s such that
∑

i≥1‖vi‖ <∞. On Â×N, we
can define

µ =
∑
n≥1

Evn,vn ⊗ δn,

and it becomes clear that if f ∈ C(Â× N), then∫
f dµ =

∑
n≥1

∫
Â
f(χ, n)dEvn,vn(χ).

The measure µ is a positive, regular Borel measure on Â× N, and it is finite by the choice of
the vn, which follows from an easy computation. Define

Λ =
⊕
n≥1

Lvn :
⊕̂

n≥1
A · vn −→ L2

(
Â× N, µ

)
.

In other words, for v =
∑

nwn, where wn ∈ A · vn,

Λ(v) (χ,m) =
∑
m≥1

Lvm(wm)(χ).

We finally compute∥∥∥Λ(∑wn

)∥∥∥2 = ∑
m≥1

∫
|Lvm(wm)(χ)|2 dEvm,vm(χ) =

∑
‖wm‖2.

This shows that Λ is an isomorphism and it is an easy exercise to check that it satisfies the
rest of the conclusions, namely that Λ(Tv)(χ, u) = T̂ (χ)Λ(v)(χ, u).

If we want to apply the spectral theorem to a single normal operator T ∈ L(H), we will use
Theorem 4.11 and the construction preceding it. Namely, we consider

B := {P (T, T ∗) : P ∈ C[X,Y ]},

the abelian sub-C∗-algebra generated by id, T and T ∗, and recall that here Sp(T ) refers to
SpL(H)(T ) = SpB(T ) (the latter equality following from Proposition 4.10). The evaluation
map given by Theorem 4.11

ev : B̂ −→ Sp(T )
χ 7−→ χ(T )
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is then a homeomorphism. Furthermore, we have shown that, given f ∈ C(Sp(T )), f(T )
denotes the unique element in B such that

f̂(T )(χ) = f(χ(T )) .

The resulting map
C
(
Sp(T )

)
−→ B

f 7−→ f(T )

is a C∗-algebra isomorphism. Observe that the identity above can also be written as

f̂(T )
(
ev−1(λ)

)
= f(λ) ∀λ ∈ Sp(T ).

The spectral theorem then provides a unique resolution of the identity satisfying

b =

∫
B̂
b̂dE, ∀b ∈ B.

Then, for a Borel set ω ⊂ Sp(T ), define

E′(ω) := E(ev−1(ω)).

It is clear thatE′ is a resolution of the identity on Sp(T ) (this would also work for any contin-
uous function). Observe that since ev : B̂ −→ Sp(T ) is continuous, we can define, for every
positive regular Borel measure µ on B̂, its pushforward measure

ev∗ µ(ω) = µ
(
ev−1(ω)

)
,

which produces a regular, positive Borel measure ev∗ µ on Sp(T ). Using that ev is a homeo-
morphism, one checks that, given any f ∈ C(B̂),∫

B̂
f(χ)dµ(χ) =

∫
Sp(T )

(f ◦ ev−1)(y)d(ev∗ µ)(y).

With these remarks at hand, one deduces from E′(ω) = E
(
ev−1(ω)

)
that

E′
x,x(ω) =

〈
E′(ω)x, x

〉
=
〈
E
(
(ev)−1(ω)

)
x, x

〉
= ev∗(Ex,x) (ω)

for every x ∈ H. Now, for every b ∈ B,

〈bx, x〉 =
∫
B̂
b̂(χ)dEx,x(χ) =

∫
Sp(T )

(
b̂ ◦ (ev)−1

)
(y)d(ev∗Ex,x) (y).

Apply the above to b = f(T ) to obtain

〈f(T )x, x〉 =
∫
Sp(T )

f(λ)dE′
x,x(λ).

Thus we conclude from the spectral theorem that there is a unique resolution of the identity
E′ on Sp(T ) such that

f(T ) =

∫
Sp(T )

f(λ)dE′(λ) ∀f ∈ C(Sp(T )).

It is important to realize that f(T ) takes a concrete form when f(λ) = p(λ, λ), where p ∈
C[X,Y ] is a polynomial. The reason is the following: Theorem 4.11 asserts that f → f(T ) is
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a C∗-isomorphism from C(Sp(T )) to B sending 1 7→ idH, and id 7→ T , and hence id 7→ T ∗.
Therefore it sends p(λ, λ) 7→ p(T, T ∗), and

p(T, T ∗) =

∫
Sp(T )

p(λ, λ)dE′(λ).

and this implies that E′ is unique. Indeed, if E′′ were another resolution of the identity on
Sp(T ) such that

T =

∫
Sp(T )

λdE′′(λ),

then it follows that the C∗-algebra map Ψ : L∞(E′′) −→ L(H) from Theorem 5.18 sends id
to T , hence id gets sent to T ∗, and as a result,

p(T, T ∗) =

∫
Sp(T )

p(λ, λ)dE′′(λ).

Since the functions of the form λ 7→ p(λ, λ) are dense in C
(
Sp(T )

)
, we get that

f(T ) =

∫
Sp(T )

f(λ)dE′′(λ) ∀f ∈ C
(
Sp(T )

)
,

which readily implies E′′ = E′. We have then essentially proved the following result.

Corollary 5.24. Let T ∈ L(H) be normal and Sp(T ) ⊂ C be its spectrum. There is a
unique resolution of identity E on Sp(T ) such that

T =

∫
Sp(T )

λdE(λ).

Moreover, if S ∈ L(H) commutes with T and T ∗, it commutes with every projection
E(ω), for every Borel set ω ⊂ Sp(T ).

Remark. In the statement of the corollary we need S to commute with both T and T ∗ at the
same time. However, one can show that if T ∈ L(H) is normal and S commutes with T , then
it commutes with T ∗. See [Ru2] 12.6.

Next, if E is the resolution of identity on Sp(T ), we have seen that for any f ∈ C(Sp(T )),

f(T ) =

∫
Sp(T )

f(λ)dE(λ).

The map B∞(Sp(T )) −→ L∞(E) −→ L(H) given by Theorem 5.18 is related to E by the
identity

Ψ(f) =

∫
Sp(T )

f(λ)dE(λ).

Hence it extends
C
(
Sp(T )

)
−→ B

f 7−→ f(T )

and we will thus, for f ∈ B∞(Sp(T )), denote Ψ(f) by f(T ). Therefore, for normal opera-
tors we have extended the continuous functional calculus to the bounded Borel functional
calculus, and we have the following result.
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Corollary 5.25. The map
B∞
(
Sp(T )

)
−→ L(H)

f 7−→ f(T )

is a C∗-homomorphism sending 1 to idH and id to T , and

‖f(T )‖ ≤ ‖f‖ = sup
{
|f(λ)| : λ ∈ Sp(T )

}
.

If f ∈ C(Sp(T )), then ‖f(T )‖ = ‖f‖. Moreover,

‖f(T )x‖2 =
∫
Sp(T )

|f |2 dEx,x,

and T is the limit in the norm topology of finite linear combinations of projections
E(ω).

5.7 Schur’s lemma

There is an interesting application of the spectral theorem in representation theory.

Definition 5.26. Given a groupG, a unitary representation ofG in a Hilbert spaceH is
a group homomorphism π : G −→ U(H) ofG into the groupU(H) of unitary operators
ofH.

We can readily distinguish an interesting property of certain unitary representations, called
irreducibility. In summary, this is satisfied whenever the only invariant subspaces of H are
(0) andH itself. For a subspace ofH to be invariant with respect to π it means the following.

Definition 5.27. A subspaceL ⊂ H is said to be invariant if π(g)L ⊂ L for every g ∈ G.

Observe that if L is invariant, so is L⊥: let v ∈ L⊥, that is, 〈v, w〉 = 0 for every w ∈ L. Then

〈π(g)v, w〉 = 〈v, π(g)∗w〉 =
〈
v, π(g−1)w

〉
,

if w ∈ L then π(g−1)w ∈ L for all g. This implies that 〈π(g)v, w〉 = 0 for all w ∈ L, hence
π(g)v ∈ L⊥ for every g ∈ G and all v ∈ L⊥.

Definition 5.28. A unitary representation (π,H) is called irreducible if whenever L ⊂
H is a closed invariant subspace, then we have either L = (0) or L = H.

Remark. LetG be countable andH of infinite dimension. Additionally, let v 6= 0 and consider
the linear span of {π(g)v : g ∈ G}. This is an invariant, nonzero vector subspace ofH, and it
cannot be equal toH since dimCH = ℵ1.1

Let us assume L ⊂ H is a closed π(G)-invariant subspace and let P : H −→ L be the orthog-
onal projection. If v ∈ H, then it can be expressed as v = v1 + v2, where v1 ∈ L and v2 ∈ L⊥.
Of course, v1 = P(v). Now, for any g ∈ G,

π(g)v = π(g)v1 + π(g)v2,

1Standard exercise with Baire’s theorem.
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which since both L and L⊥ are π(G)-invariant, implies

P(π(g)v) = π(g)v1 = π(g)P(v).

Therefore Pπ(g) = π(g)P. Noticing this, we maximize the set of operators that satisfy this
and define

Int(π) = {T ∈ L(H) : Tπ(g) = π(g)T ∀g ∈ G} .

This set is a sub-C∗-algebra of L(H) containing {λ idH : λ ∈ C}. What we know from pro-
jections is that, if L ⊂ H is a closed, invariant subspace and P : H −→ L is the orthogonal
projection onto L, then we know that P ∈ Int(π). The key result that we will prove is the
following.

Theorem 5.29 (Schur’s lemma). The representation (π,H) is irreducible if and only if
Int(π) = {λ idH : λ ∈ C}.

The proof of this lemma uses spectral theory and we will require the following lemma.

Lemma 5.30. Let T ∈ L(H) be a normal operator. Then T = λ idH if and only if
Sp(T ) = {λ}.

Proof. The argument for the direct implication is as follows. Let T = λ idH. Then T−λ idH =
0, and therefore λ ∈ Sp(T ), but for every µ 6= λ, T −µ idH = (λ−µ) idH, which is invertible.
Therefore the only element in the spectrum has to be λ.

For the converse, let E be the resolution of identity on Sp(T ) = {λ} associated to T . Then
E({λ}) = E(Sp(T )) = idH. Now, observe that λ is an isolated point of Sp(T ), hence E({λ})
has to be the projection onto ker(T − λ id) (Lemma 5.11). Thus, ker(T − λ id) = H, and
λ id = T .

Now let us prove Schur’s lemma.

Proof of Theorem 5.29. First assume that (π,H) is not irreducible and 0 ( L ( H is a closed
invariant subspace. Then we have shown that the orthogonal projection P onto L is in Int(π).
This shows that Int(π) ) {λ idH : λ ∈ C}.

Now assume that Int(π) ) {λ idH : λ ∈ C}. Since Int(π) is a C∗-algebra, every operator T
can be decomposed as T = T1 + iT2 with T1 = T ∗

1 and T2 = T ∗
2 , with both T1, T2 ∈ Int(π).

Indeed,
T1 =

T + T ∗

2
, T2 =

T − T ∗

2i
.

So, if T ∈ Int(π), T /∈ {λ idH : λ ∈ C}, then either T1 or T2 are not in {λ idH : λ ∈ C}. Thus
there exists S = S∗ in Int(π) such that S /∈ {λ idH : λ ∈ C}. In particular, S is normal and by
Lemma 5.30,

∣∣Sp(T )∣∣ ≥ 2.

LetE be a resolution of identity on Sp(S) associated toS. Let λ1, λ2 be in Sp(S) andVi 3 {λi},
i = 1, 2, open subsets with V1 ∩ V2 = ∅. Since both V1 and V2 are open and nonempty, we
have E(Vi) 6= 0 by Theorem 5.20 (iv), and we also have

E(V1)E(V2) = E(V1 ∩ V2) = E(∅) = 0.

Hence E(V1) 6= idH and E(V2) 6= idH, so if L1 is the image of E(V1), which is closed and
0 ( L1 ( H, we can use the fact that any operator that commutes with S also has to commute
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with all the E(ω)’s. But π(g)S = Sπ(g) for all g ∈ G, and thus π(g)E(V1) = E(V1)π(g), so L1
is π(G)-invariant.

5.8 Positive operators and polar decomposition

We first study a special case of self-adjoint operators.

Definition 5.31. We say that T ∈ L(H) is positive, and write T ≥ 0, if

〈Tx, x〉 ≥ 0 ∀x ∈ H.

If T is positive, we have
〈x, Tx〉 = 〈Tx, x〉 = 〈Tx, x〉 ,

making it so that T is self-adjoint.

Theorem 5.32. Let T ∈ L(H). Then the following are equivalent.

(i) T is positive.

(ii) T is self-adjoint and Sp(T ) ⊂ [0,∞).

Proof. Suppose T is positive, then T is self-adjoint, so Sp(T ) ⊂ R. Now let λ > 0. For every
x ∈ H we have the estimate

λ‖x‖2 = 〈λx, x〉 ≤ 〈λx, x〉+ 〈Tx, x〉 = 〈(λ id+T )x, x〉 ≤ ‖(λ id+T )x‖‖x‖.

Therefore, for x ∈ H,
‖(λ id+T )x‖ ≥ λ‖x‖.

Now T is self-adjoint and λ ∈ R, so T +λ id is self-adjoint and consequently also normal. So
by Proposition 5.8 we find that T + λ id = T − (−λ) id is invertible. Therefore, −λ /∈ Sp(T )
for all λ > 0 meaning that Sp(T ) ⊂ [0,∞).

Now we prove the converse implication. Assume T is self-adjoint and Sp(T ) ⊂ [0,∞). Let
E be the resolution of identity on Sp(T ) so that

T =

∫
Sp(T )

λdE(λ).

Then, for every x ∈ H,

〈Tx, x〉 =
∫
Sp(T )

λdEx,x(λ) ≥ 0,

since Sp(T ) ⊂ [0,∞), and Ex,x is a positive regular Borel measure.

The following theorem is about a single positive operator. Nevertheless, it uses the Guelfand
isomorphism for abelian C∗-algebras.

Theorem 5.33. Every positive T ∈ L(H) has a unique positive square root S. If T is
invertible, so is S.
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Proof. Let E be the resolution of identity on Sp(T ) with

T =

∫
Sp(T )

λdE(λ).

Since Sp(T ) ⊂ [0,∞), the function f(λ) =
√
λ is well defined and continuous on Sp(T ).

Hence,
S = f(T ) =

∫
Sp(T )

f(λ)dE(λ) =

∫
Sp(T )

√
λdE(λ)

is self-adjoint, S = S∗, and Sp(S) ⊂ Sp(T ). We also have

S2 = f(T )2 =

∫
Sp(T )

λdE = T.

Now we show that this is unique. Suppose S′ satisfies the same properties as S. Let then E′

be the resolution of the identity for S′ that makes

S′ =

∫
Sp(S′)

λdE′(λ).

Then T = S′2 and thus for all f ∈ C((0,∞)),

f(T ) = f(S′2) =

∫
Sp(S′)

f(λ2)dE′(λ) =

∫
Sp(T )

f(λ)dE(λ).

Therefore, ∫
Sp(T )

f(λ)dEx,x(λ) =

∫
Sp(S′)

f(λ2)dE′
x,x(λ),

which when replacing f by f(λ) = g(
√
λ) gives∫

Sp(S′)
g(λ)dE′

x,x(λ) =

∫
Sp(T )

g(
√
λ)dEx,x(λ).

This implies that E′
x,x is uniquely determined by Ex,x, hence E′ is uniquely determined by

E, which implies uniqueness.

Finally, if T is invertible, then

(T−1S)S = T−1S2 = T−1T = id
S(T−1S) = T−1(S2) = T−1T = id .

