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Introduction

These are lecture notes for a course on functional analysis taught by Professor Marc Burger
during spring semester 2022. The course begins by introducing C-algebras, Banach algebras
and C*-algebras and the spectrum of elements of an algebra. Then it moves onto characters
and the Guelfand spectrum, endowing it with the Guelfand topology and establishing a rela-
tionship between the spectrum of an element and its Guelfand transform. This relationship
is then explored in the special case of C*-algebras. The course continues with spectral theory
and some applications before moving onto Fourier analysis on groups.

We deeply thank Professor Marc Burger not only for his great lectures, but also for his in-
credible help in writing these notes.
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1 Banach algebras

The material of this chapter is mainly taken from [Ka] 1.1 and [GeRaSh] L.1.

We begin by recalling some basic notions.

Definition 1.1 (C-algebra). A C-algebra, or simply an algebra, is a C-vector space A
endowed with a bilinear map

AxA— A
(z,y) —x-y

called product (or multiplication) and such that

(x-y)-z=z-(y-2) Vr,y,z € A.
We can introduce richer structure on an algebra by requesting some additional properties.

Definition 1.2. An algebra A is called unital if there exists e € A, e # 0 such that
e-xr=x-e=x VreA.
It is called abelian (or commutative) if

z-y=y-x Vr,y€A.

Definition 1.3. An ideal in A is a C-vector subspace I of A such that

x-ICl,I-xCl VxeA.

It is then a standard fact that the product on A descends to a well defined product on A/I.

We can canonically embed any C-algebra A in a unital algebra, which we will usually de-
note by A;, by means of the following construction. Define A; := A x C and introduce the
operation

(z,A) - (y, p) = (zy + Ay + px, A\p).
This defines an algebra structure on A; with unit e := (0, 1) into which A embeds via the
map z — (z,0) as an ideal.

Now we move on to the main content of the course. In fact, the following definition is central
to it.



2 1 Banach algebras

Definition 1.4. A Banach algebra is a C-algebra A endowed with a norm ||-|| for which
A is a Banach space, and which satisfies

lz - yll < llzllllyll  Vz,y € A.

Similarly to how we constructed a unital algebra from an algebra A, we can define an “ex-
tension” of a norm on A into A7, namely by defining

[z, M = llzl] + [A].
Then A; becomes a unital Banach algebra.

Exercise

Let A be a unital C-algebra with a Banach space norm for which the product in A is
continuous. Then there is an equivalent norm ||-||. for A in which it remains a unital
Banach algebra and ||e||, = 1.

The following definition will appear in several examples further in the course.

Definition 1.5. If a Banach algebra A admits a map x — z* with the following prop-
erties:

(i) (

(i) (z+y) =z"+y",
(i) (

(iv) (zy)* =yz",

V) ll=*ll = ll=|l,

for every z,y € A and o € C, we say A is an involutive Banach algebra and the map
x — z* is the involution on A. If the involution satisfies the additional condition:

) = @,

az)” =

la” - 2| = llz*[[ll=]] vz € A,

then A is called a C*-algebra.

Exercise

’7 If e is a unit in an involutive Banach algebra then e* = e.

There are three main classes of Banach algebras. These can roughly be described as alge-
bras of functions with pointwise multiplication, algebras of operators with composition of
operators, and group algebras with convolution product. We now give examples of Banach
algebras in each of these three classes.

Example 1.6 (Banach Algebras).

(i) Commutative C*-algebra. Let X be a locally compact Hausdorff topological space.



(ii)

(iii)

(iv)

The C-vector space
C*(X):={f: X — C: fis continuous and bounded}

is a C-algebra for pointwise multiplication of functions. The norm

[flloo = sup [ ()]

zeX

makes it a commutative unital algebra. By defining f*(z) := f(z), the map f ~— f*is
an involution, and in fact it is a C*-algebra. Recall that f: X — C vanishes at infinity
if for every € > 0 there exists K C X compact such that |f(x)| < e forevery z € X \ K.
The space

Co(X)={f: X — C: fis continuous and vanishes at infinity},

endowed with the norm ||-|« is a commutative C*-algebra; it is unital if and only if
X is compact. In fact, as a consequence of Guelfand’s theory of commutative Banach
algebras, we will see that any commutative C*-algebra is isomorphic to Cy(X) for some
appropriate X.

Let X C C be a compact set. Define
A(X)={f: X — C: fis continuous and holomorphic in the interior of X } .

Then A, together with |-||~, is a unital Banach subalgebra of C(X). Observe that if
Int X # 0, then f*(&) = f(&) is not an involution since f* is not holomorphic in Int X
in general.

Leta <band n € N. Let
C"(la,b]) = {f: [a,b] — C : f is n-times continuously differentiable}

with pointwise multiplication and the norm given by

n

1
IF=> HHf(k)”ooa

k=0

where f(*) denotes the k-th derivative of f. Then it follows that C"([a, b]) is a Banach
space. In addition,

n

17l =3 317 0) Wl = ZHZ P g EALV A 8

k=0 k=0 j= 0
< ZZ ||f(’ loo 5 Hg(s)Hoo = [|f1lllgll-
=0 s= 0

Thus C"([a,b]) is a commutative unital Banach algebra. It is a nontrivial fact that
C*([a, b]) does not admit any Banach algebra norm (see Example 3.19).

Volterra Algebra. Let \ be the Lebesgue measure on R restricted to [0, 1] and L' ([0, 1])
the space of measurable, absolutely integrable functions on [0, 1] with the L'-norm. It



1 Banach algebras

(V)

(vi)

is a classical fact that L'([0, 1]) is a Banach space. Using Fubini’s theorem one can show
that f * g(z), defined by

fxgla) = / " fa— t)glt) dr,

exists and belongs to L'([0,1]) for A-a.e. = € [0,1]. The operation given by convolu-
tion is obviously bilinear, and by substituting ¢t — = — ¢ we can clearly see that it is
commutative. It is also easy to check that

1+ gl < [1fl1llglls

thus making L'([0, 1]) a commutative Banach algebra. It is an interesting exercise to
show that it has no unit.

Let B be a Banach space with norm ||-|| and
L(B) ={T: B— B: T islinear and continuous} .

Then £(B) is a C-algebra for the composition. It is a fact from functional analysis that
L(B) is characterized as the space of linear maps 7' : B — B for which

[T = sup | T()] < oc.
el <1

Furthermore, | T175|| < ||T1]/[|72] and £(B) is a unital Banach algebra. However, it is
not commutative unless dim B = 1.

Let now # be a Hilbert space with scalar product (-, -). Recall that the adjoint 7* of
T € L(H) is uniquely defined by

(T*v,w) = (v,Tw) Yv,w € H.

Then (T™*)* = T and it is easy to verify the first four properties that an involutive Banach
algebra satisfies. As for the last two, if v € H, we have

17w = (Tv, Tv) = (T*Tv,0) < |T*To|||oll < | T*T|||v]?,

which implies ||T||> < ||T*T|. Together with |T*T| < ||T*|||T||, thus implies that
IT]| < ||T*||, and hence
1T < N7 < 1)l = 1T

Therefore ||T*| = |||

For the sixth property we come back to ||T]|?> < ||T*T| and deduce from the earlier
statements that
17T = ([T ([T

Hence L£(H) with the operation 7" — T is a unital C*-algebra.

In particular, Guelfand’s structure theorem for commutative C*-algebras (see chapter
4) can be applied to commutative sub-C*-algebras of £L(#) leading to spectral theorems
for unitary, self adjoint, or more generally normal operators.



(vii) LetI be a group, for example SL(n,Z) or simply {1}. Then

(1) = {f: L —C: ) [f(1l< oo}

~yel

is a Banach space when endowed with the usual ¢; norm

Il =D 1 (I

vyel

Recall that C[I'] is the C-vector space with basis {6., : v € I'} where

L, p=n,
57(#):{0 1

That is, C[I'] consists of formal linear combinations of elements of I". Define the follow-
ing product on the basis elements by

Oy + O == oy

and extend by linearity to C[I']. Then it is easy to verify this is a C-algebra. Furthermore,
C[I'] can be seen as a subset of £!(T") and the above product extends to ¢1(T"). For f,g €
¢Y(T'), we extend it by

Frg@)=> femgn™)

nel’

and call it the convolution product. Let us estimate its norm:

Ifgli=> <Z<Zf(vn)) lg(n™")| =

verl’

= (Z f(V)) (Z Q(Tl)) = [I£llullgll-
~vel nel’

One can then define an involution as f*(v) := f(y~!). With this, £}(T') is an involutive
Banach algebra.

> Fomgn™)

nel’ nel’ \yel




2 Spectrum of a Banach algebra el-
ement

The material of this chapter is mainly taken from [Ka] 1.2.

Definition 2.1. Let A be a C-algebra with unit e € A. An element z € A is called
invertible if there exists a y € A with zy = yx = e. Then y is uniquely determined and
is denoted 2.

The set of invertible elements G(A) = {z € A : z is invertible} is a group with natural iden-
tity element e.

Definition 2.2 (Spectrum). Let A be a unital algebra. For « € A, define
Sp,(z) = {A € C: x — e is not invertible},

as the spectrum of x. Its complement, p4(x) = C\ Sp 4(z), is called the resolvent set.

If A has no unit, then for z € A we define Sp 4(z) = Sp 4, (), and pa(z) = pa, (z).

Example 2.3. Let A = End(V'), where V is a finite dimensional C-vector space. For T' € A,
Sp 4(T) is the set of roots of the characteristic polynomial of 7. Notice that 7" — Aid is not
invertible if and only if ker(7" — Aid) # {0}, which is equivalent to c7(\) = det(T" — Aid) = 0.
The Fundamental Theorem of Algebra implies that Sp ,(T") # 0.

One of the main results of this section is that for any Banach algebra, the spectrum of an
element is a nonempty set. In fact, we will prove that the spectral radius formula, which
given z, provides the radius of the smallest closed disc centered at 0 € C that contains the
spectrum of . We will now present a few lemmas that are going to be useful for proving the
spectral radius formula.

Definition 2.4. For z € A, define r4(z) = inf {||z"||*/™ : n > 1}.

Since ||z < ||lz||”, we get ||z™||'/" < ||z| and therefore r4(z) < |z||. In addition, we have
ra(Az) = |A|ra(x) for every A € C and every z € A. This key remark will allow us to
say something about 74(z) in the case ||z|| < 1, i.e.,, when z is inside the unit ball. Now,
for the following lemma we use the (not generally appreciated) convention that the natural

6



numbers include 0, and N* = N\ {0}.