Now, if T ∈ L(H) is an arbitrary operator, consider T ∗T , and observe

〈T ∗Tx, x〉 = 〈Tx, Tx〉 = ‖Tx‖2 ≥ 0 ∀x ∈ H.

Therefore T ∗T ≥, which hints at the following result.

Theorem 5.34. If T ∈ L(H) is an operator, the positive square root P of T ∗T is the
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unique positive operator satisfying

‖Px‖ = ‖Tx‖, ∀x ∈ H.

Proof. If P is the positive square root of T ∗T , we have

‖Px‖2 =
〈
P 2x, x

〉
= 〈T ∗Tx, x〉 = ‖Tx‖2

for all x ∈ H. Conversely, if P ′ is a positive operator with ‖P ′x‖ = ‖Tx‖, then the computa-
tion above shows that 〈

P ′2x, x
〉
= 〈T ∗Tx, x〉 ,

hence P ′2 = T ∗T and thus P ′ = P by the uniqueness part of Theorem 5.33.

This allows us to generalize to Hilbert spaces a classical fact from linear algebra, namely that
every invertible matrix T ∈ GL(n,C) has a unique decomposition T = UP where U ∈ U(n)

is unitary and P is hermitian, that is, P T
= P and positive definite. This is commonly called

the polar decomposition of T .

Theorem 5.35. Let T ∈ L(H) be invertible. Then T = UP with U unitary and P ≥ 0.
Moreover, this decomposition is unique.

Proof. Since T is invertible, so is T ∗ and hence T ∗T . Therefore this last operator is positive
and invertible, and thus has a positive square root P that is invertible as well. Let U = TP−1.
We compute

U∗U = (P∗)−1T ∗TP−1 = P−1T ∗TP−1 = P−1P 2P−1 = id .

Since U is invertible, we have UU∗ = id.

For the uniqueness of this decomposition, take T ′ = U ′P ′ with U ′ unitary and P ′ ≥ 0. Then

T ∗T = (P ′)∗(U ′)∗U ′P ′ = (P ′)∗P ′ = (P ′)2.

Again, by the uniqueness part of Theorem 5.33 we get P ′ = P and hence U ′ = U .



6 Locally Compact Groups

This chapter puts together in an ad hoc way the basics of locally compact groups and Haar
measure needed in the subsequent chapters. This material can be found in [EiWa] or [RaVa]
chapter 1.

In this chapter we introduce topological groups and treat some examples with an emphasis
on abelian topological groups. In particular we discuss some details in the field of p-adics.
Then we shortly discuss how the topology and group structure interact to produce some
miraculous properties. The second part of the chapter will be devoted to introducing the
Haar measure on a locally compact group, and establishing some basic properties of the
convolution product.

6.1 Topological groups

Throughout this section we will always consider G to be a group.

Definition 6.1. A topology τ ⊂ P(G) on the set G endows G with the structure of a
topological group if the multiplication map

· : G×G −→ G
(x, y) 7−→ x · y

and the inverse map
i : G −→ G
g 7−→ g−1

are both continuous.

In the above definition,G×G is endowedwith the product topology ofG. Let us draw some
basic consequences from this first definition.

Remark. Let G be a topological group.

(i) The inverse map i : G −→ G is continuous and in addition i ◦ i = id. Hence, i is a
homeomorphism.

(ii) For g ∈ G, define the left translation by g as

Lg : G −→ G
x 7−→ g · x ,

56
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which is continuous by definition. Observe thatLg−1 ◦Lg = Lg ◦Lg−1 = idG, and hence
Lg is a homeomorphism. So a topological group “looks” locally everywhere the same.
Analogously, one defines right translation by g ∈ G as

Rg : G −→ G
x 7−→ x · g

and concludes that it is a homeomorphism as well.

(iii) Let ϕ : G1 −→ G2 be a homomorphism where G1, G2 are both topological groups.
Assume ϕ to be continuous at e ∈ G1, the identity in G1. Then, given g ∈ G arbitrary,
ϕ ◦ Lg−1 is continuous at g since Lg−1(g) = e. But

ϕ ◦ Lg−1(h) = ϕ(g−1)ϕ(h),

which can also be written as

Lϕ(g) ◦ ϕ ◦ Lg−1 = ϕ,

given that ϕ is a homomorphism, implying that ϕ is continuous at g ∈ G. Since g ∈ G
is arbitrary, we have established that a homomorphism is continuous if and only if it is
continuous at e ∈ G1.

(iv) Let H < G be a subgroup of G. Then, with the induced topology, H is a topological
group.

Now we turn towards some examples.

Example 6.2 (Topological groups).

(i) Any group G endowed with the discrete topology is a topological group.

(ii) The space Rn, equipped with the regular addition and the Euclidean topology is an
abelian topological group.

(iii) IfA is a unital Banach algebra, the groupG(A) of invertible elements with the topology
induced from A is a topological group (recall Lemma 2.8).

(iv) The additive groups (R,+) and (C,+), as well as the multiplicative groups (R∗, ·) and
(C∗, ·) of the fields R and C are abelian topological groups.

Observe that examples (i), (ii) and (iv) are locally compact Hausdorff, whileG(A) is locally
compact if and only if A is finite dimensional (which we will leave for the reader to prove as
an easy exercise). In this context the following examples are a special case of (iii)

(v) The groups GL(n,R) and GL(n,C) are locally compact Hausdorff groups.

The cartesian product leads to a wealth of examples.
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(vi) Let Gα, where α ∈ A be a family of topological groups. Endow the product G =∏
α∈AGα with the componentwise product and the product topology. Then G is a

topological group. It is compact if Gα is compact for every α ∈ A. For instance, if
we endow Z/2Z with the discrete topology, then(Z/2Z)N is a compact group. It is an
instructive exercise to show that G is locally compact Hausdorff if and only if all the
Gα’s are locally compact Hausdorff and all but finitely many Gα’s are compact.

There is, however, a more general source of locally compact topological groups.

(vii) Let (X, d) be a metric space such that all closed balls of finite radius are compact. Then
the group Is(X) of isometries of (X, d)with compact open topology is locally compact
Hausdorff.

(viii) The ring Zp of p-adic integers is a locally compact Hausdorff topological group. For
every n ≥ 1, let An := Z/pnZ be the ring of integers modulo pn. Given x ∈ An, its
reduction modulo pn−1 is well defined and leads to a surjective ring homomorphism

φn : An −→ An−1

x 7−→ x mod pn−1.

We obtain a sequence of rings with morphisms connecting them:

A1
φ2←− A2

φ3←− A3 ←− ...←− An−1
φn←− An ←− ...

The ring Zp of p-adic integers is then the projective limit of the system (An, φn) defined
above. By definition, Zp is the subring of

∏
n≥1An given by

Zp =

(x1, x2, ...) ∈
∏
n≥1

An : φn(xn) = xn−1 ∀n ≥ 2

 .

More precisely, coordinatewise addition andmultiplication on
∏

n≥1An makes it a ring,
and since the φn are homomorphisms, Zp is a subring. Then Z injects into Zp via

Z −→ Zp

x 7−→
(
x mod p, x mod p2, ...

)
and we identify it with a subring of Zp.

Now, endow An with the discrete topology. Then
∏

n≥1An is compact Hausdorff, and
Zp being defined by closed conditions is hence compact Hausdorff. Both operations of
addition and multiplication are continuous, and so is x 7→ −x. In particular, (Zp,+) is
an abelian compact Hausdorff group. Additionally, Z is dense in Zp.

We leave it to the reader to check the following fact.

Exercise
It is well known that if p ≡ 1 mod 4, then−1 is a square inZ/pZ, that is, x2+1 =
0 has a solution in Z/pZ. Use this, together with some elementary computations
to inductively construct a sequence in xn ∈ Z/pnZ with
(1) x2n + 1 = 0 in Z/pnZ.
(2) φ(xn) = xn−1.
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Thus x2 + 1 = 0 has a solution in Zp.

One important part of the study ofZp is its relation to theAn’s. In fact, associating tox =
(x1, x2, ...) ∈ Zp its n-th component xn ∈ An defines continuous ring homomorphisms

εn : Zp −→ An

x 7−→ xn

whose kernel is pnZp. The latter is hence an open subgroupofZp and since
⋂

n≥1 p
nZp =

(0), they form a fundamental system of neighbourhoods of (0). We thus have

(1) x ∈ Zp is invertible if and only if x /∈ pZp.

(2) If U ⊂ Zp denotes the group of invertible elements, then every x ∈ Zp \ {0} can be
written uniquely as x = pnu, with n ≥ 0 and u ∈ U .

The first property follows from the analogous statement for An, whereas the second
follows from

⋂
n≥1 p

nZp = {0}.

(i) The field Qp. Observe that Zp is an integral domain. Indeed, if xy = 0 and x, y 6= 0,
write x = pnu and y = pmu′. Then xy = pn+muu′ = 0, meaning that pn+m = 0,
which is nonsense. One deduces easily that Qp can be identified with Zp[p

−1]. In fact,
every x ∈ Q×

p can be written uniquely as x = pnu, for n ∈ Z and u ∈ U . If we set
v(x) := n ∈ Z, we obtain a so called valuation, that is

v : Qp −→ Z ∪ {∞}

where we put v(0) =∞, satisfying

v(xy) = v(x) + v(y)

v(x+ y) ≥ min {v(x), v(y)} .

It follows that d(x, y) := e−v(x−y) defines a distance onQp: it induces the given topology
on Zp. One concludes that Qp is locally compact and contains Zp as an open subring.
Additionally, Q is dense in Qp.

Having discussed these examples, we illustrate why the last two are important. In particular,
they play major roles in local approaches to algebraic number theory:

(1) AssumeK is a non-discrete, locally compact Hausdorff field with charK = 0. ThenK
is isomorphic to R, C, or a finite extension of Qp for some p.

(2) If i : Q −→ K is an injection with dense image and K is locally compact and non-
discrete, thenK = R or Qp for some p.

For more on this, see [We] chapter 1 or [RaVa] chapter 4.
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6.2 Properties of topological groups

Recall that a topological space is connected if it cannot bewritten as the union of two disjoint,
non-empty, open subsets. Recall as well that the closure of a connected set is connected and
the continuous image of a connected set is as well connected. Finally, given a topological
spaceX , the relation x ∼ y if {x, y} is contained in a connected subset ofX is an equivalence
relation, and its equivalence classes are called connected components. We have the following
proposition.

Proposition 6.3. Let G be a topological group. Then we have the following.

(i) If H ≤ G is a subgroup, then so is its closure H̄ ≤ G.

(ii) If H < G is an open subgroup then it is closed.

(iii) The connected component G0 of e ∈ G is a closed normal subgroup.

(iv) If G is connected and V 3 e is a neighborhood of e, then V ∪ V −1 generates G,
i.e.,

G =
⋃
n≥1

(V ∪ V −1)n.

Let us introduce some notation before moving onto the proof. Given subsets A,B ⊂ G, we
denote

A ·B := {a · b : a ∈ A, b ∈ B} ,
A−1 =

{
a−1 : a ∈ A

}
,

An = A ·An−1, n ≥ 2.

Proof of Proposition 6.3.

(i) Recall that given f : X −→ Y continuous and A ⊂ X , f(A) ⊂ f(A). Applying this to
the multiplication and inversion maps we get

m(H ×H) = m(H ×H) ⊂ m(H ×H) = H

and
i(H) ⊂ i(H) = H,

which proves (i).

(ii) Let R ⊂ G be a complete set of representatives for G/H with e ∈ R, i.e.

G =
⊔
x∈R

x ·H = H t
⊔

x∈R\{e}

Lx(H).

SinceH is open andLx : G −→ G is a homeomorphism, so areLx(H) and
⊔

x∈R\{e} Lx(H),
which implies that H is closed.

(iii) Notice first that connected components are always closed. Thus, the subsetG0 is closed.
Now m(G0 ×G0) ⊂ G and i(G0) ⊂ G are connected subsets containing e ∈ G. Hence
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they are contained inG0, which shows thatG0 is a subgroup. Finally, given g ∈ G, and
observing that the map x 7→ gxg−1 is continuous, we have that{

gxg−1 : x ∈ G0

}
is a connected subset ofG containing e, hence it is contained inG0. This shows thatG0

is normal in G.

(iv) Observe thatH :=
⋃

n≥1(V ∪V −1)n is a subgroup ofG. Now let e ∈ U ⊂ V be an open
subset of G. Then U ⊂ H and since H is a group, we have

Lh(U) ⊂ H, ∀h ∈ H.

Since Lh(U) 3 h is an open neighborhood of h, the set H is a neighborhood of each
of its points, hence it is open. By (ii), it is closed, and since G is connected and H is
nonempty, we deduce H = G.

Remark. According to (iii) we can write G =
⊔
xG0, where the union is over a complete set

of representatives ofG/G0. Hence the set π0(G) of connected components ofG acquires, via
its identification withG/G0, a group structure. It is an instructive exercise to compute π0(G)
in each of the examples at the beginning of the chapter.

6.3 Haar measure

Let now G be a locally compact Hausdorff group and let C00(G) denote the C-vector space
of continuous compactly supported functions. The most important fact about this class of
groups is the existence and uniqueness of the Haar measure.

Given a map F : G→ X , define the action

λ(g)F : G −→ X
x 7−→ F (g−1x).

Clearly if F ∈ C00(G) then λ(g)F ∈ C00(G), and λ : G 7→ GL(C00(G)), with λ(g1g2) =
λ(g1)λ(g2). Thus, λ is a group homomorphism. The fundamental result then comes pre-
sented as the following theorem.

Theorem 6.4 (Existence and uniqueness of the Haar measure). LetG be a locally compact
Hausdorff group. Then there exists a non-zero, positive linear functionalΛ: C00(G)→
C that is invariant under left translations, i.e.

Λ(λ(g)f) = Λ(f), ∀f ∈ C00(G), ∀g ∈ G.

Moreover, this functional is called a left Haar functional and is unique up to a strictly
positive scalar multiple.

Using Riesz’s representation theorem, one obtains the following equivalent formulation.

Corollary 6.5. There exists, up to a strictly positive scalar multiple, a unique non-zero,
positive regular Borel measure µ on G such that for every measurable set E ⊂ G, and
every g ∈ G, µ(g · E) = µ(E).
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This measure is referred to as the left Haar measure. In case G is abelian, we have Lg = Rg

for every g ∈ G, and a left Haar measure is simply a Haar measure. We will not give a proof
of Haar’s theorem in these notes. For a proof, see [EiWa] 10.1.

Example 6.6.

(i) The Lebesgue measure on (R,+) is the unique positive, regular Borel on measure on R
with µ([a, b]) = b− a for a ≤ b. It is a Haar measure for (R,+), and so is the Lebesgue
measure in Rn for (Rn,+).

(ii) A Haar measure on (R×, ·) is given by dµ(x) = dx/ |x|.

(iii) Let G be discrete, then
µ(E) = cardE, E ⊂ G

is a left Haar measure.

The uniqueness statement in Haar’s theorem is probably more important, since it immedi-
ately gives additional structure. Let Aut(G) denote the group of continuous automorphisms
of G.

Corollary 6.7. There is a well defined group homomorphismmodG : Aut(G) −→ R>0

into the multiplicative group (R>0, ·) such that for any left Haar functional Λ,

Λ(f ◦ α−1) = modG(α)Λ(f), ∀f ∈ C00(G), α ∈ Aut(G).

Proof. Observe that f 7→ f ◦α−1 is a linear map on C00(G) preserving positivity. In addition,
we have, for α ∈ AutG, f ∈ C00(G) and g, x ∈ G,

(λ(g)f) (α−1(x)) = f
(
g−1α−1(x)

)
= f

(
α−1

(
α(g)−1x

))
= λ(α(g))

(
f ◦ α−1

)
(x).

As a consequence, if we define the functional Λα(f) := Λ(f ◦ α−1), then Λα is a nonzero,
positive functional with

Λα(λ(g)f) = Λ
(
(λ(g)f) ◦ α−1

)
= Λ

(
λ(α(g))

(
f ◦ α−1

))
= Λ

(
f ◦ α−1

)
= Λα(f).

Hence, Λα is a Haar functional. By uniqueness, there is a constant cΛ(α) > 0 for which
Λα = cΛ(α)Λ. One then verifies easily that cΛ(α) is independent of the choice of Λ, and
defines

modG(α) = cΛ(α).

Then, by choosing α1, α2 and associating two functionals Λαi , i = 1, 2, we examine the in-
duced Λα1◦α2 , and by uniqueness again, we reach the conclusion that

modG(α1 ◦ α2) = modG(α1)modG(α2).

Example 6.8.

(i) Let G = (Rn,+). Then, it is an exercise to check that Aut(G) = GL(n,R), and

modG(α) = |detα| .

Indeed, if L is the Lebesgue measure on Rn, L(α([0, 1]n)) = |detα| · L([0, 1]n).
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(ii) LetK be a fieldwith a locally compact topology,making (K,+) and (K×, ·) locally com-
pactHausdorff groups (for instance,R,C,Qp for pprime). ConsiderK× = GL(1,K) ↪→
Aut(K,+), that gives us a canonical homomorphism K× −→ R>0 which, if µ is any
Haar measure on (K,+), verifies

µ(y · E) = modk(y) · µ(E) ∀y ∈ K×,∀E ⊂ k measurable.

If K is not discrete, one can show that y 7→ modK(y) is not identically 1, and behaves
somewhat like an absolute value, that is, there exists a constant c ≥ 0 with

modK(y1 + y2) ≤ cmax {modK(y1),modK(y2)} .

This is the starting point of the classification of non-discrete locally compact fields. It
is a very non-trivial result.

(iii) In the case of (Qp,+), one can determine modQp . Indeed, we may assume y ∈ Zp, since
mod(y−1) = mod(y)−1. Write y = pnu for some n ≥ 0 and u ∈ U invertible in Zp. Now
Zp is open in Qp and it is compact, so if µ is a Haar measure on Qp, then µ(Zp) > 0. On
the one hand, we have µ(y · Zp) = mod(y)µ(Zp). On the other hand, yZp = pnZp, and
the latter is the kernel of the homomorphism

εn : Zp −→ An = Z/pnZ.

Let then R be a complete set of representatives of An, so |R| = pn and Zp =
⊔

r∈R(r +
pnZp). Using additivity and translation invariance of µ, this implies

µ(Zp) =
∑
r∈R

µ(r + pnZp) = pnµ(pnZp).

Hence µ(pnZp) = p−nµ(Zp) and mod(y) = p−n.

Remark. In the preceding example we have used the fact that if µ is a left Haar measure onG,
then for any non-empty, open set V ⊂ G, its measure µ(V ) is positive. Indeed, let f ∈ C00(G)
with f ≥ 0 be such that ∫

G
f(x)dµ(x) > 0.

Since f is supported on a compact set, we may find x1, ..., xn ∈ G such that

supp f ⊂
n⋃

i=1

xi · V.

IfM = max {f(x) : x ∈ G}, then we have

f(x) ≤M
n∑

i=1

χxi·V (x) ∀x ∈ G,

and thus

0 <

∫
G
f(x)dµ(x) ≤

∫
G
M

n∑
i=1

χxi·V dµ(x) =M
n∑

i=1

µ(xiV ) =Mnµ(V ),

which implies µ(V ) > 0.
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Wewill explore one additional aspect of Haar’s theory. Notice what happens whenwe apply
the previous corollary to a special class of automorphisms of G, the inner automorphisms

αg(x) := gxg−1, x ∈ G.

If µ is a left Haar measure, the equality in the corollary reads∫
G
f
(
g−1xg

)
dµ(x) = modG(αg)

∫
C
f(x)dµ(x),

which, taking into account the left invariance of µ implies∫
G
f(xg)dµ(x) = modG(αg)

∫
G
f(x)dµ(x).

This leads to the following definition.

Definition 6.9. Given a locally compact Hausdorff topological group G, we define its
modular function by ∆G(g) := modG

(
αg−1

)
, so that∫

G
f(xg−1)dµ(x) = ∆G(g)

∫
G
f(x)dµ(x).

With this definition, notice that if G is abelian, then ∆G ≡ 1. This leads to the following
proposition.

Proposition 6.10. Let G be locally compact Hausdorff and abelian, and let µ be a left
Haar measure. Then∫

G
f(x−1)dµ(x) =

∫
G
f(x)dµ(x), ∀f ∈ C00(G).

By density, this extends to f ∈ L1(G).

In full generality, the statement can be extended to a locally compact Hausdorff groupG, not
requiring that it is abelian. The statement then reads∫

G
f(x−1)∆G(x

−1)dµ(x) =
∫
G
f(x)dµ(x), ∀f ∈ C00(G).

Proof of Proposition 6.10. Define the linear functional

I : C00(G) −→ C
f 7−→

∫
G f(x

−1)dµ(x).

Then we can compute

I(λ(y)f) =

∫
G
(λ(y)f)(x−1)dµ(x) =

∫
G
f(y−1x−1)dµ(x)

=

∫
G
f((yx)−1)dµ(x) =

∫
G
f(x−1)dµ(x) = I(f),

where the invariance of the measure was used in the last equality. It follows that I(f) is a
left Haar functional and there exists c > 0 such that∫

G
f(x−1)dx = c ·

∫
G
f(x)dµ(x), ∀f ∈ C00(G).
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It remains to show that c = 1. For this, pick f ∈ C00(G), not identically zero, such that f ≥ 0
and

∫
G f(x)dµ(x) > 0. It’s support is then a set of positive measure, µ(supp(f)) > 0. Define

now g(x) := f(x) + f(x−1), and notice it satisfies g(x−1) = g(x). A simple computation
shows ∫

G
g(x)dµ(x) = c

∫
G
g(x−1)dµ(x) = c

∫
G
g(x)dµ(x),

which implies that c = 1 since g is supported on a set of positive measure as so is f .

6.4 The convolution product

For a locally compact Hausdorff group G and a left Haar measure µ, we denote by Lp(G) :=
Lp(G,µ) the usual Lp spaces associated to µ. We are going to define the convolution product
of two functions on G and show that L1(G) is an involutive abelian Banach algebra. The
results stated hold for all locally compact Hausdorff, abelian groups. The proofs however
will be performed for σ-compact groups, i.e. groups that are a countable union of compact
subsets. In this context we can use the classical version of Fubini’s theorem as the measure
space (G,µ) is σ-finite. We will later use that for 1 ≤ p <∞, Lq(G) is the dual Banach space
of Lp(G), where 1/p+ 1/q = 1. In particular, L∞(G) is the dual of L1(G).

Let f, g ∈ L1(G) and apply Fubini’s theorem to the positive measurable function

G×G −→ [0,∞]
(x, y) 7−→

∣∣f(xy)g(y−1)
∣∣ .

We get∫
G
dµ(x)

∫
G
dµ(y)

∣∣f(xy)g(y−1)
∣∣ = ∫

G
dµ(x)

∣∣g(y−1)
∣∣ ∫

G
dµ(y) |f(xy)|

=

∫
G
dµ(x)

∣∣g(y−1)
∣∣ ∫

G
dµ(y) |f(x)|

=

∫
G
dµ(x) |g(y)|

∫
G
dµ(y) |f(x)| = ‖g‖1‖f‖1 <∞,

using the invariance of the measure several times. By Lebesgue’s theorem,

f ∗ g(x) :=
∫
G
dµ(y)f(xy)g(y−1)

is finite a.e. and measurable, and ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1. Let also f∗(x) = f(x−1).

Theorem 6.11. The space L1(G), endowed with the convolution product and f 7→ f∗

is an involutive Banach algebra.

Exercise
In order to prove the theorem, it remains to show that the convolution product is as-
sociative and the involution satisfies the required properties.

We now turn our aim towards finding a translation of the classical theory of Fourier analysis
into the context we are working in. For this we will need some continuity properties of the
convolution product. We begin with a definition.
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Definition 6.12. Let (X, d) be ametric space andG a locally compactHausdorff group.
A function f : G −→ X is left uniformly continuous, if for all ε > 0, there exists a
neighborhood V 3 e of e such that ∀y−1x ∈ V , d(f(x), f(y)) < ε.

The terminology comes from the fact that if y−1x ∈ V , then (gy)−1(gx) = y−1x ∈ V for every
g ∈ G. Hence, d(f(gx), f(gy)) < ε for all g ∈ G.

Lemma 6.13. The following statements hold.

(i) For all f ∈ C00(G), the function

G −→ C00(G)
x 7−→ λ(x)f

is left uniformly continuous with respect to the norm ‖·‖∞.

(ii) For all 1 ≤ p <∞, f ∈ Lp(G),

G −→ Lp(G)
x 7−→ λ(x)f

is left uniformly continuous with respect to the norm ‖·‖p.

Proof. Step 1. For (i), let f ∈ C00(G). Since ‖·‖∞ is left translation invariant, we have

‖λ(x)f − λ(y)f‖∞ = ‖λ(y−1x)f − f‖∞.

Since (λ(y−1x)f)(g) = f(x−1yg) it suffices to show that ∀ε > 0, ∃W 3 e open such that
|f(zg)− f(g)| < ε for every g ∈ G, z ∈W .

We begin by constructing the set W . Let K = supp(f) and let V0 = V −1
0 3 e open with V0

compact, so that V0 ·K is compact. Let ε > 0. For every x ∈ G, let Vx 3 e open with Vx ⊂ V0
such that

|f(zx)− f(x)| < ε/2, ∀z ∈ Vx.
By continuity of the multiplication, choose Ux 3 e open such that U2

x ⊂ Vx. Given that V0 ·K
is compact, we can extract a finite covering {Ux1 · xi}

n
i=1 of V0 ·K and consider the open set

W =
n⋂

i=1

Uxi ⊂ V0.

Let us now verify that |f(zg)− f(g)| < ε for every z ∈W, g ∈ G.

(1) If g /∈ V0 · K then if z ∈ W ⊂ V0 = V −1
0 and hence zg /∈ K. Indeed otherwise, this

would imply g ∈ z−1K ⊂ V0K ⊂ V0K, contradiction. Hence f(g) = 0 and f(zg) = 0.

(2) If g ∈ V0 ·K, let 1 ≤ i ≤ n be such that g ∈ Uxi · xi. Then since z ∈ W ⊂ Uxi we get
zg ∈ Uxi · Uxi · xi ⊂ Vxi · xi. Therefore

|f(zg)− f(g)| ≤ |f(zg)− f(xi)|+ |f(xi)− f(y)| < ε.

Step 2. For (ii), let 1 ≤ p < ∞, and recall that C00(G) is dense in Lp(G) with respect to the
norm ‖·‖p. Let then f ∈ Lp(G) and ε > 0. By density, pick g ∈ C00(G)with ‖f − g‖p < ε. We
compute
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‖λ(x)f − λ(y)f‖p ≤ ‖λ(x)(f − g)‖p + ‖λ(x)g − λ(y)g‖p + ‖λ(y)(g − f)‖p
= 2‖f − g‖p + ‖λ(y−1x)g − g‖p < 2ε+ ‖λ(y−1x)g − g‖p.

Let V0 = V −1
0 3 e open, with V0 compact. We may assume that y−1x ∈ V0. Observe that

∀t /∈ V0 supp(g) = C,
λ(y−1x)g(t)− g(t) = 0.

Therefore,

‖λ(y−1x)g − g‖p =
{∫

C

∣∣λ(y−1x)g(t)− g(t)
∣∣p dµ(x)}1/p

≤ ‖λ(y−1x)g − g‖∞µ(C)1/p.

Now choose e ∈ W ⊂ V0 open such that ‖λ(y−1x)g − g‖∞ < ε/µ(C)1/p for every y−1x ∈ W .
We conclude that

‖λ(x)f − λ(y)f‖p < 3ε.

To finish this chapter, we conclude with some continuity properties of the convolution prod-
uct in L1(G). We will make use of these in chapter 7 when developing Fourier analysis on
locally compact Hausdorff, abelian groups.

Theorem 6.14. Let G be a locally compact Hausdorff, abelian group.

(i) If f ∈ L1(G) and g ∈ L∞(G) then f ∗ g is bounded and uniformly continuous.

(ii) If f, g ∈ C00(G) then f ∗ g ∈ C00(G) and supp(f ∗ g) ⊂ supp(f) · supp(g).

(iii) For 1 < p <∞ and f ∈ Lp(G), g ∈ Lq(G), we have f ∗ g ∈ C0(G).

Proof.

(i) We have

|f ∗ g(x)| =
∣∣∣∣∫

G
f(xy)g(y−1)dµ(y)

∣∣∣∣ ≤ ‖f‖1‖g‖∞.
For x, z ∈ G, it holds

|f ∗ g(x)− f ∗ g(z)| ≤
∫
G
|f(xy)− f(zy)|

∣∣g(y−1)
∣∣dµ(y)

≤ ‖λ(x−1)f − λ(z−1)f‖1‖g‖∞,

which together with the previous lemma shows (i).

(ii) We already know that f ∗ g is continuous by (i). If f ∗ g(x) 6= 0 and there is y ∈ Gwith
f(xy) 6= 0 and g(y−1) 6= 0, then xy ∈ supp f and y−1 ∈ supp g. Hence x ∈ (supp f)y−1,
meaning that x ∈ supp f · supp g

(iii) Observe first that if f ∈ Lp(G) and g ∈ Lq(G), then, since G is abelian, y 7→ g(y−1)
is in Lq(G). It follows then from Hölder’s inequality that for every x ∈ G, the map
y 7→ f(xy)g(y−1) is in L1(G) and f ∗ g is defined.
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Next we use that since 1 < p < ∞, C00(G) is dense in Lp(G) and Lq(G). Choose
approximating sequences fn and gn in C00(G) that converge to f and g in Lp(G) and
Lq(G) respectively. Then,

|f ∗ g(x)− fn ∗ gn(x)| ≤ |(f − fn) ∗ gn(x)|+ |fn ∗ (gn − g)(x)|
≤ ‖f − fn‖p‖gn‖q + ‖fn‖p‖gn − g‖q,

and hence ‖f ∗ g − fn ∗ gn‖∞ converges to 0 as n→∞. This implies that f ∗ g ∈ C0(G)
since fn ∗ gn ∈ C00(G).



7 The Fourier transform

The material of this chapter is mainly taken from [Ru1] 1.1 and 1.2.

Let G be locally compact abelian Hausdorff. We have seen in Theorem 6.11 that L1(G) with
the convolution product and involution f∗(x) = f(x−1) is an involutive abelian Banach al-
gebra.