Lemma 2.5. Let f: N* — R with f(n +m) < f(n)f(m) for all n,m > 1. Then

lim f(n)"/" =inf{f(n)"/™:n > 1}.

n—o0

Proof. Letr = inf {f(n)"/": n > 1}. Lete > 0 and pick k > 1 such that f(k)'/* < r +¢. Let
n>kandwriten =ak +b,fora >1and 0 < b <k — 1. Then

f(n) = fak+b) < f(k)*f(1)°,
and hence

1-b/n

FMm < f) ) = (e ) g = (e ) pap

1-b/n
= (£ ) T P < (2 p
Therefore we can bound the lim sup in the following way,

limsup f(n)"/" <r+e,

n—oo

and therefore, since liminf is greater or equal that inf, which is precisely 7, we get

limsup f(n)"/" < r < liminf f(n)"/™.

n—oo0 n—oo

From here we obtain the following corollary.

Corollary 2.6. For every x € A, we have

lim ||z"||*/™

n—00 - TA(x)'

To prove this, we can simply use the previous lemma with f(n) = ||z"]|.

The next results introduce criteria for the invertibility of an element x € A and they give us
information about the topological properties of G(A). This will help us prove that Sp , () is
a closed set. The first of these lemmas, along with the remark we made after the definition of
ra(x), allows us to check that every element z in the unit ball makes e — x invertible, giving
us an explicit expression for its inverse.

Lemma 2.7. Let A be a Banach algebra with identity e € A and x € A withrx(x) < 1.
Then e — « is invertible and

oo oo
(e —x)~1 :e+2x”22x”,
n=1 n=0

where the series is absolutely convergent.



8 2 Spectrum of a Banach algebra element

Recall that in a general Banach space we say the series Y - | a,, a, € A, converges if the se-
quence of partial sums converges in the norm topology. We say that it converges absolutely
if Y77 |lan|| converges. To prove that absolute convergence implies convergence it is neces-
sary to prove that the sequence of partial sums is Cauchy by means of the triangle inequality.
Similarly to the real case, absolute convergence implies convergence.

Proof. Theidea here is to compare the series to a geometric one. Pickanumberr(z) < ¢ < 1.
By the previous corollary, take N > 1 with ||2"||'/" < ¢ for every n greater than N. This
means that ||2"|| < ¢". At the same time this implies that the series

S
> Ml
n=1

converges since eventually it compares to a geometric series on g. Hence, Y, -, 2™ converges
in A. Let ;

n
Sn:e—I—Z:nk, Y= nh_)rroloSn
k=1

Then S, - © = S, 41 — e. In a similar way, x - S,, = Sp4+1 — e. By letting n tend to infinity, it
follows that yz = y — e from the first equality and 2y = y — e from the second one. Therefore
e=yle—z)and e = (e — x)y. O

Remark. If ||z|| < 1then ra(x) < ||z|| < 1 and e — z is invertible. This means that if we take
an open ball of radius 1, it is entirely contained in G(A), the group of invertible elements.

Lemma 2.8. Let A be a Banach algebra with an identity element e € A.

(i) Forallz,yin G(A), if [ly — al| < glla=*[~!, then [ly~" — 27| < 2z~ "2 ly — |-
This means that in a neighborhood of z, the map y — y~! is Lipschitz continuous

(ii) G(A)isopenin A and if x € A is such that |e — z|| < 1 then z € G(A).

Proof. For the first part, write y ! — 27! = y~!(2 — y)2~1. Since A is a Banach algebra, we

obtain
ly~" =2 < lly iz — yllllz=". (2.1)

In particular, by the inverse triangle inequality together with the hypotheses, this means that

_ . _ _ 1, -
ly=H = =M< ™l = wllle =< Sly ™

Therefore %[y ~!| < ||z7!|, and inserting this into (2.1) shows (i).

For the second part, notice thatif |[e —z|| < 1, thenrs(e—z) < land x = e — (e —x) € G(A).
Now if z € G(A) and y € A with ||y — z| < ||z=!||~!, we can estimate

lz™y —ell = llz7 y — )| < lla 7 lly — =] < 1,

which implies 7y € G(A), and hence y € G(A). O

This shows that the inverse map is a homeomorphism of G(A) into itself. The following
theorem is one of the most fundamental results in the theory of Banach algebras. It uses some
basic facts from the theory of holomorphic functions, as well as the uniform boundedness
theorem from functional analysis.



Theorem 2.9. Let A be a Banach algebra, x € A. Then the spectrum Sp ,(z) is a non-
empty compact subset of C and

ra(z) =max{|\: X €Sp,(z)}.

Recall that if A is unital, Sp 4(z) = {\ € C: 2 — Aeis not invertible} and if A is not unital,
then we define Sp ,(z) = Sp,, (), since otherwise it could be argued that no element is
invertible and the first expression would make no sense. Before proving the theorem, let us
introduce some notation.

Definition 2.10 (Spectral radius). For x € A, we denote by

Ilzllsp := sup {|A] : A € Sp4(z)}

the spectral radius of x.

Theorem 2.9 tells us that ||z||sp, could be defined as a maximum, but we do not know of its
existence beforehand. The theorem states that for every element z € A, its spectrum is a
nonempty compact set that is sharply contained in a ball of radius ||z[sp, and there exists a
point A in it which has A = [|z||sp. An important result that follows from theorem 2.9 is the
following corollary.

Corollary 2.11 (Guelfand-Mazur). If A is a unital Banach algebra such that every non-
zero element is invertible, then A = C.

This result is of key importance since in the future we will take the quotient of A by some
ideal in order to establish a similar situation as that of the corollary, and thus prove that the
quotientis isomorphic to C. Additionally, it is foundational to much of Guelfand’s theory and
can be seen as a generalisation of Frobenius’ theorem, which states that a finite dimensional
C-algebra in which every nonzero element is invertible is itself C.

Now, before giving an argument for this, let us continue with the proof of theorem 2.9.

Proof of theorem 2.9. We may first assume that A is unital. If not, we adjoin the identity and
in view of the definition of the spectrum of an element, this does not affect the result.

Step 1. First, let us show that Sp , () is contained within a disk of some big enough radius

(namely 74(x)). Write
x
e —x = A (e — X)
soif 4 (%) < 1,thene — § is invertible by Lemma 2.7 and so is Ae — . Now, by checking
that r4(x/\) = ra(x)/|A| from the definition, we obtain that if |\| > 74(z), then X\ ¢ Sp , (z).
By the contrapositive of this last statement, it follows that ||z||sp < ra(z).

Step 2. Observe that Sp , () is a closed subset of C; indeed Sp , is the inverse image of A\G(A)
under the continuous map

C— A

Ar—de—zx

but G(A) is the group of invertible elements, which is open in A by Lemma 2.8. Since the
spectrum is a closed, bounded subset, it is compact.
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Step 3. Let us see that Sp , () is nonempty. Begin by setting £ € A* to be a continuous linear
form from A to C. Now, for every A in the resolvent set, pa(xz) = C\ Sp,(x), define the

function f(\) = f(()\e - x)*l). Let 11 € pa(z) and compute

FO) = f(p) = £ (e —2)" = (ue —2)7)
(e —z)—(Qe—2)\ 1
J( (e — ) (ue — 2) >‘(“ W((Ae—xxue—m))‘

Therefore if A # p,

The map
pa(zr) —  G(A)
poo— (pe—x)7

is continuous by Lemma 2.8. Hence

L F) = ) 1
= - (o)

Therefore, f: pa(x) — Cis holomorphic. The idea now is to assume the spectrum is empty.
This means that f is defined over all of C. However, by the definition of f, when || increases,
f vanishes. Since f is entire, we reach a contradiction and hence Sp , () cannot be an empty
set. In order to make this rigorous, we are going to derive a power series expansion for e — {
so that we can investigate the behavior of f at co. We know thatif |A| > 74(z) thenr4 (%) < 1
and we have an absolutely convergent series expansion by Lemma 2.7:

(oS

n—=

Hence .
(Ae—2) ' = Z A~ (D g
n=0
Therefore,

fA) = i AT,
n=0

which is allowed since the series for (A\e—z) ! is absolutely convergent for |A| > r4(z) and /is
continuous as well as linear. Now we proceed with the argument. Assume that Sp ,(z) = 0.
Then f is entire and if |A\| > 2||z||, then

[FN] =

AL i AT(z™)
n=0

<A@l el =
n=0

_ =1 _
= AT o =20 1.
n:O2

In particular, by Liouville’s theorem, f must be constant (since it is holomorphic on C and
bounded) and since 2|A| ™" [|¢]| = 0 as |A\| — oo this constant must be 0. But this means that
forall / € A*

{(e—z)H=0
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hence (Ae — )~ = 0 which is impossible. Therefore Sp ,(z) # 0.

Step 4. We proceed to show that r4(z) < ||z||sp. Recall that in the first step of the proof we
established that ||z||s, < ra(z). Now define, for [{| < 1/ra(x),

o0

9(&) = F(1/&) =D& @™,

n=0
Notice that g is holomorphic in |{| < 1/ra(z). Also, f is holomorphic on C \ Sp,(z) D
C\ {X € C: |\ < |lz]lsp}, and thus g is holomorphic in the disk {f eC: [¢ < m} Asa

consequence, the Taylor expansion of g at 0 converges for all [§| < 1/|[z]|sp. In particular, for
every such &,

sup [£"TH(2")| < 00 VL€ A*

n>1
by the expression for the Taylor expansion of g and its convergence. By the uniform bound-
edness principle, sup, -, [|¢""'2"|| < oco. Therefore there exists a constant ¢(¢) for which

2" (| < e(€), and [l2" | < o(¢) [¢] ™" Hence
|17 < e() ™ 1l

If we take the limit when n — oo, we get ra(z) < |€]7!, for all |¢] < 1/[|x[|sp- This proves
ra(x) < |z]|sp, which together with the inequality in step 1 proves the theorem. O

Now we give a proof for corollary 2.11.

Proof of corollary 2.11. Let x € A. We know that Sp ,(x) is nonempty, and hence there exists
A € C such that Ae — z is not invertible. By the hypotheses, A\e — z = 0. This determines the
following map. Let us denote by A\(x) the unique complex number with A\(z)e —z = 0. Now
it is an easy exercise to see that \: A — C is the desired isomorphism. Continuity follows
directly from the fact that it is a vector space isomorphism, making A a finite dimensional
Banach algebra. Since |A(+)| is a norm, it is continuous. This isomorphism is unique: idc is
the only C-algebra automorphism of C. O

2.1 Holomorphic functional calculus

This short section will be dedicated to some natural developments which are part of a more
comprehensive treatment of the theory of Banach algebras. We will however not use any of
these results later on.

Letz € Aand f: C — C. We ask the question of how to extend f to A4, i.e., how to define
f(z). If f is entire, then we know that

f™0) ,
Z n! &

is absolutely convergent: we can therefore define f(x) as this series evaluated in = !. Addi-
tionally, this works well with the exponential. On the other hand, if f is only holomorphic in

an open set U D Sp 4z, then the idea is to choose a path that goes around the spectrum once
f)

e—zx’

1 f)
27Tij€~)\e—:ndx'

1Convergence in A is inherited by absolute convergence in the complex plane.

and try to give a meaning to the integral over C' of
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The way to realise this idea is to take this integral over a compact set, and therefore the
function inside —as a function of A- is uniformly continuous, resulting in the Riemann sum
converging in the Banach algebra. This limit is uniquely characterized by

o) = 55 § V(e =) pe A

Let us state this in greater detail.

Let A be a unital Banach algebra. For every polynomial
P(X)=aX"+ ..+ ay € C[X]
and every element x € A, the evaluation of P in z is well defined as an element of A4,
P(z) =az" 4+ ...+ ap € A.

In fact, this can be extended to a ring of holomorphic functions in the following way. Let
x € A,and f: U — C be a holomorphic function defined over an open set U containing
Sp,(z). Let C' C U be a simple closed curve enclosing Sp , (). For every ¢ € A*, define

1
- 2mi

F(g): /C SO (A — )71 dA.

Proposition 2.12. F' € A** is in fact represented by a vector v € A, that is,
F(p)=p(v) Vpe A"

We will denote this vector by f(z) € A; symbolically, f(z) is given by

f@) = 57 [ PO =) dn

Proposition 2.13. The map f — f(z) € A is a homomorphism of the algebra
A(Sp 4(x)) of all functions that are holomorphic in a neighborhood of Sp , (z) into 4,
which sends the constant function to the identity 1 € A and the function A — A to x.

Theorem 2.14 (Spectral mapping theorem). Let Abe a unital Banach algebra, z € A, and
f aholomorphic function on a neighborhood of Sp , (). Then

Sp,(f(z)) = f(SPA(x)) c

Moreover, if g is holomorphic on a neighborhood of f(Sp 4(z)), then

go f(x) =g(f(x)).



3 The Guelfand representation

The material of this chapter is mainly taken from [Ta] 1.3. An alternative source is e.g.
[RaVa], chapter 2.

Our goal now is, given a commutative algebra A, to construct its Guelfand spectrum
A={p: A—C: pisa homomorphism}

and endow it with a topology. We will later study its properties, along with its relation to
the original algebra. For this, we first need to develop some machinery regarding ideals
in commutative Banach algebras. For this reason, throughout this whole chapter we will
consider A to be a commutative Banach algebra. The following concept captures a key idea
that is necessary for the discussion.

Definition 3.1. Anideal I C A is regular if there exists u € A such that ux — x € I for
allz € A.

Notice that in case [ is regular and proper, then A/I is unital, in other words, I is regular if
either the quotient A/I admits [u] as an identity element or A/I = (0). Also, if A is unital,
then e is an identity for every proper ideal, meaning that if A is unital, then every ideal
is regular. For this reason it is interesting to find regular ideals in non-unital algebras. It
resembles finding ideals of A that are unital, in an algebra that is non-unital. Now we will
give a few examples.

Example 3.2 (Regqular ideals).

(i) Let x: A — C be a C-algebra homomorphism such that x # 0 and x(A) = C. Then
ker x is a regular ideal of A. This is proven through noticing that 1 = x(u) for some
u € A

(ii) Any ideal in a unital Banach algebra is regular. This is the trivial example.

(iii) An important example that will appear throughout the rest of the chapter is the fol-
lowing. Let X be a locally compact Hausdorff space. Recall that Cy(X') consists of all
the continuous functions from X to C that vanish at infinity. Define

I(E) ={f € Co(X) : flg =0},

for E a closed subset of X. Then I(FE) is regular if and only if F is compact. In order
to prove this, we need the following lemma.

13
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Lemma 3.3 (Urysohn’s lemma). Let X be a locally compact, Hausdorff space.
Suppose K C V' C X, where K is compact and V is open. Then there exists
f: X — [0,1] such that f|x =1, supp f C V and f has compact support.

Now we argue. For the direct implication, we need u € Cy(X) such that u|p = 1 (in
order to achieve (uf — f)|g = 0). For this reason we require E to be compact. For the
converse, the map u from above is given by Urysohn’s lemma.

The following proposition tells us that u cannot be too close to the ideal I, since otherwise it
would get absorbed, preventing it from being regular.

Proposition 3.4. Let I C A be a proper, regular ideal, and let u € A be a unit modulo
I. Then
lu—=z|| >1 Vxel.

Proof. Assume that there exists a © € I such that ||u — z|| < 1. By Lemma 2.7 the sum
s =322 (u—x)"is absolutely convergent. Now,

u—z=s—8s(u—x)=s—su-+sx.

Note that s — su € I by definition of u, st € I by the definition of an ideal, and = € I
by assumption. Therefore v € I and thus A/I = 0. Hence, I = A, which contradicts the
assumption that [ is proper. ]

Definition 3.5 (Maximal ideal). Anideal I C A is maximal if any ideal / C M C Ais
either I or A.

We recall here the definition of maximal ideal in order to introduce the following corollary,
in which we see that regular ideals can be widened to their closure given that the distance
from elements of I does not increase that of I.

Corollary 3.6. The closure of any proper, regular ideal in A is a proper and regular
ideal. In particular, any maximal regular ideal is closed.

Proof. Let I C Abe a regular and proper ideal. Then I is an ideal because of the continuity
of the algebraic operations. I is regular because I C I. It is also proper: for u a unit modulo
I, it holds that ||u — z|| > 1 for every = € I, and thus the same holds for = € I. O

The following lemma gives us a sense of how a proper regular ideal also satisfies the property
that it is contained in some maximal ideal, same as ideals in algebras. Following a similar
vein to what we did before, we can widen a regular ideal since u will still be the unit for A/.J
whenever J contains I and u is not in it.

Lemma 3.7. Every regular and proper ideal is contained inside a maximal proper and
regular ideal.
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Proof. Let I C Abe aregular and proper ideal in A. Define
L={JCA:ICJ u¢J andJisanideal}.

The idea now is to order £ by the inclusion and check that it satisfies the hypotheses of Zorn’s
lemma. We endow £ with the order defined by the inclusion. Let K be a totally ordered
subset of £. Then define

L= J K,

Kek

and notice that L is anideal and u ¢ L, since otherwise it would be in some K € K. Therefore
L is maximal in K. Thus, by Zorn’s lemma, there exists J which is maximal in £. It is proper
as well, since J € £ implies u ¢ J. O

Corollary 3.8. Let A be a unital commutative Banach algebra. If x € A is not invertible
then z is contained in a maximal proper ideal.

Proof. Let e € A be the identity and consider the proper ideal A - z. Thene ¢ A-x,s0 A - x
is regular. Hence by Lemma 3.7 there exists M/ a maximal regular proper ideal such that
A-xC M. Thus,z € M. ]

The next proposition shows that the Banach algebra structure on A induces a Banach algebra
structure on quotients by a closed ideal.

Proposition 3.9. Let A be a Banach algebra and I C A a closed ideal. Then A/ is also
a Banach algebra with the quotient algebra structure.

Proof. Letm: A — A/I be the quotient map. We have that:
e A/I is an algebra with multiplication (x + I)(y + I) = zy + 1.
e A/I is a Banach space with norm ||z + I||; = inf {||x + u|| : v € I}.

We have to show that |7 (z)7(y)||r < ||7(z)||r]|7(y)||; forevery z,y € A. Lete > Oand u,v € [
such that

2+ ull < [lm(2)]1 + e
ly +oll < llw (@)l +e.

Then we can estimate

Im(@)m ()]s = 7z +u)(y +0)l[r < [[(z+u)(y +v)]| <
<z +ulllly + ol <(l7 (@)l + e)(llm(y)llr +¢)

Since € was arbitrary, we conclude. O

We turn to an application of Urysohn’s lemma to determine all the closed ideals in the par-
ticularly important example of Cy(X'), which we will need later in the course.

Proposition 3.10. Let X be a locally compact Hausdorff space and define

I(E) = {f € Co(X): flp =0} VECX.
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Then
{ECX: Eisclosed} — {I C Cy(X) : Iisaclosed ideal}

E — I(E)

is a bijection. Moreover, I(£) is maximal if and only if |E| = 1.

Proof. We divide the proof into several steps.

Step 1. If E C X is arbitrary, then I(E) is closed since I(E) = I(E) by continuity of functions
in Cy(X). Secondly, by Urysohn’s lemma, I(E) is proper whenever E # (), and if E,, E; are
distinct closed sets in X, then I(E;) # I(E2) so the map from the statement is indeed an
injection.

Step 2. Now we prove it is surjective. Given a proper, closed ideal I C Cy(X), define E =
{zr € X: f(z) =0Vf € I}. By definition of E, we have the inclusion £ C X, closedness of
E, and the inclusion I C I(E). To prove the converse inclusion (and hence the equality), we
proceed in two steps:

(i) Firstly, we prove thatevery g € C9(X) (i.e. continuous function with compact support)
with supp g N £ = () belongs to I.

(ii) Secondly, we prove that the set J = {g € C)(X): suppgN E = 0} is dense in I(E).
Since I C I(FE) is closed, we get the equality by density of I in I(F).

Let us turn to the first claim, for which we need the following fact:

(x) Let C C X be a compact set, C N E = (. Then for all x € C there exists h, € I
with h,(z) # 0 and (h;)? € I. Since C is a compact, there exists F' C C such that
h =3, cr(he)? € I and h is strictly positive on C.

Let J be as in (ii) and g € J: then by (x) there exists h € I such that h(y) > 0 for all

y € supp(g). Define
0  x¢suppy
f(l‘) = {g(z)
It is easy to verify that f is continuous and f € CY(X). Since h € I and g = fh € I, it must
happen that g € I, concluding the proof of (i).