Our first task is to identify theGuelfand spectrumofL1(G). Thiswill turn out to be described
by the continuous characters of G. Recall that T = {z ∈ C : |z| = 1}. A character of G is a
homomorphism χ : G −→ T. We denote by Ĝ the set of all continuous characters of G. In
fact, Ĝ is in a natural way an abelian group: if

γ1, γ2 : G −→ T,

define (γ1, γ2)(x) = γ1(x)γ2(x) for each x ∈ G. Then Ĝ with this product is called the dual
group of G. In view of the duality between G and Ĝ, denote γ(x) by (x, γ), for x ∈ G and
γ ∈ Ĝ. With this notation, the expression for the map

G× Ĝ −→ T
(x, γ) 7−→ (x, γ)

makes sense and it in fact suggests that this association satisfies the bilinearity relations:

(x1 · x2, χ) = (x1, χ)(x2, χ)

(x, χ2 · χ2) = (x, χ1)(x, χ2)

(e, χ) = 1, (x, ê) = 1

for every x ∈ G andχ ∈ Ĝ. Recall that the Guelfand spectrum Â of an abelian Banach algebra
A is the set of all non-zero C-algebra homomorphisms A −→ C. Now, given a continuous
character χ ∈ Ĝ and f ∈ L1(G), define

f̂(χ) =

∫
G
f(x)(x, χ)dµ(x)

where µ is a Haar measure.

Theorem 7.1. The map which to every continuous character χ ∈ Ĝ associates the lin-
ear functional

L1(G) −→ C
f 7−→ f̂(χ)

69
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establishes a bijection between Ĝ and L̂1(G).

Proof. Step 1. Given a character χ : G −→ T, the map

f 7−→
∫
G
f(x)(x, χ)dµ(x)

gives a non-zero, continuous (linear) functional on L1(G). Indeed x 7→ (x, χ) is in L∞(G)
and non identically zero. In addition, let f, g ∈ L1(G),

f̂ ∗ g(χ) =
∫
G
dµ(x)(x, χ)

∫
G
f(xy)g(y−1)dµ(y)

=

∫
G
dµ(x)(x, χ)

∫
G
f(xy−1)g(y)dµ(y)

=

∫
G
dµ(y)g(y)(y, χ)

∫
G
dµ(x)f(xy−1)(xy−1, χ)

=

∫
G
dµ(y)(y, χ)

∫
G
dµ(x)f(x)(x, χ)

= ĝ(χ)f̂(χ).

Observe that if χ1, χ2 ∈ G define the same functional on L1(G), then they are µ-a.e. equal,
since L∞(G) is the dual of L1(G). Since open non-empty subsets of G have positive µ-
measure and χ1, χ2 are continuous, this implies that they coincide everywhere. This shows
that Ĝ ↪→ L̂1(G).

Step 2. We have seen that every element in L̂1(G) is given by a continuous linear functional
on L1(G) (Proposition 3.13). Let thus ϕ ∈ L̂1(G). Then there exists Φ ∈ L∞(G), Φ 6= 0 such
that

ϕ(f) =

∫
G
f(x)Φ(x)dµ(x), ∀f ∈ L1(G).

We have to establish that this defines a continuous character. Compute:

ϕ(f ∗ g) =
∫
G
dµ(x)f ∗ g(x)Φ(x) =

∫
G
dµ(x)

∫
G
f(xy−1)g(y)dµ(y)Φ(x)

=

∫
G
dµ(x)

∫
G
f(xy−1)g(y)dµ(y)Φ(x)

=

∫
G
dµ(y)g(y)

∫
G
dµ(x)f(xy−1)Φ(x)

=

∫
G
dµ(y)g(y)ϕ(λ(y)f)

On the other hand,

ϕ(f)ϕ(g) =

∫
G
dµ(y)g(y)Φ(y)ϕ(f)

Since ϕ is a homomorphism, the two expressions are equal for every f, g ∈ L1(G), and hence
for µ-a.e. y ∈ G, it holds that ϕ(λ(y)f) = Φ(y)ϕ(f), for every f ∈ L1(G). Since ϕ is con-
tinuous, Lemma 6.13 (ii) implies that y 7→ ϕ(λ(y)f0)/ϕ(f0) is continuous. Replacing Φ by
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ϕ(λ(y)f0)/ϕ(f0) implies that wemay assume thatΦ is continuous. Then for every f ∈ L1(G)
(not only f0) and almost all y ∈ G, we have

ϕ(λ(y)f) = Φ(y)ϕ(f).

Again, since y 7→ ϕ(λ(y)f) is continuous, the equality above holds for all y ∈ G.

Step 3. Now, replacing y by yξ, we write

Φ(yξ)ϕ(f) = ϕ(λ(yξ)f) = ϕ(λ(y)(λ(ξ)f)) = Φ(y)ϕ(λ(ξ)f) = Φ(y)Φ(ξ)ϕ(f)

and thus Φ(yξ) = Φ(y)Φ(ξ) for every y, ξ ∈ G. If there were some z ∈ G with Φ(z) = 0 then
it would have Φ(yz) = 0 for all y ∈ G, and hence Φ ≡ 0, which is a contradiction. Therefore
Φ: G→ C×, and it is a continuous homomorphism. In addition,

G −→ R∗
>0

y 7−→ |Φ(y)|

has to be identically 1, since |Φ(y)| is bounded. With this, Φ ∈ Ĝ and the proof is done.

For f ∈ L1(G), the function

f̂ : G −→ C
x 7−→

∫
G f(x)(x, χ)dµ(x)

is called the Fourier transform of f . We use the bijection Ĝ −→ L̂1(G) established in The-
orem 7.1 to transport the Guelfand topology of L̂1(G) to a topology on Ĝ. In view of the
definition of the Guelfand topology, a basis of open sets in Ĝ is then given by

U(χ0; f1, . . . , fn; ε) =
{
χ ∈ Ĝ :

∣∣∣f̂i(χ)− f̂i(χ0)
∣∣∣ < ε; 1 ≤ i ≤ n

}
for χ0 ∈ Ĝ, f1, . . . , fn ∈ L1(G) and ε > 0. In other words, we restrict the weak-∗ topology of
L∞(G) to Ĝ ↪→ L∞(G).

Theorem 7.2.

(i) Ĝ is a locally compact Hausdorff space.

(ii) The Fourier transform
L1(G) −→ C0(Ĝ)

f 7−→ f̂

is a norm decreasing ∗-homomorphism of Banach algebras onto a dense sub-
algebra A(Ĝ) ⊂ C0(Ĝ).

(iii) A(Ĝ) is invariant under translations by Ĝ and multiplication by χ 7→ (x, χ) for
every x ∈ G.

(iv) For f ∈ L1(G) and χ ∈ Ĝ,

(f ∗ χ)(x) = (x, χ)f̂(χ), ∀x ∈ G.
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Proof. First, (i) follows from Theorem 3.23. For (ii), notice that under the identification of Ĝ
with L̂1(G), the Fourier transform is really the Guelfand transform. Hence it takes values in
C0(Ĝ). Also, ∣∣∣f̂(χ)∣∣∣ = ∣∣∣∣∫

G
f(x)(x, χ)dx

∣∣∣∣ ≤ ∫
G
|f(x)|dµ(x) = ‖f‖1,

showing that ‖f̂‖∞ ≤ ‖f‖1. Furthermore, ∀χ ∈ Ĝ ∃f ∈ L1(G) with f̂(χ) 6= 0, and as we
observed already, for every χ1 6= χ2 there exists f ∈ L1(G) with f̂(χ1) 6= f̂(χ2). These
properties could also have been deduced from the fact that Ĝ injects into L∞(G) \ {0}.

Finally we verify that if A(Ĝ) =
{
f̂ : f ∈ L1(G)

}
is the image of the Fourier transform, then

A(Ĝ) is invariant under complex conjugation. We prove this by establishing that f 7→ f̂ is a
C∗-homomorphism. Let f ∈ L1(G),

f̂∗(χ) =

∫
G
f(x−1)(x, χ)dµ(x) =

∫
G
f(x−1)(x, χ)dx

=

∫
G
f(x)(x−1, χ)dµ(x) = f̂(χ)

since (x−1, χ) = χ(x−1) = χ(x)−1 = χ(x) = (x, χ). Hence f̂∗(χ) = f̂(χ). Therefore, by the
Stone-Weierstrass theorem, A(Ĝ) is dense in C0(Ĝ).

For (iii), an immediate computation shows that f̂(χχ0) = f̂ · χ−1
0 (χ), which shows the first

assertion. For the second one, it suffices to do a computation to verify that f̂(χ)(x, χ) =
̂λ(x−1)f(χ).

In the following proposition we can find an illustration of the dual behavior of G and Ĝ.

Proposition 7.3. If G is discrete, then Ĝ is compact, and if G is compact then Ĝ is
discrete.

Proof.

(i) When G is discrete then L1(G) has an identity, namely δe. The Guelfand spectrum of
L1(G) is compact, hence Ĝ is compact.

(ii) Assume now that G is compact and let µ be the Haar probability measure on G with
µ(G) = 1. Then we claim that

∫
G γ dµ = δê(γ). Indeed for γ 6= ê,∫

G
γ(x)dµ(x) =

∫
G
γ(yx)dµ(x) =

∫
G
γ(y)γ(x)dµ(x);

this holds for all y ∈ G only if the first term is zero. Let now γ ∈ Ĝ, consider it as in
L1(G), and recall that γ̂ ∈ C0(Ĝ). Then

γ̂(χ) =

∫
G
γ(x)(x, χ)dµ(x) =

∫
G
γ(x)χ−1(x)dµ(x) =

∫
G
(γ · χ−1)(x)dµ(x) = δγ(χ)

This means that γ̂ = δγ , therefore {γ} ⊂ Ĝ is open for all γ ∈ G meaning that G is
discrete.
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So far we have a topology on Ĝmaking it a locally compact Hausdorff space with an abelian
group structure. Our next task is to show that both structures are compatible and that Ĝ is a
locally compactHausdorff group. This depends on an alternative description of the topology
of Ĝ.

Proposition 7.4. The following statements hold

(i) The function
G× Ĝ −→ T
(x, γ) 7−→ γ(x)

is continuous.

(ii) LetK ⊂ G and C ⊂ Ĝ be compact subsets. Then for ε > 0, define

N(K, ε) =
{
χ ∈ Ĝ : |(x, χ)− 1| < ε, ∀x ∈ K

}
N(C, ε) = {x ∈ G : |(x, χ)− 1| < ε, ∀χ ∈ C}

Then N(K, ε) ⊂ Ĝ is open and N(C, ε) ⊂ G is open.

(iii) The family of all setsN(K, ε) and their translates form a basis for the given topol-
ogy of Ĝ.

(iv) Ĝ is a locally compact abelian Hausdorff group.

Proof.

(i) For f ∈ L1(G),

̂λ(x−1)f(χ) =

∫
G
f(xy)(y, χ)dµ(y) =

∫
G
f(y)(x−1y, χ)dµ(x)

= χ(x)

∫
G
f(y)(y, χ)dµ(x) = χ(x)f̂(χ) = (x, χ)f̂(χ).

If we show that for all f ∈ L1(G) the function

G× Ĝ −→ C
(x, χ) 7−→ ̂λ(x−1)f(χ)

is continuous, then we have that the function

G× Ĝ −→ T
(x, χ) 7−→ χ(x)

is continuous on the open sets of the form{
(x, χ) ∈ G× Ĝ : f̂(χ) 6= 0

}
, f ∈ L1(G),

which cover G × Ĝ. This yields a proof of (i). To this end, let (x0, γ0) ∈ G × Ĝ and
ε > 0. Define

V =
{
x ∈ G : ‖λ(x−1)f − λ(x−1

0 )f‖1 < ε
}
,
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an open neighbourhood of x0 ∈ G by Lemma 6.13 (ii), and

W =

{
γ ∈ Ĝ :

∣∣∣∣ ̂λ(x−1
0 )f(γ)− ̂λ(x−1

0 )f(γ0)

∣∣∣∣ < ε

}
= U(γ0;λ(x−1

0 )f ; ε)

is an open neighbourhood of γ0 in Ĝ.

For any (x, γ) ∈ V ×W , we have∣∣∣∣ ̂λ(x−1)f(γ)− ̂λ(x−1
0 )f(γ0)

∣∣∣∣ ≤ ∣∣∣∣ ̂λ(x−1)f(γ)− ̂λ(x−1
0 )f(γ)

∣∣∣∣
+

∣∣∣∣ ̂λ(x−1
0 )f(γ)− ̂λ(x−1

0 )f(γ0)

∣∣∣∣
≤ ‖ ̂λ(x−1)f − ̂λ(x−1

0 )f‖1 + ε < 2ε

Since γ ∈W, ∣∣∣∣ ̂λ(x−1
0 )f(γ)− ̂λ(x−1

0 )f(γ0)

∣∣∣∣ < ε.

This implies that for all (x, γ) ∈ V ×W ,
∣∣∣∣ ̂λ(x−1)f(γ)− ̂λ(x−1

0 )f(γ0)

∣∣∣∣ < 2ε.

(ii) Let K ⊂ G be a compact subset and ε > 0. We want to show that N(K, ε) is open. Let
χ0 ∈ N(K, ε). For every x0 ∈ K there are open sets Ux0 3 x0 and Wχ0 3 χ0 such that
|(x, χ)− 1| < ε for every x ∈ Ux0 and χ ∈Wx0 . This follows directly from (i).

Let y1, ..., yn ∈ K be such that
⋃n

i=1 Uyi ⊃ K and W =
⋂n

i=1Wyi , then |(x, χ)− 1| < ε
for all x ∈ K,χ ∈W 3 x0. This shows thatW ⊂ N(K, ε), thus making it open.

The assertion concerning N(C, ε) is shown by an analogous argument.

(iii) We want to show that the N(K, ε)’s and their translates (by the elements of Ĝ) form a
basis for the topology of Ĝ. Observe that

U(γ0; f1, ..., fn; ε) = γ0 U(ê; f1 ◦ γ−1
0 , ..., fn ◦ γ−1

0 ; ε).

Then it suffices to show that given ε > 0 and f1, ..., fn ∈ L1(G), there exists r > 0 and
K ⊂ G compact such that

N(K, r) ⊂ U(ê; f1, ..., fn; ε) .

For this, choose g1, ..., gn ∈ C00(G) with

‖gi − fi‖1 < ε/3, 1 ≤ i ≤ n.

Then U(ê; g1, ..., gn; ε/3) is contained in U(ê; f1, ..., fn; ε). Let nowK be the union of the
supports of the gi’s, which is compact by definition, and let r < ε/3max1≤i≤n‖gi‖1. For
any γ ∈ N(K, r),

|ĝi(γ)− ĝi(e)| =
∣∣∣∣∫

G
fi(x)[(x, γ)− 1]dµ(x)

∣∣∣∣
=

∫
K
|gi(x)| |(x, γ)− 1|dµ(x) < r‖gi‖1 < ε/3.

Therefore N(K, r) ⊂ U(ê; g1, ..., gn; ε/3), which proves (iii).
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(iv) Let η1, η2 ∈ Ĝ,

|η1(x)η2(x)− 1| = |η1(x)(η2(x)− 1) + η2(x)− 1| ≤ |η2(x)− 1|+ |η1(x)− 1| .

This implies that for everyK ⊂ G compact, and ε > 0,

N(K, ε/2) ·N(K, ε/2) ⊂ N(K, ε).

Now, ∀γ1, γ2 ∈ Ĝ,

[γ1N(K, ε/2)] · [γ2N(K, ε/2)] = γ1γ2N(K, ε/2)N(K, ε/2) < γ1γ2N(K, ε).

This shows the continuity of the multiplication map Ĝ× Ĝ −→ Ĝ. For the inverse, one
verifies that

|η(x)− 1| =
∣∣∣η(x)− 1

∣∣∣ = ∣∣η−1(x)− 1
∣∣ ,

so N(K, ε)−1 = N(K, ε), meaning that

[γN(K, ε)]−1 = γ−1N(K, ε).

Remark. The fact that the setsN(C, ε) together with their translates form a basis of the topol-
ogy of G is highly non-trivial and will be shown in Corollary 9.11 as a consequence of the
Fourier inversion theorem.