For the second claim, lete > 0 and f € I(F). Define C .= {z € X : |f(z)| > €}. Then C'is
compact, and C'N E = (). Therefore, by Urysohn’s lemma there exists a map h : X — [0, 1]
that is continuous and compactly supported, and such that h|c = 1 and supph C X \ E.
Define g = fh € J and || f — g||lcc < &. This concludes the proof. O

3.1 Characters and the Guelfand spectrum

We now introduce the construction of the Guelfand spectrum and its topology. To this end,
we introduce its elements and the relation it bears with ideals in A, giving meaning to the
discussion about regular ideals that precedes this section.

Definition 3.11 (Characters). Let A be a commutative Banach algebra. A character of
A is a C-algebra homomorphism y: A — C that is not identically zero.
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Notice that a character x is always surjective, since x(A) C C is a nonzero vector subspace.
Now we define and associate the Guelfand spectrum to a commutative Banach algebra.

Definition 3.12 (Guelfand spectrum). Let A be a commutative Banach algebra. We de-
note by A the set of characters of A and call it the Guelfand spectrum of A.

We first establish the relation between A and ;l;

Remark. Every ¢ € Ahas a unique extension ¢ to A; given by
¢z, A) = p(z) + A

Let A — {gﬁ D€ E} C A;.1f poo: Aj — C denotes the character given by poo(z,A) = A,

then A 1= AU {¢oo}. In this heuristic we will, whenever convenient, identify A with A and
drop the latter notation.

The following proposition is a little miracle in the theory of abelian Banach algebras.

Proposition 3.13. For every ¢ € A we have
lp(@)| < llzllsp Ve € A.

In particular, ¢ is a bounded linear functional with ||¢|| < 1 in general, and ||| = 1 if
A is unital and the norm of the unit is 1.

Proof. Because of the previous remark, we may assume A is unital. If [A| > ||z[sp, then 2 — Ae
is invertible and since ¢(e) = 1, we conclude ¢(z) # A. Hence

lp(@)] < llzllsp < llzf| V.

If A is unital, then ¢(e) = 1 and if additionally ||e|| = 1, we thus have ||¢|| = 1. O

Example 3.14. It is an exercise to check that if A = L([0, 1]) is the Volterra algebra, then

[fllsp =0 VfeA

Hence A = ).

The following result gives the relationship between characters and maximal regular ideals,
announced at the beginning of this chapter. It is for the proof of this theorem that we devel-
oped the previous machinery about ideals inside commutative Banach algebras. The theo-
rem allows us to identify characters in the spectrum of A and certain ideals in A.

Theorem 3.15. For a commutative Banach algebra the mapping
p+— kerp

establishes a bijection between A and the set Max A of maximal regular proper ideals
in A.
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Proof. We will divide the proof into three steps.

Step 1. For ¢ € A, ker ¢ is an ideal and it is maximal since it is of codimension 1 in A.
Moreover, it is regular by Example 3.2.

Step 2. If ker ¢1 = ker ¢y =: I let u € A be an identity element modulo /. Since I 4+ Cu = A,
let x = z¢ + Au. Then since ¢1(u) = pa(u) =1,

p1(z) = Ap1(u) = X = Apa(u) = pa(z).

Step 3. Let I € Max A and u € A an identity modulo I. By Corollary 3.6 I is closed and hence
by Proposition 3.9 A/ is a Banach algebra with respect to the quotient algebra structure. By
assumption A/I is unital with neutral element « + I. We claim that every « + I with x ¢ I is
invertible. If not, then (z + I)A/I := J is a proper ideal of A/I and hence its inverse image
under the canonical projection 7: A — A/I is again an ideal satisfying

Ica'())C 4

contradicting the maximality of I. Hence by the Guelfand-Mazur theorem A/ is isomorphic
to C, which leads to a character y € A with ker y = I. O

For the following example, recall Proposition 3.10.

Example 3.16. Let X be locally compact Hausdorff. Then for x € X, the evaluation map

—

¢ — ¢(x) defines a character of Cy(X) which leads to a bijection X — Cy(X).

Definition 3.17. Let A be an algebra. Define the radical of A as
Rad A :=({M: M € Max A}.
We say A is semisimple if Rad A = (0).

Notice that if every maximal ideal that appears in the definition above were regular, then we
would get

Rad A = ﬂ{kerg& tp € fT},
meaning that if A is a commutative Banach algebra, then this holds.

The automatic continuity of characters given by Proposition 3.13 has some consequences for
C-algebra homomorphisms with values in semisimple commutative Banach algebras. Let us
explore them.

Corollary 3.18. Let ¢: A — B be a C-algebra homomorphism with A, B commuta-
tive Banach algebras and B semisimple. Then ¢ is continuous.

Before proving this result we may recall the Closed Graph Theorem.

Theorem (Closed Graph). LetT: E — F be a linear map of Banach spaces. Then the
following are equivalent:

(i) T is continuous.
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(ii) Graph T C E x F'is closed.

(iii) If z, - 0in F and T'z,, — y in F, then y = 0.
Now we turn to the proof of the corollary.

Proof. Let {z,},>, be a sequence in A with x,, — 0 and p(z,) — bin B. Let x € B. Then
XopE AU {0} and both x and x o ¢ are continuous by Proposition 3.13. Therefore
x(b) = lim x(p(zn)) = lim (x o @)(zn) = (x © ¥)(0) =0,

n—o0

and b = 0 because B is semisimple. O

We have seen in Example 1.6 that for every n > 0, C"([0, 1]) admits a Banach algebra norm.
One can use Corollary 3.18 to show the following.

Example 3.19. The space C*°([0, 1]) does not admit any Banach algebra norm. The idea is the
following: Assume ||-|| is a norm on C*°([0, 1]). The algebra C([0, 1]) is semisimple and the
inclusion C*°([0, 1]) < C([0, 1]) is hence continuous. Thus, there exists ¢ > 0 with || f||c <
c||f|| for every f € C°([0,1]). By means of this inequality and the Closed Graph Theorem
one can show that the derivative D: f — [’ is continuous. A contradiction is then reached
by considering the functions ¢ — ¢! for every a € C.

We further expose another example the importance of which will become clear in later chap-
ters.

Example 3.20. Consider A = ¢}(T"), where I' is an abelian group; for example one may take

a finite group, or the integers, etc. Let us compute A Ify el (I'), then in particular x €
(Y(T)* = ¢>°(I"). That is, there exists a unique H € ¢*(I") with

X(F) =Y _f(nH(y) Vfel(D)
vyel’

Evaluating x on 0, gives x(0,) = H() and from the multiplicativity of x we get

H(yn) = x(0yy) = x(8y * 0y) = x(65)x(8,) = H(7)H(n).

Also H(e) = x(6.) = 1 and from ||H||oc = ||x|| = 1 we deduce |H(v)| = 1 for every v € I.
Letting
Ti={¢eC: ¢ =1)

we have obtained the identification 61(/?) =~ Hom(I',T). We will later see that ¢!(I') is
semisimple, but this fact lies deeper.

3.2 Guelfand topology

Now we move to a crucial point, namely that the Guelfand spectrum can be equipped with
a natural topology. One approach to do this, would be to observe that A is contained in the

unit ball of the dual A* of A and restrict the weak*-topology to A. We choose to pursue a
different, self-contained approach and only make use of Tychonov’s theorem.



20 3 The Guelfand representation

We will now introduce a topology on the Guelfand spectrum of a Banach algebra A. Declare

a subset W C A to be open if it is the empty set or if for every ¢y € W there exists ¢ > 0 and
ai,...,an € Asuch that

Ulgoiar, ranie) = {p € A+ [p(a) — pofar)| <, 1<i<n}
is completely contained within W. In other words, the set
{U(gpo;al, ey Ap3€), 0o € X,n > 1,{ai,...,an} C Aje > 0}
is the basis of open sets of a topology on A, called the Guelfand topology.

__ Exercise

Show that the Guelfand topology is the weakest topology on A with respect to which
all the functions R
fz: A— C
@ — o(z)

for x € A are continuous.

Here is a first fundamental fact:

Theorem 3.21.
(i) Ais locally compact Hausdorff.
(ii) Ais compact if A is unital.

(iii) Ay is the one point compactification of A.

By this point it may be useful for the reader to revisit the one-point compactification of a
topological space. To this end, we dedicate the first appendix. Now recall Tychonov’s theo-
rem: given a arbitrary family {X; : i € I'} of compact topological spaces, the product space
[L;c; Xi is always compact when equipped with the product topology.

Proof of theorem 3.21. We first show that Ais compact if A is unital. Under this assumption,
for every z € A, it holds that |¢p(z)| < ||z|, for all ¢ € A. Let D(0,7) == {z € C: |z| <7},
and consider the map
©: A — [Lea DO, [l])
pr— (p(z))zea

When equipped with the product topology, one verifies easily that ® : A — ®(A) is a home-
omorphism onto its image. Next we indicate how to show that ®(A) is closed; together with
Tychonov’s theorem this implies that A is compact.

Let (Az)zea € [I,ca D(O, Hxﬂ) be in the closure of @(ﬁ) Lete > 0,2,y € A,a,8 € Cbe
given. Furthermore, let ¢ € A be such that:

|<p(a) - )‘a’ <e Vae {x,y,x yanJrﬁy}
Then using appropriate triangle inequalities:

‘a)\x + ﬁ)\y - )‘aoc+6y| S €(|Oé| + |B| + 1)
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[Aay = As - Ayl < e(L+[lyll + [|])

which by arbitrariness of € implies that A\: A — C is a C-algebra homomorphism. Since
p(e) =1Vp € A, we getthat A\ = 1and A € (A).

Now to tackle the general case we drop the hypothesis that A is unital. As previously ex-
plained, we may consider A as a subset of A1 — AU {gpoo} One verifies then that the

Guelfand topology on A coincides with the one induced by A;. The statement about the
one point compactification is left as an exercise. O

Exercise

Let X be a locally compact Hausdorff space. We had a setwise bijection X — CT(} ).
Now with the Guelfand topology on Cy(X) this bijection is a homeomorphism.

The following definition will be of key relevance throughout the rest of the course, and we
will identify it in certain examples as an important, well-known operator: the Fourier trans-
form.

Definition 3.22. Let z € A and define
7:A— C
X —— X(x)

The map x +— 7 is the Guelfand transform.
We have then the following result.

Theorem 3.23. If A is an abelian Banach algebra, the Guelfand transform

-~

A—)Co( )
Tr —— .'13'

is a homomorphlsm from A into the abelian C*-algebra CO(A) of all the continuous
functions on A vanishing at infinity. If A is unital, then 4 is compact and Sp , () =

Z(A), and if A is not unital, then Sp,(x) =z(A A) U {0}. In any case ||Z]|o = |z||sp for
every x € A.

Proof. If A is unital, the first assertion is clear. If it is not, embed A < Aj so thateveryz € A
defines a continuous function on 4; = A U {<poo} satisfying Z(p) = ¢oo(x) = 0. Since
AU {ps} is the one- point compactification of A, this implies that 7| ; vanishes at mflmty
indeed, 7 is continuous at ¢, and vanishes, which implies that Ve > 0 there exists K C A

such that on (ﬁ\ K) U{vt, |Z] <e.

Now for the other assertions, assume A unital. If A € Sp , () then x — Ae is not invertible and
hence, by Corollary 3.8, it is contained in some maximal regular ideal I. By Theorem 3.15,
there is ¢ € A with kerp = I, so o(x — Xe) = 0 or equivalently p(z) = A. This shows
Sp,(z) C 55(2) Conversely if A = ¢(z) then ¢(z — Ae) = 0 and hence = — Xe is not invertible,
because ¢ is a C-algebra-homomorphism. This shows Z(A) C Sp 4 ().
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If A is not unital, embed again A — A; and get that forall z € A,

Sp 4(2) = F(AU {puc}) = #(A) U{0}. =



4 The Guelfand isomorphism

The material of this chapter is mainly taken from [Ta] 1.4 and [Ka] 2.1, 2.2 and 2.3.

The motivation for this section is our need to develop tools to deal with £(#), the space of
linear functionals on a Hilbert space. Recall that an involution is the key object that defines
involutive Banach algebras and C*-algebras. It is a map = — z* satisfying a series of impor-
tant properties. Namely, it is a C-antilinear map, (z*)* gives back the original element z, it
reverses products, (zy)* = y*z*, and it preserves the norm, i.e. ||z*|| = ||z||. If, in addition, it
satisfies ||zz*|| = ||z||||=*||, then we are dealing with a C*-algebra.

The main goal of this chapter is to show that for abelian C*-algebras, the Guelfand transform
is actually an isomorphism. First, we shall establish some basic facts about C*-algebras with-
out assuming that they are abelian. Throughout the entire chapter we will assume that A is
an involutive Banach algebra.

Definition 4.1. Let A be an involutive Banach algebra, then x € A is self-adjoint if
x = z¥, it is normal if it commutes with z*, and if A has a unit e, then z is unitary
whenever z2* = x*x = e.

This leads to some easy observations. First of all, elements that are self-adjoint or unitary
have to be normal at the same time. More importantly, every « € A can be written as x; +ix»,
where z1, x5 are self-adjoint, namely

T+ z* Tz —z*

9 0 2T Ty

Tr =

and this decomposition is unique. Now we explore some fundamental properties of C*-
algebras.

Proposition 4.2. Let A be a C*-algebra and = € A normal. Then,
2]l = llzllsp-

Before proving this proposition, let us give an example operator for which the statement does
not hold.

1 2

Example 4.3. Take H = C?, T = [0 )

], with || T||sp = 1. Note however that

|T||> = sup (Tz,Tz) = sup (I"Tz,z)
llzll<1 llzll<1

23
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is equal to the largest eigenvalue of T*T, which is 3 + 21/2 > 1. Hence, by Proposition 4.2, T
cannot be normal.

We now move on to the proof.

Proof. First, notice that for every y € 4, ||yl|> = ||ly*y|. Now, for n > 1, let 2 be normal in 4,
and notice that under such assumption,

22717 = [I(2*")* 2™ || = [|(z"2)*"|| = [|(z*2)" (z"2)"].
Observe that y = (z*z)" is self-adjoint, so ||(z*z)"(z*z)"|| = ||(z*x)"||?. That is, we have
reached
Iz = || (@*z)"].

Applying this we obtain the following

n n—1 n—2 n—2
122" = ll(a"2)*" || = | (@*2)*" " (a¥2)*" ||

n—2 1 n—1 1 1—1 n
= [l(z"2)" "7 =™ = = el = 2]
and by Theorem 2.9 we end up with

2" ||1/2n

lall = 1222 — lzlsp. 0

We now face another problem. Let A be a non-unital, involutive C*-algebra. On A; we can
always consider the involution
(7, A) = (2%, N).

Using the usual norm ||(z, A)|| = ||z|| +|A| on A, we still obtain an involutive Banach algebra
but not a C*-algebra in general,

(2, ) (%, )| = [lzz* + Az + Aa™|| + AP,
and
G, M) = Nl + 2] [l]| + [A]”
If equality holds, that is, if ||(z, \)||? = ||(x, \)(z, A)*||, then in particular
|21 + 2 [A] ]| + [AP* = [lz2* + X + Xa™|| + |A]® <
< x| 4 Az + Az¥]| + A
This is, _
2| Al < [[Az + Az™,

so by taking A = i, we obtain 2||z|| < ||z* — z||, implying that every self-adjoint element is
zero, which results in A being {0} (due to the decomposition into self-adjoint elements that
we described earlier).

So the natural question is how can we extend a non-unital C*-algebra to a unital C*-algebra

Ar adequately extending the C*-norm of A?

Proposition 4.4. Assume A is a non-unital C*-algebra. Then there is a C*-algebra
norm on A; extending the given norm on A.
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Proof. Let A = A x C and observe that A is an ideal in A;. For every « € Ay, consider the
left multiplication
L,:A— A
yr—z-y
We obtain an algebra homomorphism
r +— L.
If x € A, let us compute ||L,||:

[Lall = sup [zy[| < {|[],
lvli<t

and using the fact that ||zz*| = ||=||?, giving ||z(2*/||z|))|| = ||z||, the supremum is attained
by y = x*/||z||, for which we find || L.| = ||z since ||y| = 1.

Notice by this point that this gives us another way to look at the norm of an element x € A.
Through this new idea we are able to extend the norm to A; via the following argument.

Define, for every « € A;, N(z) = ||L;||. This clearly satisfies sublinearity and, in fact, all the
properties that any Banach algebra norm should fulfill. The only one that is not trivial to see
is that N(z) = 0 implies « = 0. For this, let z = 2/ + X - e be such that

L.(y) = (' + Xe)y=0, Vye€ A

Here, we may assume \ # 0, since for z € 4, ||L;|| = ||z||. This means that 2’y + Ay = 0, so

(LY,
y={—~ )=y

which defines 2’ for every y € A. Then

k ok l/*

We would get that —z’/\ is a left identity on A and (—z’/\)* a right identity. Therefore

(5)-(5))-(5)

This implies that both elements are the same and thus it is a right and left identity (i.e. an
identity), which is a contradiction to the assumption that A is non-unital. Therefore N (z) =
|L| for z € A is a Banach algebra norm on Aj.

It remains to verify that IV is a C*-algebra norm on A;. For all z € A, we check that N(z*) =
N(z) easily, and we show that N(z*z) = N(x)%. Forz € A and a € A, given that za € 4,

IL:(a)])* = ||zall® = ||(za)* (za)|| = |la*z*zal|| <
< la*|[l|a*zal| = [|a*||[| Loz (@)l < llal||| Lavzll
where in the second step we used that za € A and this is a C*-algebra. Therefore,
1Ll < 1 Zamel < Lo Lol

and N(z)? < N(zz*) < N(2*)N(z) = N(x)?, showing that N(z*z) = N(x)? and thus
concluding the proof. O

The next result establishes the natural properties of the spectrum of unitary and self-adjoint
elements in a unital C*-algebra. Proposition 4.4 will be crucial to extend those properties to
elements of general C*-algebras.
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Proposition 4.5. Let A be a unital C*-algebra.
(i) If u € Ais unitary, thenSp ,(u) CT:={{ € C: [{] =1}.
(ii) If h € Ais self-adjoint, then Sp ,(h) C R.

Proof. Step 1. We prove the first statement. Let A be a unital C*-algebra and denote by e a
unit in A. Then ea = ae = a implies a*e* = e*a* = a*, for any a € A, showing that e* is also
an identity and therefore e = e*e = e*. Furthermore, ||¢||?> = |le*e| = |le| so that |le]| = 1,
and unitary elements also have unit norm.

Let A € Cwith |A| < 1. Then u — Ae = (e — Au*)u. However,
[Aull = (A" = Al < 1,

and by Lemma 2.7, (e — Au*) is invertible, making u — e invertible.

If, otherwise, |A\| > 1, then u — Ae = A(u/\ — ¢e). Since
U 1
3= <2
it must happen that u/\ — e is invertible. Thus, A(u/A —e) = u — Xe is invertible, which

concludes the proof of part (i).

Step 2. For the proof of the second part, notice that A € C is real if and only if ¢** € T. First,
we will show that if f: C — C is holomorphic then for every « € A, f(z) € A makes sense
and f(Sp,(z)) C Sp,(f(x)). Then the result follows by a simple application of this fact: if
h = h*, then exp(ih) is unitary, and it follows that

exp(iSp 4 (h)) C Sp4(exp(ih)) C T.
This immediately implies that Sp , (h) C R. Therefore we are left to prove the first statement.

Let f(z) = Yo7, anz" be the Taylor expansion of f at 0 € C. It converges absolutely for all
z € C, and hence,

f(z) = Zanm”, reA
n=0

is well defined by absolute convergence of the series. By z¥ here we mean e. We will write

flx)—f(Ne= Z anx’ — Zan)\"e = Z an(z" — \e) = Z(CL‘ —Ae)pn(x, \)
n=0 n=0 n=1 n=1

where the factorization 2" — X"e = (z — Xe) (2"t + 2" 32X + ... + zA"2 + X" le) defines
pn(z, A) as the last polynomial in the expression. We can bound it in the following straight-
forward way;,

lpn(z, )| < ne™t, with 7 := max(|z|, |A]).

But f/(¢) = 322 na,£" ! converges absolutely and uniformly over compact sets, and there-
fore > °° nla,| 7" converges, making Y"°° / p,(z, \) absolutely convergent in A. We get

f(x) = f(N)e=(x — Ae) Zanpn(x, A) = (x — Xe)p(z, A).

n=0



27

Hence if A € Sp ,(x), (z — Ae) is not invertible, making f(x) — f(A) = (x — Ae)p(z, A) not
invertible. Therefore f()\) € Sp ,(f(x)). We have shown

F(Spa()) C Sp4(f(2)).

Finally, let f(z) = exp(z) = > o0, % This defines expx € A for every x € A. Then one
shows that if 2y = yz, then exp (x +y) = exp zexpy, by means of the binomial theorem.

This completes the proof. O
Using Proposition 4.4, we readily obtain the following consequence.

Corollary 4.6. Let Abea C*-algebraand h = h* a self-adjoint element. Then Sp ,(h) C
R.