Another reformulation of the points (ii) and (ii) in the proposition is given by the following
corollary.

Corollary 7.5. On Ĝ = Homcont(G,Π) the compact-open topology and the weak-*
topology induced by Ĝ ↪→ L∞(G) coincide.

We finish the chapter by discussing some examples.

Example 7.6.

(i) Let G1, G2 be locally compact, abelian Hausdorff. Then every pair (ϕ1, ϕ2) ∈ Ĝ1 × Ĝ2

gives rise to a continuous character of G1×G2, (x1, x2) 7→ ϕ1(x1)ϕ2(x2). The resulting
map Ĝ1 × Ĝ2 → Ĝ1 ×G2 is a bijection.

(ii) Letm ≥ 1 and G = Z/mZ be the cyclic group of orderm. Then the map

Z/mZ −→ Ẑ/mZ
a 7−→ χa

where χa(x) = e
2πiax

m is a group isomorphism.

(iii) If F is a finite abelian group, then F̂ is isomorphic to F .
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(iv) For every α ∈ R,
χα : R −→ T

α 7−→ e2πiαx

is a continuous character, and the induced map R −→ R̂ is an isomorphism of locally
compact abelian groups.

(v) Let T = {ξ ∈ C∗ : |ξ| = 1}. There is a bijection from Z to T̂ given by m 7→ χm, for
χm(ξ) = ξm.

(vi) T is bijective to Ẑ via ξ giving a characterm 7→ ξm.

(vii) As a result the dual group of

G = Rn × Tm × Zl × F,

where F is finite abelian, is isomorphic to

Ĝ ' Rn × Zm × Tl × F.

Observe that the dual thereof iŝ̂
G ' Rn × Tm × Zl × F,

and hence isomorphic toG. We will see that this is a special case of Pontryagin duality.



8 Complex measures

The material of this chapter is a summary of chapter 6 in [Ru3].

We will need to present in a more systematic way the topic of complex measures. This re-
places the very ad-hoc treatment made in section 5.1.

Let X be a set and B ⊂ P(X) a σ-algebra of subsets of X .

Definition 8.1. A complex measure is a set function µ : B −→ C such that whenever
E =

⊔
i∈NEi with Ei ∈ B is a countable partition, then

µ(E) =

∞∑
i=1

µ(Ei),

and this series converges.

Remark.

(i) In contrast with the definition of positive measure, where the possible range is [0,∞],
here we get µ(E) ∈ C for every E ∈ B.

(ii) If σ : N −→ N is any permutation, then E =
⊔∞

i=1Eσ(i) and µ(E) =
∑∞

i=1 µ
(
Eσ(i)

)
.

Thanks to a result by Riemann, this implies that the convergence is absolute, that is∑∞
i=1 |µ(Ei)| <∞.

To any measure one can associate the total variation measure. A natural way to introduce
this is by solving the problem of finding a positive measure λ such that |µ(E)| ≤ λ(E) for
any E ∈ B. For E =

⊔
i∈NEi, we would have

λ(E) =
∞∑
i=1

λ(Ei) ≥
∞∑
i=1

|µ(Ei)| .

This suggest the following definition.

Definition 8.2. Given a complex measure µ, we define its total variation by

|µ|(E) := sup
{ ∞∑

i=1

|µ(Ei)| : E =
∞⊔
i=1

Ei, Ei ∈ B

}
.

77



78 8 Complex measures

Additionally, we set ‖µ‖ = |µ|(X).

A priori this is just a set function |µ| : B −→ [0,∞]. To the end of proving that it actually is a
measure, we introduce the following lemma.

Lemma 8.3. Let ξ1, ..., ξN ∈ C. Then there is a subset S ⊂ {1, ..., N} such that∣∣∣∣∣∑
i∈S

ξi

∣∣∣∣∣ ≥ 1

π

N∑
i=1

|ξ| .

Proof. Let ξk = |ξk| eiαk . Now, given −π ≤ θ ≤ π, define

S(θ) = {k : cos(αk − θ) > 0, 1 ≤ k ≤ N} .

Now we estimate ∣∣∣∣∣∣
∑

k∈S(θ)

ξk

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑

k∈S(θ)

ξke
−iθ

∣∣∣∣∣∣ ≥ Re

 ∑
k∈S(θ)

ξke
−iθ


=

N∑
k=1

|ξk|max {0, cos(αk − θ)} := f(θ)

Let θ0 be such that f(θ0) ≥ f(θ) for all θ ∈ [−π, π]. We obtain

f(θ0) ≥
1

2π

∫ π

−π
f(θ)dθ

but at the same time
1

2π

∫ π

−π
max {0, cos(α− θ)}dθ = 1

π
,

and this implies that ∣∣∣∣∣∣
∑

k∈S(θ)

ξk

∣∣∣∣∣∣ ≥ 1

π

N∑
k=1

|ξk| .

Now we are in position to prove that the total variation is actually a measure on X .

Theorem 8.4. Let µ : B −→ C be a complex measure. Then

(i) |µ|is a positive measure on B.

(ii) |µ|(X) <∞.

Proof. The proof of (i) is very simple and is left as an exercise. We will prove (ii). Let |µ|be
as in the hypotheses, called the total variation measure of µ. Assume that there is E ∈ B for
which |µ|(E) = ∞. Let t = π(1 + |µ(E)|). Since |µ|(E) > t, we can find E =

⊔∞
i=1Ei and N

such that
∑N

i=1 |µ(Ei)| > t. By Lemma 8.3, let S ⊆ {1, . . . , N} be such that∣∣∣∣∣∑
i∈S

µ(Ei)

∣∣∣∣∣ ≥ 1

π

N∑
i=1

|µ(Ei)| >
t

π
.
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Let A =
⊔

i∈S Ei, then |µ(A)| > t/π. Of course, A ⊂ E. Let B = E \A. We get

|µ(B)| = |µ(E)− µ(A)| = |µ(A)− µ(E)| ≥ |µ(A)| − |µ(E)| > t

π
− |µ(E)| = 1.

We conclude that if |µ|(E) = ∞ then E = A t B with |µ(A)| > 1, |µ(B)| > 1. Undoubtedly,
|µ|(A) = ∞ or |µ|(B) = ∞. Assume now that |µ|(X) = ∞: then writing X = A1 t B1

with |µ(A1)| > 1, |µ(B1)| > 1 and |µ|(B1) = ∞. Now split B1 in a similar fashion. In this
way we construct a sequence (An)n∈N of pairwise disjoint sets for which |µ(An)| > 1. This
implies that

∑∞
i=1 µ(Ai) cannot converge. On the other hand, we should have µ(

⊔∞
i=1Ai) =∑∞

i=1 µ(Ai) which should converge, thus reaching a contradiction.

Notice that the spaceM(B) of complex measures on B becomes a normed vector space with
the norm ‖·‖ as in definition 8.2. Also, given a complexmeasure µ one can always decompose
it as µ = µ1 + iµ2, where µ1 and µ2 are both complex measures with values in R. These are
called signed measures.

Definition 8.5. let λ : B → R be a signed measure, define

λ+ =
1

2
(|λ|+ λ)

λ− =
1

2
(|λ| − λ);

then λ+ and λ− are positivemeasureswith λ+(X) <∞, λ−(X) <∞, and λ = λ+−λ−.

Hence a complex measure can be written as µ = (µ+1 − µ
−
1 ) + i(µ+2 − µ

−
2 ) and if f : X 7→ C is

a bounded measurable function, we define∫
X
f dµ =

(∫
X
f dµ+1 −

∫
X
f dµ−1

)
+ i

(∫
X
f dµ+2 −

∫
X
f dµ−2

)
.

This makes sense since f ∈ L1(X,λ) for any positive measure λ for which λ(X) <∞.

If X is locally compact Hausdorff, B will always be the σ-algebra of Borel sets.

Definition 8.6. A complex measure µ : B −→ C will be called regular if |µ|is.

Finally, the main theorem we will discuss in this chapter is the following, and it is of the
utmost relevance because of its applications.

Theorem 8.7 (Riesz representation). For every bounded linear functionalΦ: C0(X) −→
C there is a unique complex regular measure µ defined on the Borel sets such that

Φ(f) =

∫
X
f dµ, ∀f ∈ C0(X).

In addition, ‖Φ‖ = |µ|(X).

Proof. Assume without loss of generality that ‖Φ‖ = 1. The idea for this proof is to construct
a positive linear functional Λ: C00(X) −→ R such that

|Φ(f)| ≤ Λ(|f |) ≤ ‖f‖∞ ∀f ∈ C00(X). (8.1)
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Let λ be the postive regular Borel measure associated to Λ by the other Riesz representation
theorem. In the construction of λ, one sees that

λ(X) = sup {Λ(f) : 0 ≤ f ≤ 1, f ∈ C00(X)} ≤ 1.

Hence we further deduce from (8.1):

|Φ(f)| ≤ Λ(|f |) =
∫
X
|f |dλ = ‖f‖L1(X,λ).

Since C00(X) is dense in L1(X,λ), this implies that Φ extends to a bounded linear functional
on L1(X,λ). Thus there exists a bounded Borel function g : X −→ C such that Φ(f) =∫
X f · g dλ. Now we define µ = gλ.

For f ≥ 0, f ∈ C00(X), we define

Λ(f) = sup {|Φ(h)| : |h| ≤ f, h ∈ C00(X)} .

Themain technical point is to show that if f1, f2 are positive, then Λ(f1+f2) = Λ(f1)+Λ(f2).
After this, one extends Λ to the real valued functions in C00(X) first, via f = f+ − f−, and
then to the whole of C00(X) by linearity.

From now on, we denote byM(X) the space of complex regular measures defined on the
σ-algebra of Borel sets ofX . Additionally, we will refer to µ ∈M(X) taking values in [0,∞)
as bounded positive (regular) Borel measures.

Remark. Since for such a measure µ it holds that µ(X) < ∞, then there is, for any ε > 0, a
compact subsetK ⊂ X such that µ(K) > µ(X)− ε.



9 Abelian harmonic analysis

The main source for this chapter is [Ru1] 1.4, 1.5, 1.7 and 2.1. An alternative source, with a
different approach is [RaVa] chapter 3. The reader of this chapter is then well prepared to
read chapters 4-7 of [RaVa], or alternatively Weil’s book [We].

In this chapter we will prove the basic theorems concerning Fourier analysis on locally com-
pact abelian groups. These comprise Bochner’s theorem, the Fourier inversion formula,
Plancherel’s theorem and Pontryagin duality.

9.1 Positive definite functions

The central result in this section will be Bochner’s theorem, which characterizes continuous
positive definite functions on G as Fourier transforms of positive bounded measures on Ĝ.
We first turn to the notion of positive definite functions.

Definition 9.1. LetG be a group. We say that a functionΦ: G −→ C is of positive type
(or positive definite) whenever each time we have g1, ..., gn ∈ G and c1, ..., cn ∈ C, it
holds that

n∑
i,j=1

cicjΦ(g
−1
j gi) ≥ 0.

Example 9.2. This is the main example we will see throughout the chapter. Let π : G −→
U(H) be a unitary representation on a Hilbert space and v ∈ H, then Φ(g) = 〈π(g)v, v〉 is
positive definite,

n∑
i,j=1

cicjΦ(g
−1
j gi) =

∥∥∥∥∥
n∑

i=1

ciπ(gi)v

∥∥∥∥∥
2

≥ 0.

Naturally, if the unitary representation (π,H) is continuous in the sense that the map

G×H −→ H
(g, v) 7−→ π(g)v

is continuous, then Φ will be continuous as well.

Let us draw a few simple conclusions from our definition.
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Lemma 9.3. Let Φ: G −→ C be positive definite.

(i) Φ(x−1) = Φ(x) for all x ∈ G.

(ii) |Φ(x)| ≤ Φ(e) for every x ∈ G.

(iii) |Φ(x)− Φ(y)|2 ≤ 2Φ(e)Re
(
Φ(e)− Φ(x−1y)

)
for every x, y ∈ G.

Proof. Applying the definition to x1, x2 ∈ G, c1, c2 ∈ C, we get

|c1|2Φ(e)+c1c2Φ(x−1
2 x1) + c2c1Φ(x

−1
1 x2) + |c2|2Φ(e) =

= (|c1|2 + |c2|2)Φ(e) + c1c2Φ(x
−1
2 x1) + c2c1Φ(x

−1
1 x2).

With x1 = e, x2 = x, c1 = 1 and c2 = cwe get

(1 + |c|2)Φ(e) + cΦ(x−1) + cΦ(x) ≥ 0. (9.1)

With c = 0 we get Φ(e) ≥ 0, and with c = 1 we see that

Φ(x−1) + Φ(x) ∈ R.

With c = iwe see that
i
(
Φ(x)− Φ(x−1)

)
∈ R,

and we deduce that

Φ(x) + Φ(x−1) = Φ(x) + Φ(x−1)

−Φ(x) + Φ(x−1) = Φ(x)− Φ(x−1),

which implies Φ(x) = Φ(x−1). With this, (9.1) becomes

(1 + |c|2)Φ(e) + 2Re(cΦ(x)) ≥ 0 ∀c ∈ C.

Choosing c such that cΦ(x) = − |Φ(x)| we obtain 2Φ(e) − 2 |Φ(x)| ≥ 0. This shows (i) and
(ii).

Now, for x1, x2, x3 ∈ G and c1, c2, c3 ∈ C, taking (i) into account, the expression reduces to(
|c1|2 + |c2|2 + |c3|2

)
Φ(e) + 2Re

(
c1c2Φ(x

−2
1 x2)

)
+ 2Re

(
c1c3Φ(x

−1
1 x3)

)
+ 2Re

(
c2c3Φ(x

−1
2 x3)

)
≥ 0.

Taking x1 = e, x2 = x, x3 = y, c1 = 1, c3 = −c2, we get(
1 + 2 |c2|2

)
Φ(e) + 2Re (c2Φ(x))− 2Re (c2Φ(y))− 2 |c2|2 ReΦ(x−1y) ≥ 0.

That is
2 |c2|2

[
Φ(e)− ReΦ(x−1y)

]
+ 2Re [c2(Φ(x)− Φ(y))] + Φ(e) ≥ 0.

Set x2(Φ(x)− Φ(y)) = λ |Φ(x)− Φ(y)|with λ ∈ R. Then we get

2λ2
(
Φ(e)− ReΦ(x−1y)

)
+ 2λ |Φ(x)− Φ(y)|+Φ(e) ≥ 0, ∀λ ∈ R.

Writing that the discriminant has to be smaller or equal to 0 proves (iii).
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Corollary 9.4. Assume G is locally compact Hausdorff. If Φ: G −→ C is positive
definite and continuous at e ∈ G, then it is left and right uniformly continuous on
G.

From now on we may assume that G is locally compact abelian. Then as shown in Proposi-
tion 7.4, its dual Ĝ is locally compact abelian as well. The next example of positive definite
continuous function is central.

Example 9.5. Let µ be a positive bounded measure on Ĝ. Then

Φ(x) =

∫
Ĝ
(x, χ)dµ(χ)

is continuous and positive definite. Observe that since |(x, χ)| = 1 when x ∈ G and χ ∈ Ĝ,
the function χ 7→ (x, χ) is in L1(Ĝ, µ). Next, if x1, ..., xn ∈ G and c1, ..., cn ∈ C, then we have

n∑
i,j=1

cicjΦ(x
−1
j xi) =

∫
Ĝ

n∑
i,j=1

cicj (x−1
j xi, χ)︸ ︷︷ ︸

=(xi,χ)(xj ,χ)

dµ(x) =
∫
Ĝ

∣∣∣∣∣
n∑

i=1

ci(xi, χ)

∣∣∣∣∣
2

dµ(x) ≥ 0

which shows that Φ is positive definite. Next we show continuity at e. For that, let ε > 0 and
C ⊂ Ĝ be a compact subset with µ(C) > µ(Ĝ)− ε. Then

|Φ(x)− Φ(e)| =
∣∣∣∣∫

Ĝ
((x, χ)− 1)dµ(χ)

∣∣∣∣ ≤ ∫
Ĝ
|(x, χ)− 1|dµ(χ)

=

∫
C
+

∫
Ĝ\C
≤
∫
C
|(x, χ)− 1|dµ(χ) + 2ε

but by Proposition 7.4,

N

(
C,

ε

µ(C)

)
=

{
x ∈ G : |(x, χ)− 1| < ε

µ(C)
∀χ ∈ Ĝ

}
is an open neighbourhood of e in G. Thus, for every x ∈ N

(
C, ε

µ(C)

)
,

|Φ(x)− Φ(e)| ≤
∫
C

ε

µ(C)
dµ(χ) + 2ε = 3ε.

By the previous lemma, Φ is continuous everywhere.

Nowwe have a chance to prove Bochner’s theorem, which essentially tells us that every con-
tinuous, positive definite function on a locally compact abelian group is the Fourier transform
of a positive bounded measure on the dual group.

Theorem 9.6 (Bochner). Let G be a locally compact abelian group and Φ: G −→ C
continuous positive definite. Then there is a unique positive bounded measure µ on
Ĝ such that

Φ(x) =

∫
Ĝ
(x, χ)dµ(χ) ∀x ∈ G.
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Proof. We may assume that Φ(e) > 0, since otherwise by Lemma 9.3 (ii), Φ = 0, and it
suffices to take the zero measure to prove the theorem. Then, rescaling Φ by multiplying it
by a positive constant we may assume Φ(e) = 1. Now, let

TΦ(f) =

∫
G
f(x)Φ(x)dλ(x), f ∈ L1(G).

where λ is a fixed Haar measure on G. This defines a continuous linear functional on L1(G)
with ‖TΦ‖ = ‖Φ‖∞ = Φ(e) = 1.

Define on L1(G) a hermitian form

[f, g] = TΦ(f ∗ g∗),

where g∗(x) = g(x−1), the involution on the abelian Banach algebra L1(G). We begin with a
couple of claims.

Claim (First)
We claim that [f, f ] ≥ 0 for every f ∈ L1(G). For this, we first need to obtain a different
expression for [f, f ].

[f, f ] = TΦ(f ∗ f∗) =
∫
G
dλ(x)Φ(x)

∫
G
f(xy)f(y)dλ(y)

=

∫
G
dλ(y)f(y)

∫
G
dλ(x)Φ(x)f(xy) =

∫
G
dλ(x)

∫
G
dλ(y)f(x)f(y)Φ(y−1x).

First, if f ∈ C00(G), then using uniform continuity of (x, y) 7→ f(x)f(y)Φ(y−1x) on
K ×K, where K = supp f , we can partition K =

⊔n
i=1Ei, the Ei being bounded sets

such that the Riemann sum
n∑

i,j=1

f(xi)f(xj)Φ(x
−1
j xi)λ(Ei)λ(Ej), xi ∈ Ei

approximates the integral and hence

0 ≤
∫ ∫

dλ(x)dλ(y)f(x)f(y)Φ(y−1x).

By density of C00(G) in L1(G), and since f 7→ TΦ(f ∗ f∗), we conclude the first claim.

Since [·, ·] is a hermitian form on L1(G) with [f, f ] ≥ 0 for all functions f ∈ L1(G), we
conclude

|[f, g]|2 ≤ [f, f ][g, g] ∀f, g ∈ L1(G).

Claim (Second)
Next, we claim that

|TΦ(f)|2 ≤ [f, f ] = TΦ(f ∗ f∗), ∀f ∈ L1(G).

We compute

[f, g] =

∫
G
dλ(x)

∫
G
dλ(y)f(x)g(y)Φ(y−1x) =

∫
G
dλ(x)f(x)

∫
G
dλ(y)g(y)Φ(y−1x).
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Take now w = χV /λ(V ), where V = V −1 3 e, open with V a compact set. Then

[f, g]− TΦ(f) =
∫
G
dλ(x)f(x) 1

λ(V )

∫
V
dλ(y)

(
Φ(y−1x)− Φ(x)

)
,

and

[g, g]− 1 =
1

λ(V )2

∫
V

∫
V
[Φ(y−1x)− 1]dλ(x)dλ(y),

and since Φ(e) = 1 and Φ is uniformly continuous (by Lemma 9.3), both expressions
can be made arbitrarily small by taking V small enough. This proves the claim.

Set now h = f ∗ f∗, for f ∈ L1(G). Then h∗ = h, and set

hn = hn−1 ∗ h, n = 2, 3, 4.

From the claims we obtain

|TΦ(h)|2 ≤ TΦ(h ∗ h) = TΦ(h
2)

and ∣∣TΦ(h2)∣∣2 ≤ TΦ(h2 ∗ h2) = TΦ(h
4)

on account that h = h∗. Combining the previous,

|TΦ(f)|2 ≤ |TΦ(h)| ≤
∣∣TΦ(h2)∣∣1/2 ≤ ∣∣TΦ(h4)∣∣1/4

and

|TΦ(f)|2 ≤
∣∣TΦ(h2n)∣∣1/2n ≤ ‖h2n‖1/2n1

and this tends to ‖h‖Sp as n→∞ by Corollary 2.6. Now, by Theorem 3.23 and Theorem 7.1,
‖ĥ‖∞ = ‖h‖Sp, and therefore

h = f ∗ f∗, ĥ =
∣∣∣f̂ ∣∣∣2

‖ĥ‖∞ = ‖f̂‖2∞, |TΦ(f)| ≤ ‖f̂‖∞.

In particular, if f̂ = 0, then TΦ(f) = 0. Thus, since A(Ĝ) is dense in C0(Ĝ), TΦ extends to a
bounded linear functional on C0(Ĝ) and hence there is a complex measure µ on Ĝ such that

TΦ(f) =

∫
Ĝ
f̂(γ−1)dµ(γ) =

∫
G
f(x)

∫
Ĝ
(x, γ)dµ(γ).

Therefore Φ(x) is given by integration over Ĝ of (x, γ) against µ for almost all x ∈ G, and
hence for all x both sides of the equality are continuous.

Finally, we show that µ is positive. We have

0 ≤ TΦ(f ∗ f∗) =
∫
Ĝ

∣∣∣f̂(γ−1
)∣∣∣2 dµ(γ).

Now the image of the continuous map

C0(Ĝ) −→ C0(Ĝ)

ϕ 7−→ |ϕ|2
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is precisely the set
{
ϕ ∈ C0(Ĝ) : ϕ ≥ 0

}
, and since A(Ĝ) is dense in C0(Ĝ), we deduce

∫
G
ϕdµ ≥ 0, ∀ϕ ∈ C0(Ĝ), φ ≥ 0.

Let G be a locally compact abelian group, and denote

P (G) = {f : G −→ C : f is continuous and of positive type} .

This is a convex cone. Now, if B(G) is the C-vector space generated by P (G), then B(G) is
a sub-vector space of the space of all bounded continuous functions on G. For a complex
measure µ on Ĝ, let

µ̃(x) =

∫
Ĝ
(x, χ)dµ(χ).

For the moment, we can draw the following conclusion from Bochner’s theorem.

Corollary 9.7. The map µ 7→ µ̃ is a bijectionM(Ĝ) −→ B(G).

Proof. Step 1. Let f ∈ L1(G). Since µ̃ is continuous and bounded,∫
G
f(x)µ̃(x)dλ(x) =

∫
G
dλ(x)f(x)

∫
Ĝ
(x, χ)dµ(χ)

=

∫
Ĝ
dµ(χ)

∫
G
f(x)(x, χ)dλ(x) =

∫
Ĝ
dµ(χ)f̂(χ−1).

If µ̃ = 0, then
∫
Ĝ
f̂(χ−1)dµ(χ) = 0, but A(Ĝ) =

{
f̂ : f ∈ L1(G)

}
is dense in C0(Ĝ). This

implies µ = 0.

Step 2. The map takes its values in B(G),

µ = µ1 + iµ2 = (µ+1 − µ
−
1 ) + i(µ+2 − µ

−
2 ).

Hence the same decomposition takes place with µ̃ and we have seen that if α is a positive
bounded measure then α̃ ∈ P (G). Hence µ̃ ∈ B(G). Finally the subjectivity follows from
Bochner’s theorem.

9.2 The inversion theorem

Theorem 9.8. Given a Haar measure λ on G there exists a unique Haar measure ω on
Ĝ such that

(i) if f ∈ L1(G) ∩B(G) then f̂ ∈ L1(Ĝ).

(ii) for every f ∈ L1(G) ∩B(G) we have

f(x) =

∫
Ĝ
f̂(χ)(x, χ)dω(χ), ∀x ∈ G.



9.2 The inversion theorem 87

Remark. From the hypotheses f ∈ L1(G) ∩ B(G) we have, from Corollary 9.7 that there is
µf ∈M(Ĝ) such that

f(x) =

∫
Ĝ
(x, χ)dµf (χ).

We also know that f̂ is well defined and inC0(Ĝ). The inversion theorem amounts to proving
that µf = f̂ dω. We have to show that µf/f̂ defines a Haar measure on Ĝ.

Lemma 9.9. For every f, g ∈ L1(G) ∩B(G), we have

f̂ dµg = ĝ dµf .

Proof. Let h ∈ L1(G). We compute

h ∗ f(e) =
∫
G
dλ(x)h(x)f(x−1) =

∫
G
dλ(x)h(x)

∫
Ĝ
(x−1, χ)dµf (χ) =

∫
Ĝ
dµf (χ)ĥ(χ).

Now replacing h by h ∗ g we obtain∫
Ĝ
dµf ĥ(χ)ĝ(χ) =(h ∗ g) ∗ f(e) = (h ∗ f) ∗ g(e) =

∫
Ĝ
dµg(χ)ĥ(χ)f̂(χ).

By arbitrariness of h and since A(Ĝ) is dense in C0(Ĝ) the proof is complete.

This lemma says that formally, dµf/f̂ is independent of g. The problem with the strategy
mentioned above for proving the inversion formula is the fact that f̂ can have zeroes. The
following lemma gives a way to fix this issue, and for its proof we will need the following
observation.

Remark. Let f ∈ L2(G). Then f ∗ f∗ is well defined and it belongs in P (G). Hence if f ∈
C00(G) then f ∗ f∗ lies in L1(G) ∩ P (G). Indeed

f ∗ f∗(x) =
∫
G
f(xy)f(y)dλ(y) =

〈
λ(x−1)f, f

〉
,

whereλ : G −→ U
(
L2(G)

)
is a continuous unitary representation andhencex 7→

〈
λ(x−1)f, f

〉
is in P (G).

Lemma 9.10. Given any compact set K ⊂ Ĝ, there is g ∈ C00(G) ∩ P (G) such that
ĝ > 0 onK.

Proof. We know that for any γ ∈ K there is a function uγ ∈ C00(G) with ûγ(γ) 6= 0. Then
there is an open set Vγ 3 γwith ûγ(η) 6= 0 for every η ∈ Vγ . Now,K ⊂

⋃
γ∈K Vγ , and since it is

compact, we can reduce these to finitely many γ’s, namely γ1, ..., γn ∈ K withK ⊂
⋃n

i=1 Vγi .
Let then

g :=

n∑
i=1

uγi ∗ u∗γi ∈ C00(G) ∩ P (G).

It follows that

ĝ(η) =
n∑

i=1

|uγi(η)|
2 > 0, ∀η ∈ K.
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We now come to the proof of Theorem 9.8.

Proof of Theorem 9.8. Let ψ ∈ C00(Ĝ) and pick K ⊃ suppψ compact and g ∈ C00(G) ∩ P (G)
with ĝ > 0 onK. Define

TK,g(ψ) :=

∫
K

ψ(χ)

ĝ(χ)
dµg(χ).

This does not depend on K or g. Indeed, if K ′ ⊃ suppψ is another compact set and g′ ∈
C00(G) ∩ P (G) are such that ĝ′ > 0 onK ′, then

TK,g(ψ) =

∫
K

ψ(χ)

ĝ(χ)
dµg(χ) =

∫
K∩K′

ψ(χ)

ĝ(χ)

ĝ′(χ)

ĝ′(χ)
dµg(χ),

and since ĝ′µg = ĝµg′ this equals∫
K∩K′

ψ(χ)

ĝ′(χ)
dµg′(χ) =

∫
K′

ψ(χ)

ĝ′(χ)
dµg′(χ) = TK′,g′(ψ).

Now we write
T (ψ) =

∫
K

ψ(χ)

ĝ(χ)
dµg(χ),

where K and g are as above. We claim that T : C00(Ĝ) −→ C is a positive linear and Ĝ-
invariant functional.

Linearity. Letting ψ1, ψ2 ∈ C00(Ĝ) andK ⊃ suppψ1 ∪ suppψ2 compact, g ∈ C00(G)∩ P (G)
with ĝ > 0 onK,

T (ψ1 + ψ2) =

∫
K

ψ1(χ) + ψ2(χ)

ĝ(χ)
dµg(χ)

=

∫
K

ψ1(χ)

ĝ(χ)
dµg(χ) +

∫
K

ψ2(χ)

ĝ(χ)
dµg(χ) = T (ψ1) + T (ψ2).

Positivity. Since ĝ > 0 on K and g ∈ P (G), µg is a positive bounded measure. Therefore
T (ψ) ≥ 0 whenever ψ ≥ 0.

Invariance. Letψ ∈ C00(Ĝ) and γ0 ∈ Ĝ. ChooseK ⊃ suppψ compact and g ∈ C00(G)∩P (G)
with ĝ > 0 onK ∪ γ0K. Let f(x) = (x, γ0)g(x). Then

f(x) = (x, γ0)

∫
Ĝ
(x, χ)dµg(χ) =

∫
Ĝ
(x, γ−1

0 χ)dµg(χ).

Hence f(x) =
∫
Ĝ
(x, χ)dµg(χ) = µ̃f (x) with∫

Ĝ
ϕ(χ)dµf (χ) =

∫
Ĝ
ϕ(γ−1

0 χ)dµg(χ), ∀ϕ ∈ C0(Ĝ).

We write

T (λ(γ0)ψ) =

∫
ψ(γ−1

0 γ)

ĝ(γ)
dµg(γ) =

∫
ψ(γ)

ĝ(γ0γ)
dµf (γ) =

∫
ψ(γ)

f̂(γ)
dµf (γ) = T (ψ)

since

ĝ(γ0γ) =

∫
Ĝ
(x, γ0)(x, γ)g(x)dλ(x) =

∫
G
f(x)(x, γ)dλ(x) = f̂(γ).
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Let thus ω be the corresponding Haar measure representing T . Let ψ ∈ C00(Ĝ) and f ∈
L1(G) ∩B(G). Pick g ∈ C00(G) ∩ P (G) such that ĝ > 0 onK = suppψ. Then∫

ψ dµf =

∫
ψ

ĝ
ĝ dµf =

∫
ψ

ĝ
f̂ dµg = T (ψf̂) =

∫
ψf̂ dω.

We conclude that µf = f̂ dω, which proves the inversion formula.

We turn to an important consequence of the inversion theorem. Recall from Chapter 7 that
for C ⊂ Ĝ compact and r > 0 we have defined

N(C, r) = {x ∈ G : |(x, γ)− 1| < r ∀γ ∈ C} ,

and have shown that it is an open set. In fact, it is an open neighborhood of e ∈ G. We have
the following result.