Proof. If A is not unital, we have by definition that Sp,(h) = Sp4 (). We have seen in
Proposition 4.4 that there is a norm on A; that makes it a C*-algebra and extends the norm
of A. Hence regardless of whether A is unital or not, the spectrum is with respect to a unital
C*-algebra, so the statement follows from Proposition 4.5. O

At this point we are finally ready to introduce the main result we have been building up to.
Namely, it states that the Guelfand transform is better than a homomorphism whenever A
is an abelian C*-algebra: it becomes an isomorphism, meaning that A and Co(g) are iso-
morphic C*-algebras. More concretely, this gives us a classification of abelian C*-algebras.
Indeed, it tells us that any abelian C*-algebra is isomorphic to a space of continuous func-
tions vanishing at infinity on a locally compact Hausdorff space. We can therefore start to

apply our intuition about continuous functions to the elements of abelian C*-algebras.

Theorem 4.7. Let A be an abelian C*-algebra and A its Guelfand spectrum. Then the

~

Guelfand transform A — C(A) is a C*-algebra isomorphism.
The proof for this theorem will need the following classical approximation result.

Theorem (Stone-Weierstrass). Let X be locally compact Hausdorff and let B C Cy(X)
be a subalgebra that satisfies the following properties.

(i) If f € B, then f € B.

(ii) For all z € X there exists f € B with f(z) # 0.
(iii) Vz # vy, 3f € Bwith f(z) # f(y).
Then B is dense in Cy(X) for ||-||co-

We prove Theorem 4.7.

Proof of theorem 4.7. Since A is abelian, every x € A isnormal and hence [|Z[|o = ||z||sp = ||z
by virtue of Theorem 2.9 and Proposition 4.2. Thus,

A — Co(A)

T — T
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-~

is norm-preserving. Now let B = {7 : x € A} C Cy(A). Then B is a subalgebra, and since A

-~

is complete and x — 7 is norm-preserving, B is complete and hence closed in Cy(A). Now
we want to show that B satisfies the assumptions of the Stone-Weierstrass theorem. If that

-~

were the case, closedness and density would imply equality of B and Cy(A).

Step 1. First observe that if « = a*, then @(A) C Rsince ’d(g) C Sp 4(a) by Theorem 3.23, and
Sp 4(a) C R by Corollary 4.6.

Step 2. Let x € A. Since y(A) = C, there exists a € A with y(a) # 0, that is @(x) # 0. Then B
satisfies (ii).

Step 3. For every x1 # X2, by definition there exists a € A such that xi(a) # x2(a), that is
a(x1) # a(xz). This proves that B satisfies (iii).

Finally, we conclude by the Stone-Weierstrass theorem that B is dense in Co(/T), and since it

-~

is closed, B = Cy(A). O
Recall that we defined the radical J of A in the previous chapter by

J = ﬂ ker x.
x€A

-~

Denote by A: A — Cy(A) the Guelfand transform. Its kernel is
kerA:{xeA:f(x):(),Vxeﬁ}: ﬂ {reAd:x(z)=0} = ﬂkerX:J.
X€EA xeA

Therefore, the radical of A is nothing else than the kernel of the Guelfand transform on A.
But using the previous Theorem 4.7 we see that in the case of commutative C*-algebras,
the kernel ker A is always trivial, so this implies that commutative C*-algebras are always
semisimple.

To conclude this section, we remark how it is natural to enquire about the functorial nature

~

of the map A — Cy(A). The following corollary of Theorem 4.7 answers this question.

Corollary 4.8. For two abelian C*-algebras A and B, the following are equivalent.
(i) A and B are isomorphic as C-algebras.
(ii) A and B are homeomorphic.

(iii) A and B are isomorphic as C*-algebras.

Proof. Let T': A — B be a C-algebra isomorphism. Since B is semisimple, Corollary 3.18
implies that T is continuous. Since A is semisimple as well, 7~! is continuous by the same
argument. From this it follows that if y is a character in B, then x o T € A4, and the map

t:B— A
x+—xoT
is a bijection. We are now going to show that it is continuous.

Letxoeg,al,...,anEAande>0. ForXE/T,

Ix(a;) = xola;)] <& <= |(xo T (T(a:)) = (xo o T~ ") (T(a))| < e
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for 1 < ¢ < n. This shows that

t Y U(xo;a1,...,an;€)) = Z/{(tfl(XO);T(al), ... ,T(an);s) .

Therefore ¢ is a homeomorphism. Thus the map

§: Co(A) — Co(B)
f > fot

is an isometric C*-isomorphism,and §o A = Ao T,

(@] (x) =(@ct)(x) =a(t(x)) =alxoT) =(xoT)(a) = x(T(a)) = T(a)(x)-

This shows that 7" is an isometric C*-isomorphism. ]

As a next application we will prove an “abstract spectral theorem” for normal operators.
However, we first dedicate the rest of the chapter to deal with the following issue. If A is a
Banach algebra with identity e and B is a sub-Banach algebra with e € B, then clearly, if for
z € B and X € C, the element z — Ae is not invertible in A, then it cannot be invertible in B.
Thus

Spa(x) C Spy(2)-
In general, equality does not hold. What we want to understand is if equality holds when

we endow A and B with a bit more structure, i.e. when they are C*-algebras. Before this, we
illustrate the issue with an example.

Example 4.9. Let A = ¢*(Z), abelian Banach algebra with involution f*(z) := f(—x). Let
B={felZ): f(x)=0 Vz< -1} 5.

Recall that ¢y is an identity, and that supp f * g C supp(f) + supp(g) (as can be verified
elementarily from the definition) resulting in B being a subalgebra of A. One can also check
that 0 € B C A, with 6] = d_1 and 0; * 6] = Jo, so d; is unitary. We leave it as an exercise

—

to check that Sp ,(61) C T, for which we give the hint that one can use the fact that /1(Z) =

Hom(Z, T) and that for € A, #(A) = Sp 4(z). Note however that §; is not invertible in B,
which means that 0 € Sp ;(x) and hence Sp , () is a proper subset of Sp 5 ().

Proposition 4.10. Let e € B C A be unital C*-algebras and let € B. Then Sp ,(z) =
Spp(x).

Proof. We have already observed that Sp ,(x) C Sp(x). For the opposite inclusion, let A ¢
Sp 4(x). We will divide the proof into two steps.

Step 1. If x is self-adjoint, then by Proposition 4.5, Sp 5(z) C R. We may therefore assume
that A € R. Lete > 0 and A\. = A+ ic. Then \. is notin Sp(z), and thus (z — \.e)~! € B for
all € > 0. By the continuity of the inverse in G(A),

lim(z — A.e)™! = (z — Xe) ™' € G(A).

e—0

On the other hand, since B is closed in 4, we conclude that (z — Ae)™! € B. Hence, \ ¢
Sp (). This proves the result when z is self-adjoint.
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Step 2. For the general case. Assume y € B is invertible in A. Then y*y is invertible in A and
hence in B as well, since it is self-adjoint. Therefore, thereis z € B with z(y*y) = e. The same
argument applied to yy* yields u € B with (yy*)u = e. By setting a = zy* and b = y*u we
find that a,b € B satisfy ay = yb = e. This immediately implies that a = b = y~!, meaning
that y is invertible in B. We conclude by applying this to (z — Xe). O

Now we examine a particular result of intrinsic relevance. Let A be a unital C*-algebra and
let x € A be normal, that is zz* = z*z. Denote by C[.X, Y] the polynomial algebra in two
variables, and define

B ={P(z,z*): P C[X,Y]} C A,

with the convention that z° = e. Then B is an abelian sub C*-algebra of A, and therefore
Sp 4(z) = Spz(z) by Proposition 4.10. For the statement of the theorem, we denote by 1 the
constant function that sends every element to 1 in C.

Theorem 4.11. The map
z:B— C
X — x(x)
induces a homeomorphism B —+Sp 4 (z). For every f € C(Sp4(z)) there is a unique
element in B which we denote by f(z), satisfying

f@)(x) = f(x(z)), Vx€B.

The resulting map C(Sp 4(z)) — B is a C*-algebra isomorphism sending 1 to ¢ and
id to .

Proof. We first note that the map 7 is surjective by Theorem 3.23 and since the spectrum of A
and the spectrum of B are equal by the previous Proposition 4.10. Moreover, 7 is continuous
since it is the Guelfand transform of x € A. We now check that it is injective as well. For that,
let x1, x2 € B with x4 (x) = x2(x). Then

x1(7%) = xa(r) = xa(r) = xa(z"),

and hence x1(P(z, z*)) = x2(P(z,z*)) forany P € C[X,Y]. By definition of B, these polyno-
mials are dense in B, so this implies that x1 = x2, since x1, x2 are continuous. So x — x(z) is
a continuous bijection between compact Hausdorff spaces and hence it is a homeomorphism.

For f € C(Sp 4(z)) we have that the map x — foZ(x) = f(x(z)) isin C(B), and thus by the
fact that the Guelfand transform on B is an isomorphism, as seen in Theorem 4.7, there is a
unique element b € B with

b(x) = f(x(z)), VxeB.

If we denote b by f(z), then the proof follows by some straightforward verifications. O



5 Spectral theorems

The material of this chapter is mostly taken from [Ru2] 12, and also from [EiWa] 12.5. Al-
ternative sources are [EiWa] and [Zi].

As an application of the structure theorem for abelian C*-algebras, namely Theorem 4.7, we
are going to establish a spectral theorem for abelian sub-C*-algebras of the C*-algebra L(H)
of bounded linear operators on a Hilbert space H. In particular, we obtain spectral theorems
for normal operators. Observe that this result will be interesting with regards to the special
case of the Fourier transform, since it is a unitary operator on L?. We begin by presenting a
brief reminder on measures and the Riesz representation theorem for positive functionals.

5.1 Measures

Throughout this section we will refer to X as a locally compact Hausdorff topological space,
and we will denote the set of compactly supported, continuous functions on X by Cyo(X).

Definition 5.1. A positive linear functional on Cpy(X) is a C-linear form
A: Cpo(X) — C such that whenever f € Cpy(X) is such that f(X) C [0,00),
then A(f) > 0.

Now we recall the Riesz representation theorem for positive linear functionals.

Theorem 5.2 (Riesz representation theorem). Let X be locally compact, Hausdorff and
A: Cyo(X) — Cbe a positive linear functional. Then there is a o-algebra M contain-
ing all Borel sets and a unique positive measure 1 on M representing A in the following
sense.