Corollary 9.11. The set{
gN(C, r) : g ∈ G,C ⊂ Ĝ compact, r > 0

}
is a basis of the topology of G.

Proof. Wewill show that every neighbourhood of the identity contains one of these sets, from
which the corollary follows. Let V 3 e be an open neighborhood of e andW 3 e a compact
neighborhood of the identity such thatW ·W−1 ⊂ V . Let f = χW /

√
λ(W ) and g = f ∗ f∗.

The strategy is to find C ⊂ Ĝ compact such that if x ∈ N(C, 1/3), then g(x) > 0. This implies
x ∈ supp g ⊂W ·W−1 ⊂ V , and thus N(C, 1/3) ⊂ V .

Now, g ∈ C00(G), since it is the convolution of two compactly supported functions, and
additionally g ∈ P (G): we can apply the inversion theorem,

g(x) =

∫
Ĝ
ĝ(γ)(x, γ)dω(γ), (9.2)

with ω the Haar measure on Ĝ for which the inversion formula holds. For x = e, we get

g(e) = f ∗ f∗(e) =
∫
G
|f(y)|2 dy

=

∫
W

1

λ(W )
dλ(y) = 1

Now, ĝ(γ) =
∣∣∣f̂(γ)∣∣∣2 ≥ 0, and together with (9.2), we have 1 =

∫
Ĝ
ĝ(γ)dω(γ). Let C ⊂ Ĝ be

compact with ∫
C
ĝ(γ)dω(γ) > 2

3
.

Let x ∈ N(C, 1/3), and write (9.2),

g(x) =

∫
C
ĝ(γ)(x, γ)dω(γ) +

∫
Ĝ\C

ĝ(γ)(x, γ)dω(γ)

=

∫
C
ĝ(γ)Re (x, γ)dω(γ) +

∫
Ĝ\C

ĝ(γ)Re (x, γ)dω(γ)
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Since the second term in the right-hand side is smaller than 1/3 in absolute value, and since
|1− (x, γ)| < 1/3 for every γ ∈ C and x ∈ N(C, 1/3), then Re (x, γ) > 2/3, and we can
estimate the first term in the right-hand side,∫

C
ĝ(γ)Re(x, γ)dω(γ) > 2

3

∫
C
ĝ(γ)dω(γ) > 4

9
.

We end up with g(x) > 4/9− 1/3 = 1/9 > 0.

The next corollary, is one of the key results that will later allow us to prove Pontryagin dual-
ity.

Corollary 9.12. The set Ĝ separates points in G. This means, that for all x1 6= x2 in G
there exists χ ∈ Ĝwith χ(x1) 6= χ(x2).

Proof. We have x−1
1 x2 6= e, so we may pick an open neighborhood V of e with x−1

1 x2 /∈ V

since G is Hausdorff. By Corollary 9.11 we may find a non-empty, compact set C ⊂ Ĝ with
N(C, 1/3) ⊂ V . Hence x−1

1 x2 /∈ N(C, 1/3), and therefore there exists χ ∈ C such that∣∣(x−1
1 x2, χ)− 1

∣∣ ≥ 1/3, implying that χ(x1) 6= χ(x2).

Example 9.13.

(i) Let G = R, χ(t) = exp(2πit), and identify R and R̂ via a 7→ χa, being χa(t) = χ(at).
With this, if L is the Lebesgue measure on R, then

f̂(a) =

∫
R
f(t)e−2πiat dL(t), f(t) =

∫
R
f̂(a)e2πiat dL(a),

for f ∈ L1(R) ∩ P (R).

(ii) TakeG = Qp. Fix a continuous character χ : Qp −→ Twith kerχ = Zp. This is possible
since the discrete group Qp/Zp is isomorphic to a subgroup of T, namely{

ξ ∈ T : ∃n ≥ 1, ξp
n
= 1
}

Identify Q̂p with Qp via a 7→ χa where χa(t) = χ(at).

Let λ be the Haarmeasure onQp with λ(Zp) = 1. Then λ is also the right normalization
for the dual Haar measure. (Hint: χ̂Zp = χZp).

(iii) If G is compact, we have seen that Ĝ is discrete. Let λ be the Haar measure on G with
λ(G) = 1. We have see that in this case

1̂G(χ) =

{
1, χ = ê

0, χ 6= ê.

Hence 1G =
∑

γ∈Ĝ δê(γ), which implies that the dual measure ω on Ĝ is the counting
measure.



9.3 The Plancherel Theorem 91

9.3 The Plancherel Theorem

In this section we will prove Plancherel’s Theorem and draw some consequences from it,
among which there is a characterization of A(Ĝ) in terms of L2(Ĝ). We fix Haar measures λ
on G and ω on Ĝ such that the inversion theorem holds.

Theorem 9.14 (Plancherel). The Fourier transform f 7→ f̂ defined on L1(G) ∩ L2(G)
extends to an isometric isomorphism L2(G) −→ L2(Ĝ).

Proof. Let f ∈ L1(G)∩L2(G), then g = f ∗ f∗ ∈ L1(G)∩P (G). The inversion theorem holds
and in particular∫

G
|f(x)|2 dλ(x) = g(e) =

∫
Ĝ
ĝ(γ)dω(γ) =

∫
Ĝ

∣∣∣f̂(γ)∣∣∣2 dω(γ).
Hence ‖f‖22 = ‖f̂‖22 for every f ∈ L1(G) ∩ L2(G). It remains to show that the subspace
L =

{
f̂ : f ∈ L1(G) ∩ L2(G)

}
is dense in L2(Ĝ).

Let ψ ∈ L2(Ĝ) and assume∫
Ĝ
f̂(γ)ψ(γ)dω(γ) = 0, ∀f ∈ L1(G) ∩ L2(G).

Since L1(G)∩L2(G) is translation invariant, the function γ 7→ (x, γ)f̂(γ) is also in L for each
x ∈ G. Therefore∫

Ĝ
f̂(γ)ψ(γ)(x, γ)dω(γ) = 0 ∀f ∈ L1(G) ∩ L2(G),∀x ∈ G.

Nowobserve thatµ := f̂ψω ∈M(Ĝ) since both functions belong toL2 and thus their product
is in L1. Then µ̃ = 0, where

µ̃(x) =

∫
Ĝ
(x, γ)dγ.

In Corollary 9.7 we showed that the map µ 7→ µ̃ is an isomorphism, so by the injectivity this
implies thatµ = 0 and thus for all f ∈ L1(G)∩L2(G) it holds that f̂ ·ψ = 0 almost everywhere.
Now, by Lemma 9.10, given any V ⊂ G open with V compact, there exists g ∈ C00(G) with
ĝ > 0 on V . Therefore ψ = 0 a.e. and the theorem is proved.

We will again denote by f 7→ f̂ the isomorphism of Hilbert spaces L2(G) −→ L2(Ĝ). Notice
that care must be taken since if f ∈ L2(G)\L1(G), then f̂ is not given by the familiar integral
formula.

Corollary 9.15 (Parseval’s formula). For every f, g ∈ L2(G) we have∫
G
f(x)g(x)dλ(x) =

∫
Ĝ
f̂(γ)ĝ(γ)dω(γ).

The proof is simple: a linear isometry preserves the norm, and hence also the scalar product.
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Theorem 9.16. The following holds true

A(Ĝ) =
{
F1 ∗ F2 : F1, F2 ∈ L2(Ĝ)

}
.

Proof. Recall from Theorem 6.14 that for any F1, F2 ∈ L2(Ĝ), F1 ∗ F2 is well defined and lies
in C0(Ĝ). Let f, g ∈ L2(G), and u(x) = g(x)(x, γ0). We compute∫

G
f(x)g(x)(x, γ0)dλ(x) =

∫
G
f(x)u(x)dλ(x) =

∫
Ĝ
f̂(γ)û(γ)dω(γ)

=

∫
Ĝ
f̂(γ)ĝ(γ0γ

−1)dω(γ) = f̂ ∗ ĝ(γ0).

Hence f, g ∈ L2(G) implies f̂g(γ0) = f̂ ∗ ĝ(γ0). Applying Plancherel’s theorem, and using
the surjectivity of the Fourier transform, for F1, F2 ∈ L2(Ĝ) we find f1, f2 ∈ L2(G) such that
f̂i = Fi. We obtain

(f̂1f2)(γ0) = F1 ∗ F2(γ0) ∈ A(Ĝ).

Conversely for h ∈ L1(G), write h(x) := |h(x)| · ψ(x) where

ψ(x) =

{
h(x)/ |h(x)| if h(x) 6= 0

1 otherwise.

Define f(x) =
√
|h(x)| and g(x) = f(x)ψ(x). Then f, g ∈ L2(G), h = f · g and ĥ = f̂ ∗ ĝ

therefore A(Ĝ) ⊆
{
F1 ∗ F2 : F2 ∈ L2(Ĝ)

}
, therefore concluding the proof.

The following consequence will be used in the Pontryagin duality theorem.

Proposition 9.17. Let E ⊂ Ĝ be non-empty and open. Then there is ψ ∈ A(Ĝ) with
ψ 6= 0 and ψ|

Ĝ\E = 0.

Proof. Pick any γ0 ∈ E, and using the continuity at (γ0, e) ∈ Ĝ × Ĝ of the product map we
can find compact neighborhoodsK 3 γ0 and F 3 ewithKF ⊂ E. Then

ψ = 1K ∗ 1F ∈ A(Ĝ), ψ 6= 0.

However, suppψ ⊂ KF ⊂ E, which means that the restriction of ψ to Ĝ \ E must be 0.

9.4 The Pontryagin Duality Theorem

Let G be a locally compact abelian group, with Ĝ locally compact abelian as well. Hence, ̂̂G
is locally compact abelian, and everything we have proved about the pair (G, Ĝ) holds for
(Ĝ,

̂̂
G). We have seen that

G× Ĝ −→ T
(x, γ) 7−→ γ(x)

is continuous, hence for all x ∈ G,
Ĝ −→ T
γ 7−→ γ(x)
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is a continuous character on Ĝ, which we denote by α(x) ∈ ̂̂G. Therefore

(x, γ) = (γ, α(x)).

Theorem 9.18. The map α : G −→ ̂̂
G is an isomorphism of locally compact abelian

groups.

Proof. First, we prove it is a homomorphism. For that,

(γ, α(x1x2)) = (x1x2, γ) = (x1, γ)(x2, γ) = (γ, α(x1))(γ, α(x1)).

Therefore, for all γ ∈ Ĝ, α(x1x2) = α(x1)α(x2).

Now we prove injectivity. Let x1 6= x2, by Corollary 9.12, Ĝ separates points in G. Hence
there exists γ ∈ Ĝ such that (x1, γ) 6= (x2, γ), that is, (γ, α(x1)) 6= (γ, α(x2)). Therefore
α(x1) 6= α(x2).

Nowwe prove that α : G −→ α(G) ⊂ ̂̂
G is a homeomorphism onto its image, where of course

α(G) has the topology induced by ̂̂G. For every C ⊂ Ĝ and r > 0, let

NG(C, r) = {x ∈ G : |(x, γ)− 1| < r, ∀γ ∈ C} .

By Corollary 9.11, the family of NG(C, r) for C ⊂ Ĝ compact and r > 0 is a basis of open
neighbourhoods of e in G. Now,

N ̂̂
G
(C, r) =

{
χ ∈ ̂̂G : |(γ, χ)− 1| < r, ∀γ ∈ C

}
3 ̂̂e,

which follows from the continuity of the duality. By Proposition 7.3 these constitute open
neighbourhoods of ̂̂e.
Now, let us compute what α(NG(C, r)) looks like. If x ∈ NG(C, r), then |(x, γ)− 1| < r,
which is the same as saying |(γ, α(x))− 1| < r, and that is α(x) ∈ N ̂̂

G
(C, r), since it holds for

all γ ∈ C. This implies that

α(NG(C, r))) = N ̂̂
G
(C, r) ∩ α(G).

That is, α : G −→ α(G) is continuous at e, and α−1 : α(G) −→ G is continuous at ̂̂e. Now,
since they are continuous at the identity, they are continuous everywhere, meaning that α is
a homeomorphism onto its image. Hence α(G) ⊂ ̂̂

G is locally compact.

Fact from topology: If X is locally compact Hausdorff, then a subspace Y ⊂ X is locally compact
if and only if it is open in Y . We are going to use one of these directions.

Hence α(G) is an open subgroup of α(G). Thus, α(G) is closed in α(G) ⊂ ̂̂
G, which implies

that α(G) is closed in ̂̂G, meaning that it is equal to its closure, α(G) = α(G). Now, if α(G) 6=̂̂
G, by Proposition 9.17, we can find ψ ∈ A( ̂̂G) with ψ|α(G) = 0, ψ 6= 0, and ψ = f̂ for some
f ∈ L1(Ĝ). We have ∀x ∈ G, f̂(α(x)) = ψ(α(x)) = 0, so

f̂(α(x)) =

∫
Ĝ
f(γ)(γ, α(x))dω(γ) =

∫
Ĝ
f(γ)(x, γ)dω(γ) = 0

for every x. By the injectivity part of Corollary 9.7, f = 0 and thus ψ = 0, which yields a
contradiction.
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9.5 Some consequences of the duality theorem

We will now explore some consequences of this duality theorem. Given a complex measure
µ ∈M(G) on Gwe can define its Fourier transform as

µ̂(γ) =

∫
G
(x, γ)dµ(x).

This extends the Fourier transform on L1(G) via the identification of L1(G) with a subspace
ofM(G) by

L1(G) −→M(G)
f 7−→ f · λ,

where λ is a fixed Haar measure on G. By duality, all the theorems that hold for (G, Ĝ) hold
for (Ĝ,G) as well. The next result follows for instance from Corollary 9.7.

Corollary 9.19. The map
M(G) −→ B(Ĝ)
µ 7−→ µ̂

is a C-linear bijection.

Using the notation of Corollary 9.7, µ̃(γ) = µ̂(γ−1), from which the result follows. Another
example of this phenomenon is the following corollary.

Corollary 9.20. Let µ ∈ M(G) and assume µ̂ ∈ L1(Ĝ). Then there is f ∈ L1(G) such
that µ = f · λ and

f(x) =

∫
Ĝ
µ̂(γ)(x, γ)dω(γ)

for almost every x ∈ G.

Proof. By the hypotheses (see Corollary 9.19) µ̂ ∈ L1(Ĝ) ∩B(Ĝ). Define

f(x) =

∫
Ĝ
µ̂(γ)(x, γ)dω,

then by the inversion theorem we have f ∈ L1(G) and

µ̂(γ) =

∫
G
f(x)(x, γ)dλ(x).

But by definition it also holds that µ̂(γ) =
∫
G (x, γ)dµ(x). The uniqueness result in Corollary

9.19 now implies that µ = f · λ.

A very useful corollary is the following version of the inversion theorem.

Corollary 9.21. Assume f ∈ L1(G) ∩ C(G) and assume f̂ ∈ L1(Ĝ). Then

f(x) =

∫
Ĝ
f̂(γ)(x, γ)dω(γ), ∀x ∈ G.
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The next application concerns the following situation. Let H < G be a closed subgroup of
G. There is a canonical projection p : G −→ G/H , when G/H is endowed with the quotient
topology. In this way,G/H is locally compact abelian Hausdorff, and p is a continuous open
homomorphism. Another operation one may consider is, givenH , to define

H⊥ =
{
γ ∈ Ĝ : (h, γ) = 1, ∀h ∈ H

}
< Ĝ.

This is also a closed subgroup.

Theorem 9.22. The following canonical isomorphisms hold true

Ĝ/H ' H⊥, Ĥ ' Ĝ/H⊥.

Proof. The first assertion follows from the fact that the map

Ĝ/H −→ H⊥

χ 7−→ χ ◦ p

is an isomorphism. By Pontryagin duality we have, from the preceding fact, that

̂̂
G/H⊥ = H⊥⊥.

It remains to verify that H⊥⊥ recovers H .

First, it is clear that H ⊂ H⊥⊥. If equality were not true, then there is x ∈ H⊥⊥ \H . Hence
p(x) 6= e in the quotient G/H . But then there is χ ∈ Ĝ/H with χ(p(x)) 6= 1. However,
χ ◦ p ∈ H⊥, hence χ ◦ p(x) = 1 since x ∈ H⊥⊥, which yields a contradiction.

Another consequence we obtain is the following.

Corollary 9.23. LetH < G be a closed subgroup. Then every continuous character on
H extends to a continuous character on G.

Proof. Let φ ∈ Ĥ . By Theorem 9.22 we may view φ as an element in Ĝ/H⊥. Hence, there
must exist an element χ ∈ Ĝ which projects onto φ under the canonical projection. So we
have χ|H = φ.

An interesting application of Theorem 9.22 is the following result.

Corollary 9.24. Let Γ < G be a discrete subgroup with G/Γ compact. Then Γ⊥ < G is
a discrete subgroup and Ĝ/Γ⊥ is compact.

Proof. Since G/Γ is compact, Ĝ/Γ ' Γ⊥ is discrete. Now, since Ĝ/Γ̂ ' and Γ is discrete, Γ̂ is
compact and hence Ĝ/Γ⊥ is compact.

Example 9.25. G = Rn, let 〈·, ·〉 be the usual inner product on Rn. We identify Rn −→
R̂n, v 7→ χv where χv(w) = e2πi〈v,w〉. A discrete subgroup Λ ⊂ Rn with Rn/Λ compact is
called lattice. For example, if v1, . . . , vn form a basis of Rn, then Λ = Zv1+ · · ·Zvn is a lattice
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inRn. Moreover, one can show that every lattice inRn is of this form. Using the identification
of Rn with R̂n we can write

Λ⊥ = {v ∈ Rn : ∀w ∈ Λ, 〈v, w〉 ∈ Z} = {v ∈ Rn : ∀1 ≤ i ≤ n, 〈v, vi〉 ∈ Z} .

This gives for example (Zn)⊥ = Zn.

Example 9.26. Recall that the ring of adeles AQ of Q is defined as the subset(x∞, xp, ...) ∈ R×
∏
p∈P

Qp with xp ∈ Zp for all but finitely many p’s

 .

Endowed with an appropriate topology it is a locally compact ring. Recall that for x ∈ Qp

there is a convergent series representation

x =

∞∑
k=m

akp
k, m ∈ Z.

Its fractional part is defined as

{x} :=
−1∑
k=m

akp
k.

Then
(x∞, xp, ...) 7−→ e2πi{x∞}

∏
p∈P

e−2πi{xp}

defines a continuous character χ of the additive group AQ. Then

(i) The map
AQ −→ ÂQ
a 7−→ χa,

where χa(b) = χ(ab) is an isomorphism of locally compact abelian groups.

(ii) Under this identification, Q⊥ = Q.

Thus Theorem 9.22 implies that the dual Q̂ of the discrete group is given by AQ/Q, which is
compact.

We turn to a further application that involves a closed subgroup H < G, its orthogonal
H⊥ < G⊥ and the Fourier transform for functions on G, namely the Poisson formula. We
will present a special case thereof for Γ < G discrete with G/Γ compact.

Definition 9.27. We say that a continuous f : G −→ C is uniformly summable over Γ
if ∑

γ∈Γ
|f(gγ)|

converges uniformly for g on compact subsets of G.
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We call TΓf(ġ) :=
∑

γ∈Γ f(gγ) the resulting function, where ġ = gΓ indicates that the right
hand side as a function of g is Γ-invariant. Then it is an exercise to check that

TΓf ∈ C(G/Γ).

Theorem9.28 (Weil’s formula). Given aHaarmeasureα onG/Γ, there is a uniqueHaar
measure λ on G such that for all f ∈ C(G) ∩ L1(G) uniformly summable over Γ,∫

G
f(g)dλ(g) =

∫
G/Γ

dα(ġ)(TΓf) (ġ).

Let us observe that C00(G) is contained in the space of uniformly summable functions over
Γ and for those, the theorem follows readily. The Poisson formula is then formulated as
follows.

Theorem 9.29 (Poisson’s formula). Let Γ < G be discrete with G/Γ compact. Let α be
the Haar measure onG/Γwith α(G/Γ) = 1 and λ be the corresponding Haar measure
onG. Let f ∈ L1(G)∩C(G), uniformly summable over Γ and assume f̂ |Γ⊥ is in `1(Γ⊥).
Then ∑

γ∈Γ
f(γ) =

∑
η∈Γ⊥

f̂(γ).

Proof. We are going to use the Fourier inversion formula in its form given by Corollary 9.21.
Since α(G/Γ) = 1, the normalized dual Haar measure on Γ⊥ = Ĝ/Γ is just the counting
measure. Given f as in the statement of the theorem, let us compute T̂Γf(χ), where χ ∈ Γ⊥

and ·̂ refers to the Fourier transform on G/Γ. We have

T̂Γf(χ) =

∫
G/Γ

TΓf(ġ) · (ġ, χ)dα(ġ).

Now observe that
TΓf(ġ)(ġ, χ) =

∑
γ∈Γ

f(gγ)(gγ, χ)

since χ ∈ Γ⊥. Hence by Weil’s formula, we get

T̂Γf(χ) = f̂(χ).

Since TΓf lies in C(G/Γ) ⊂ L1(G/Γ) and L1(Γ⊥) 3 f̂ |Γ⊥ = T̂Γf , the inversion formula
applied at ė ∈ G/Γ gives

TΓf(ė) =
∑
η∈Γ⊥

T̂Γf(η) =
∑
η∈Γ⊥

f̂(η).

Taking into account that
Tγf(ė) =

∑
γ∈Γ

f(γ)

establishes the formula.



10 Wiener’s theorem

The material on Regular Algebras is taken from [GeRaSh], 6.34 and 6.36.

The first form of Wiener’s theorem is described in the following statement.

Theorem 10.1 (Wiener). Let f ∈ L1(G). Then the ideal I =
{
g ∗ f : g ∈ L1(G)

}
gen-

erated by f is dense in L1(G) if and only if f̂(χ) 6= 0 for every χ ∈ Ĝ.

This admits a reformulation in terms of the translation invariance of L1(G) generated by f
provided one shows the next proposition.

Proposition 10.2. A closed vector subspace ofL1(G) is an ideal if and only if it is trans-
lation invariant.

An important consequence is the Wiener Tauberian theorem.

Theorem 10.3 (Wiener Tauberian theorem). Assume Φ ∈ L∞(G) and f ∈ L1(G) to be
such that f̂(χ) 6= 0 for every χ ∈ Ĝ, and

f ∗ Φ(x) −→ af̂(e), as x→∞.

Then
g ∗ Φ(x) −→ aĝ(e), as x→∞

holds for every g ∈ L1(G).

In fact Wiener’s theorem will immediately follow from the following result.

Theorem 10.4. Le I ⊂ L1(G) be an ideal such that
{
χ ∈ Ĝ : f̂(χ) 6= 0 ∀f ∈ I

}
is

empty. Then I is dense in L1(G).

10.1 Regular Banach algebras

In all this section, B will be a Banach algebra with identity e. Therefore B̂, its Guelfand
spectrum, is a compact set.

98
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Definition 10.5. A semisimple Banach algebraB is regular if for all F ( B closed and
χ /∈ F there exists a ∈ B with â|F = 0 and â(χ) 6= 0.

Given a closed subset F ⊂ B̂, we denote I(F ) = {a ∈ B : â|F = 0} and given any ideal
I ⊂ B, we let

Z(I) =
{
χ ∈ B̂ : â(χ) = 0 ∀a ∈ I

}
.

Observe that when B is regular,
Z(I(F )) = F

for every closed subset F ⊂ B̂. Our objective is to prove the next theorem.

Theorem 10.6. Let B be a regular Banach algebra and F ⊂ B̂ closed. Then among all
ideals I ⊂ B with Z(I) = F , there is a minimal one J(F ) given by

J(F ) = {a ∈ B : â vanishes in a neighborhood of F} .

For this we will need the following lemma.

Lemma 10.7. Let B be regular, F ⊂ B closed. Then composing a non-zero character
of B/I(F ) with the projection B −→ B/I(F ) identifies B̂/I(F ) with F .

Proof. Let χ ∈ F . Then â(χ) = 0 for every a ∈ I(F ) and hence χ factors via the projection
pr : B −→ B/I(F ). Conversely, let χ ∈ B̂/I(F ). Then χ composed with the projection
belongs in B̂. If it were not in F , then by regularity there exists a ∈ B with â|F = 0 and
â(χ◦pr) 6= 0, that is, a ∈ I(F ) and χ(pr(a)) 6= 0, which is a contradiction since pr(a) = 0.

Lemma 10.8. LetB be regular and I ⊂ B any ideal and F ⊂ B̂ closed with F ∩Z(I) =
∅. Then there is a ∈ I with â|F = 1.

Proof. Consider the projection pr : B −→ B/I(F ). The maximal ideals of B/I(F ) are given
by pr(I {χ}), for χ ∈ F (see Lemma 10.7). By the hypotheses, pr(I) is not contained in
pr(I {χ}), hence pr(I) = B/I(F ). Therefore, in particular, there is a ∈ I such that pr(a) =
pr(e), and a− e ∈ I(F ). Hence â|F = 1.

We can now tackle the proof of Theorem 10.6.

Proof of Theorem 10.6. Step 1. First, Z(J(F )) = F : indeed, pick x /∈ F and O ⊃ F open with
x /∈ O. Then by regularity we can find a ∈ B with a(x) 6= 0 and a|O = 0, hence a ∈ J(F ).

Step 2. Let I ⊂ B be any ideal with Z(I) = F . Let a ∈ J(F ) and define

F1 =
{
x ∈ B̂ : â(χ) = 0

}
⊃ F

and F2 := B̂ \ F1. Since a ∈ J(F ), we have F2∩F = ∅ and by Lemma 10.8 there is x ∈ I with
x̂|F2 = 1. Then x̂ · â = â and hence by semisimplicity,

x · a = a,

which implies a ∈ I and hence J(F ) ⊂ I .
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10.2 Applications to L1(G)

The preceding results will be applied to B = L1(G)⊕ C · e, so that B̂ = βĜ is the one point
compactification of Ĝ.

Lemma 10.9. The algebra B is regular.

Proof. We already know thatB is semisimple. For regularity, letF ⊂ B̂ be closed andχ0 /∈ F .
There are two cases. The first one is when F ⊂ βĜ and χ0 6= {∞}. Then we know that there
is f ∈ L1(G) with f̂ |

F∩Ĝ = 0 and f̂(χ0) 6= 0 (Proposition 9.17). In all cases we have that
f̂(∞) = 0.

The second case happens when F ⊂ Ĝ and χ0 =∞. Then F is compact. Let V ⊂ Ĝ be open
with V compact, and define

f(χ) =
χFV ∗ χV −1

ω(FV )
(χ), ∀χ ∈ Ĝ.

Then f ∈ A(Ĝ) and ∀χ ∈ F , f(χ) = 1, which can be checked by simply integrating over
V . Thus we find that f = û, for u ∈ L1(G) satisfying û|F = 1. Then u − e ∈ B satisfies
û− e|F = 0 and û− e(∞) = −1.

Lemma 10.10. The ideal

J(∞) =
{
f ∈ L1(G) : f̂ ∈ C00(Ĝ)

}
is dense in L1(G).

Proof. First, the subspace

X =
{
g ∈ L2(G) : ĝ is compactly supported

}
is dense in L2(G) by Plancherel’s theorem. Thus,

{v = gh : g, h ∈ X}

is dense in L1(G). But v̂ = ĝ ∗ ĥ ∈ C00(Ĝ), from which the lemma follows.

Now we prove Theorem 10.4.

Proof of Theorem 10.4. Let I ⊂ L1(G) be an ideal with the stated assumption. Then I ⊂ B is
an ideal as well and Riemann-Lebesgue implies Z(I) = {∞}. By Theorem 10.6,

I ⊃ J({∞})

and the latter is dense in L1(G) by Lemma 10.10.

Now, we have showed Theorem 10.4, which immediately implies Theorem 10.1. In fact, the
logic for Theorem 10.3 (Wiener’s Tauberian formula) is to first establish Proposition 10.2 and
thenmake it follow from Theorem 10.4. In order to prove Proposition 10.2, we use the Hahn-
Banach theorem, which implies that if I ⊂ L1(G) is a closed subspace, then I =

⋂
kerL,
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where the intersection is taken over all L ∈ L1(G)∗ with kerL ⊃ I . Now let I be translation
invariant and Φ ∈ L∞(G) such that kerLΦ̌ ⊃ I , where

LΦ̌(f) =

∫
G
f(x)Φ(x−1)dλ(x).

Since with f ∈ I , λ(y)f ∈ I , it follows that

kerLΦ̌ ⊃ I ⇐⇒ f ∗ Φ = 0, ∀f ∈ I.

Proof of Proposition 10.2. If I is closed, translation invariant and kerLΦ̌ ⊃ I , then f ∗ Φ = 0
for every f ∈ I . Hence, if g ∈ L1(G), g ∗ f ∗ Φ = 0, from which it follows by evaluating at e
that

LΦ̌(g ∗ f) = 0.

Hence g ∗ f ∈ kerLΦ̌ and thus g ∗ f ∈ I . Therefore, I is an ideal.

Let I be a closed ideal and Φ ∈ L∞(G) with I ⊂ kerLΦ̌. Then, for any g ∈ L1(G), f ∗ g ∈ I
and

0 = LΦ̌(f ∗ g) = f ∗ g ∗ Φ(e) = f ∗ Φ ∗ g(e),

that is ∫
G
(f ∗ Φ)(x)ǧ(x)dλ(x) = 0

for every g ∈ L1(G) and for the bounded continuous function f ∗Φ we have f ∗Φ = 0. This,
however, can be rewritten as

LΦ̌

(
λ(y−1)f

)
= 0, ∀y ∈ G,

meaning that λ(y)f ∈ kerLΦ̌. This implies that λ(y)f ∈ I for every y ∈ G, and thus I is
translation invariant.

We complete the discussion with the proof of Theorem 10.3.

Proof of Theorem 10.3. Observe that the hypothesis

f ∗ Φ(x) −→ af̂(e), x→∞

can be written as
f ∗ (Φ− a1)(x) −→ 0, x→∞.

Thus, we may assume a = 0, and hence f ∗ Φ ∈ C0(G). Consider

I :=
{
g ∈ L1(G) : g ∗ Φ ∈ C0(G)

}
.

Clearly I is translation invariant since C0(G) is. Moreover, the map g 7→ g ∗ Φ defined on
L1(G) takes its values in the space Cb(G) of continuous bounded functions, and

‖g ∗ Φ‖∞ ≤ ‖g‖1‖Φ‖∞,

that is, it is a bounded operator. SinceC0(G) is closed inCb(G) for the L∞-norm, this implies
that I is closed and translation invariant, hence a closed ideal in L1(G). Since f ∈ I and
f̂(χ) 6= 0 for all χ ∈ Ĝ, this, together with Theorem 10.4, implies that I = L1(G).
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