(i) A(f) =[x fdu, f € Coo(X).
(ii) p(K) < oo forall K C X compact.

(iii) g is outer regular, i.e. any set can be approximated in measure by outer open
sets.

(iv) p is inner regular on open sets and for sets of finite measure, i.e., these can be
approximated in measure by inner compact sets.

(v) piscomplete, ie. if E € M with A C Eand p(E) =0, then A € M.

Any measure satisfying the properties (ii) to (v) will be referred to as a positive regular

31
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Borel measure on X.

When X is compact then A is automatically continuous,

A< AP lloo = XS oo
and therefore ||A|| = p(X). This motivates the following definition.

Definition 5.3. Let X be compactand B the o-algebra of Borel sets. A complex measure
on B is a C-linear combination of positive regular Borel measures.

We will only be interested in a few key features of these. An essential fact is the following: if
pis a complex measure and E = | |, E; is a disjoint union of a countable collection of Borel
sets, then B

i=1

the series being absolutely convergent. For a more comprehensive treatment of complex
measures, see chapter 8.

5.2 Operators in Hilbert spaces

In this section we will consider H to be a Hilbert space, with inner product (-, -), and the
norm given by ||z||? = (z,z). Let us denote the distance between = and c(t) by

d(z,c(t))® = ||z = c(t)|I?,

where c(?) is the straight line joining y and z, ¢(t) = ty + (1 — t)z. A geometric fact is that
when y # z, this function is strictly convex, and indeed its second derivative is ||y — z||?. Via
this realisation we can prove the following result.

Theorem 5.4. Let C C H be a closed convex subset and # € H. Then there exists a
unique point y € C with

d(z,y) =inf{d(z,2) : z€ C}.

Recall that given A C H, its orthogonal complement is defined as
At ={zeH: (z,a) =0 VYac A},
and it is a closed subspace of H. Also, At = AL,
From this, together with Theorem 5.4, one can deduce the following result.
Theorem 5.5. Let £ C H be a vector subspace. Then we have an orthogonal direct

sum decomposition
E®E'=H.

Proof. For the proof, we have E+ = EL, so it suffices to prove the result in the case when E
is closed. Fix some = € ‘H and pick y € E with

d(z,y) = min{d(z,z) : z € E},
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then for every m € E, the smooth function
d(t) == d(z,y + tm)?

has a minimum at ¢ = 0. Therefore, 0 = d’(0) = 2Re (m,z — y). Similarly, if we replace m
with im we obtain 0 = Im (m, z — y). This shows = — y € E+. Hence we have the decom-
position * = y + (z — y) wherey € F and z — y € E+. Since y is unique, it follows that the
decomposition is unique and thus the sum E + E+ = H is direct. O

We have the following corollary.

Corollary 5.6. If E C H is a vector subspace, then (EL)L =E.
Now we turn to some basic facts concerning bounded operators in H, and in particular, nor-
mal operators.

GivenT' € L(#H), evaluation of (T'z, x) for every element x € H determines (T'x,y) for z,y €
H. This is given by the appropriate handling of the expressions

(T(z+y),z+y) — (Tz,x)
(T(x+1iy),z +iy) — (Tx,z)

(Ty

) = (T'z,y) + (Ty,x)
(Ty,y) =

— y=—i(Tz,y) +i(Ty,z).

Y
Y
The adjoint operator of 7', denoted by 7%, and defined by

(T*z,y) = (x,Ty), Vr,yeH

induces an involution on the space £L(H) via the application 7" — T™* and in fact it endows
this space with the structure of a C*-algebra (see Example 1.6 in chapter 1).

Proposition 5.7. If T € L(#), then

kerT* = (im7T)t and kerT = (im7T*)*.

Proof. The second assertion follows from the first since (7%)* = T'. For the first one,

Ty =0 < (z,T*y) =0 VreH
— (Tz,y)=0 VzeH
— ye (imT)" O

Let us now establish some basic facts about normal operators. Recall that 7" € £(# ) is normal
itTT* =T*T.

Proposition 5.8. An operator 7' € L(H) is normal if and only if | Tz| = ||T*z| for
every x € H. In addition, a normal operator has the following properties.

(i) kerT = ker T™*.

(ii) kerT' =0 < im7T =H.
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(iii) 7 is invertible if and only if there exists ¢ > 0 such that
ITz] > elall, VaeH.

(iv) If Tz = ax for some x € H, then Tz = .

(v) If a # (3 are eigenvalues of T', then the corresponding eigenspaces are orthogo-
nal.

Example 5.9. In C", a matrix X represents a normal operator if and only if there exists a
unitary element u € U(n) such that uAu~! is diagonal.

Proof. We begin by showing (i). For any « € H, we have
|T2|? = (T, Tz) = (T"Tx, 2)
|T*z||? = (T*z, T*z) = (TT*z,x).

In combination with the remark following Corollary 5.6, this proves the first statement, from
which kerT" = ker T* readily follows.

For (ii), notice that by Proposition 5.7, ker T* = (imT)*, and by (i), we get that ker 7' =
(im T')*. Taking orthogonal spaces, we obtain (ker T')* = im T, and we conclude.

For (iii), we first prove the reverse implication. Assuming that || Tz| > c||z| for all z € H
for some constant ¢ > 0, it follows that ker 7" = 0, and T is injective. This inequality gives
us closedness of im 7', and in view of (ii) we find that im7" = #, so T is also surjective.
Therefore T—!: H — H exists as a linear map and ||Tz| > c|z| for every z € H, being
equivalent to ||y|| > c||T~'y|| for every y € H, provides continuity. The converse follows
from the open mapping theorem.

For (iv), we merely check that ker(T'—«id)* = ker(7™ —aid), and by (i), thisis ker(7T'—aid).
Finally, for (v), set Tx = ax, Ty = fy. Then a computation shows
a(z,y) = (ax,y) = (Ta,y) = (z, T*y) = (z,By) = B (z,y) -

Therefore (a — 3) (z,y) = 0, meaning that (z,y) = 0 whenever a # . O

To conclude this section we discuss a few characterizations of self-adjoint projections. Recall
that P € L(H) is called a projection if P? = P.

Proposition 5.10. Let P € L(7{) be a projection. Then the following are equivalent:
(i) P is self-adjoint.
(ii) P isnormal.
(iii) im P = (ker P)*.
(iv) (Pz,z) = ||Pz|?> Vz e H.
Moreover, for two self-adjoint projections P, () we have

imP | im@ < PQ =0.
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Proof.
e (i) = (ii): clear.

e (ii) = (iii): P2 = P and P is normal. This implies that ker P = (im P)*. Going to
the orthogonal space, we get that (ker T)* = (im P)** = im P. We claim that im P is
closed: since P is a projection we have x = Py for some y € H if and only if Pz = «.
This means that im P = ker(P — Id), so the former is closed.

e (iii) = (iv): Assume now thatim P = (ker P)* since ker P @ (ker P)* = H. This
implies that im P @ ker P = H. Now let x = y + 2z with y € im P and z € ker P, then

(Pz,x) = (Py+ Pz,y +2) = (y,y + 2) = (y,y) = (P, Px) = | Pz|>.
o (iv) = (i): Assume now that (Px,z) = (Pz, Pz) Va € H. Since the latter is real, by

taking the complex conjugate we get (x, P*x) = (P*x,x) Vo € H. We conclude by the
remark following Corollary 5.6 that P = P*.

The last claim is elementary. ]

5.3 An example

Let T' € L(H) be anormal operator. We consider the abelian sub-C*-algebra generated by 7',

B={P(T,T*): PeC[X,Y]}.

LetSp(T") C Cbe the spectrum of 7" seen as an element of L(H ). Then Theorem 4.11 provides
us with a C*-algebra isomorphism

C(sp(T)) — B
[ = (1)

sending 1 to idy and id to 7.

Lemma 5.11. If Ay € Sp(7) is an isolated point, then )\ is an eigenvalue of T'.

Proof. The characteristic function 6y, of {\o} is continuous on Sp(7"). Using Theorem 4.11,
let P := §),(T"). We have

02000 = O

5>\0 = Q7

making P a self-adjoint projection. Now, observe that (x — A\g1(z))dy,(z) = 0 for all z €
Sp(T'), from where it follows that (T" — g id) P = 0. Since d,, # 0, we have im P # {0}, and
Ao is an eigenvalue of 7. O

Example 5.12. Take now ¢?(Z) as the Hilbert space H and T'f(z) := f(x + 1) as the operator.
Then T* f(z) = f(x — 1) and T is unitary, so Sp(7') C T. We find that Sp(7') is compact,
nonempty and without isolated points in T. Therefore, it is in particular uncountable. In-
deed, if it had an isolated point A\g € Sp(T’), then by Lemma 5.11 it would be an eigenvalue.
Let f € (?(Z) satisfy

flx+1)=Tf(x) =Nof(x) VxeZ
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This would imply f(z) = A§f(0) and

ST =Y hl” £(0),

€L TEZ

and this is finite if and only if f(0) = 0, which implies f = 0.

5.4 Resolutions of the identity

Let X be a locally compact Hausdorff space, BB be the o-algebra of Borel sets on X, and let H
be a Hilbert space.

Definition 5.13. A resolution of the identity isa map E: B — L(H) with the follow-
ing properties.

(i) E(0) =0, B(X) = idy.

(ii) For every w € B, E(w) is a self-adjoint projection.
(iii) E(wi Nws) = E(w1)E(w2).
(iv) If w; Nwy =0, then E(w; Uws) = E(w') + E(W").

(v) For all z € H the set function E, ,(w) = (E(w)z,x) is a positive regular Borel
measure.

In a certain way, a resolution of identity is an object from which we can obtain a regular Borel
measure on X. Part (v) in the definition shows how to do this for the particular case of a
positive measure, but we will later see that it is possible extract more general measures. More
generally, we can think of a resolution of identity itself as something similar to a measure that
takes values in self-adjoint projections which will allow us to decompose certain operators
into projections using an integral. In the finite dimensional case, the spectrum is discrete, so
one can split up a matrix into projections onto its eigenspaces. In the infinite dimensional case
the notion of spectrum entails more than only discrete parts and thus we need a more general
tool to obtain a similar decomposition as in finite dimensions. This tool is the resolution of
identity as we will see in the following sections.

Given two Borel sets w; and wy in X, disjointedness of w; and w; immediately implies by (iii)
and Proposition 5.10 the orthogonality of the images of E(w;) and E(ws) as subspaces of H.
This is the reason behind requiring E(w) to be a self-adjoint projection for any w € B. This,
in particular, means that whenever w; and ws are disjoint, E(w; U ws) is also a projection, as
one can readily see from the computations

(E(w1) + E(w2))?z = E(w1)?z+ E(w1) E(w2)z+ E(ws) E(w1 )z + E(ws)?x = E(w)x+ E(wy)x

by the assumption w; Nwy = @ and since E(w)? = E(wNw) = E(w). In some sense, when w;
and wy are disjoint, then E(w; U wy) is still a projection, using (iv) to see that the left-hand
side is just E(w; U wy)? and the right-hand side is E(w; Uws). We find that {E(w) : w € B}
is a family of commuting, self-adjoint projections.

Additionally, observe that

E, . (w)= <E(w)2x,x> = (E(w)z, E(w)z) = ||E(w)z|* > 0.

)
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The first 4 axioms imply that E, ,: B — [0, 00) is a positive additive set function taking
values in [0, 1]. What (v) essentially grants is the o-additivity of this set function. Knowing
this, we naturally wonder what happens when we take the scalar product with a pair of
different elements z,y € # in (v). Define E, ,(w) = (E(w)z,y). By the remark following

Corollary 5.6,

2Ew,y(w) = Ew+y,$+y<w) + Z'El”f:Jriy,ﬂEJriy(W) - (1+ Z)Ex:c(w) —(1+ i)Ey,y(w)7

which implies that £, , is a complex measure, and enjoys o-additivity (see chapter 8). Using

this we show the following result.

Proposition 5.14. For every z € #, the map w — E(w)x is countably additive, i.e. if
w = |_|n21 wp, is a countable, disjoint union of Borel sets, then

E(w)x = Z E(wp)z,
n=1
where the sum converges in the norm topology of H.

To prove this, we will need the following lemma.

Lemma 5.15. Assume {xz,, : n > 1} is a sequence of pairwise orthogonal vectors in H.
Then the following are equivalent

(i) >°o2, xy, converges in H.
(i) Yo% ||@n]|? converges.

(iii) Yo7 (zn,y) converges for every y € H.

Proof. By orthogonality, for every 1 <n <m,
lor + -+ @ml® = loa]* + - + 2]
Assume (ii) holds. Then it suffices to check that

N+m 2

>
n=N

N+m

= > el
n=N

to get that Y, _; =, is Cauchy if and only if >, _; ||z, ||? is, resulting in the equivalence of (i)

and (ii).
To get (i) = (iii), we apply Cauchy-Schwarz,

m m m
> (@) —‘<Zxk,y> < I @fllyll,
k=n k=n k=n

implying (iii).
Finally, for the implication (iii) = (ii), define the linear form A,, for n > 1 by

n

An(y) = (y,zx) -

k=1



38 5 Spectral theorems

By the hypotheses, for every vector y € H, lim,,_,o Ay, (y) exists. By Banach-Steinhaus, the
sequence (||A,||)n>1 is bounded. To conclude, observe that

n n 1/2
1Al =11 @l = <lewkll2> ,
k=1 k=1

which gives the desired result. O
Now we turn to the proof of the proposition.

Proof of Proposition 5.14. We have seen thatforeveryz,y € H, E(w) = (E(w)z, y) isa complex
measure, and if w = |_|n21 wp, then we have

Epy(w) = Z (wr)z,y)

k=1

Observe that {E(wy)z} is a pairwise orthogonal family of vectors, therefore Lemma 5.15
applies and ), | E(wy,)z converges in H. We can then perform the otherwise highly illegal

move
Ex7y(w)zz< (wn)x, y) <ZE (wp)x, y>

n=1

Since the expression above holds for every y € H, we get E(w)z =) °

n=1

E(wp)x. O

Let us observe that since for a self-adjoint projection P we always have that || P|| is either 0 or
1, the series ) _, -, E(wy,) will not converge in £(#) unless all except for finitely many E(wy)’s
are 0.

Example 5.16. Consider X = {z1,...,z,} with B = P(X), H = H1 & --- & Hyp, and
P;: H — H the orthogonal projection onto #;, i = 1,...,n. Define

- Z P,
TiEW

Then FE is a resolution of the identity.

5.5 The algebra L>°(F)

Throughout this section, consider X to be a compact, Hausdorff space, and let E: B — L(H)
be a resolution of the identity. We proceed to define the C*-algebra L°°(E) of bounded Borel
functions. Let f: X — C be a complex valued measurable function. We want to define the
essential image of f.

Lemma 5.17. Let w = Un21 wy, where w, € B with E(w,) = 0 for all n > 1. Then

E(w) =0.

Proof. Since E(wy) = 0, we get £, »(wy,) = 0 for every n > 1, x € H. By o-additivity of E,
we obtain E, ;(w) = 0 for every = € H. Therefore, E(w) = 0. O
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Let {D,, : n € N} be a countable basis for the topology on C, consisting of open discs. Define

V= U D,,.

E(f~1(Dn))=0

The discs D,, with E(f~1(D,,)) = 0 have a similar role as null sets in measure theory, in that
their contributions with respect to the resolution of identity are negligible. Furthermore, V is
clearly an open set of C satisfying additionally, by the preceding lemma, that E(f~(V)) = 0.
It follows that V is the largest open subset of C with the property that E(f~1(V)) = 0. We
call the complement C \ V the essential image of f, denoted essim(f) C C. We say f is
essentially bounded if ess im(f) is bounded, and we define the L*°-norm of a function in
terms of the essential image. Namely,

| £lloc == sup{|A : A € essim(f)}.

Exercise (Support and essential range)

Let z € essim(f). Then for every open neighborhood D of z, we have E(f~(D)) # 0.
This property is reminiscent of the notion of support of a measure.

Next, let B> denote the space of bounded Borel functions, equipped with the norm ||-||,
B> :={f: X — C: Borel measurable, with || f|| := sup {|f(z)| : x € X} < c0}.

One verifies that B°°(X), endowed with ||-||, is in fact an abelian C*-algebra for pointwise
multiplication. The subspace

N = {f € B¥(X): |[fl = 0}.
is a closed ideal in B°°(X) and we define
L>*(E) = B>*(X)/N.
Then the quotient norm of a class [f] = f + N isjust || f||, and the spectrum
Sp (1 (1/]) = ess im(f).

It is customary to write f for an element [f] of L>°(E).

What we have done until this point can be viewed as a similar construction as the one of
L*>*(R) with the Lebesgue measure. In this general setting, the set V' is built by joining all
the open sets that f builds up from sets of F-measure zero. This precisely states that the
pushforward measure by f of V is zero. Also, V is taken by joining open sets which form
a basis of the topology in C and this choice makes it the biggest possible set with this prop-
erty. This is why we define C \ V to be the essential image of f: the rest of C gets positive
measure from f. Then we simply collapse all functions with L>°-norm equal to zero into one
equivalence class, meaning that two functions are the same if their difference is zero over its
essential image. This is the same as saying they differ only on a set of measure zero.

We can make an essential observation: for every f € B> (X), we have || f|l« < ||f||. This is
because ess im f C im f.
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Theorem 5.18. Given a resolution of the identity £: B — L(H), there is a C*-algebra
isomorphism
Y: L®°(E) — B C L(H)

onto a sub-C*-algebra B which is related to £ by

W()a,y) = /X fdE,,,
where z,y € H and f € L*°(E). Moreover,
[o(0)all* = [ | dB

and an operator () € L(H) commutes with every F(w) if and only if it commutes with
B.

We will encode the equation (¢(f)z,y) = [ f dE. , by using the notation

b(f) = /X fdE.

Notice that this result can be seen as a sort of Riesz representation theorem, where a func-
tional is somewhat expressed as integration of the function it is evaluated on against a par-
ticular measure. Here, however, we have an inner product instead of just a functional.

Definition 5.19. A simple function on X is a function s € B°°(X) taking finitely many
values.

Let S(X) be the C-vector space of simple functions. It is a sub-algebra of B*°(X), and it is
dense for the norm topology. Now we move on to the proof of the theorem.

Proof of Theorem 5.18. Let s € S(X') with distinct values a4, . . ., oy, so that

n
s = E QG X w; 5
i=1

with w; = s71(;) € B. Define now

U(s) =Y oiE(w).
i=1
Then V is a C*-algebra map, that is,
(i) W(s)" =i @b(wi)" = il @B (wi) = W3, Qixw,) = ¥(5).
(ii) W(st) = ¥(s)¥(t)sincefors =3 1 QiXw,t=> ", Qi X s

U(st) =W (Zzazﬂjmwi rm})) = (ZZaiﬂjE(wi)E(w;)) = W(s)U(¢)

i=1 j=1 i=1 j=1
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Linearity is left as an exercise. Now, let us compute

and we end up with

|9 (s)a]2 = (W (s) W (s)a,2) = (U(E)U(s)a, @) = (W(|s)a, @) = /X 52 dEy ..

This immediately implies

[w(s)al® < ||S||go/ e L )
X
Moreover, if = € im(E(wj)), then
U(s)r = a;E(wj)r = ajx

since the projections E(w;) have mutually orthogonal range. Therefore, if we chose j such
that |a;| = |||/, then for 2 € im E(w;) we have || ¥(s)z| = ||s||s|/z| and hence || ¥| =
5 co-

Letnow f € B>¥(X)and (sp)n>1 C S(X) withlim,,_,||s,— f|| = 0 (i.e. we approximate f by
simple functions). Then it follows from the previous conclusion that since (s,,) is a Cauchy
sequence, that ([|¢)(sn)|),>; is a Cauchy sequence as well. Now let ¢(f) = limy, 0 ¥(sn).

One then verifies easily that U(f) is independent of the approximating sequence of simple
functions s, and [|¥(s)|| = ||s||cc < [|s|| implies that ||V (f)|| = || f||oo-

Now let x € ‘H, and see that

(V(f)r,z) = im (U(sy)z,z) = lim [ s, dE;,.

n—0o0 n—o0 X

Given that ||s, — f|| tends to zero, we can exchange the limit and the integral above to find
that

<\I!(f)x,x>:/xde$’m.

An analogous argument shows that

10 (f)a]? = /X P B,

Hence ¥ is a C*-injection of L*°(E) into L(H), and its image A is therefore closed. The final
assertion is then proved by an approximation argument. O

5.6 The spectral theorem

The spectral theorem establishes that every bounded, normal operator 7" over a Hilbert space
H (i.e. T € L(H)) induces a resolution of the identity £ in a canonical way. This is defined
on the Borel subsets of the spectrum of 7" within C, and in fact 7" can be reconstructed from
E by an integration process as discussed in Theorem 5.18. In fact, this will be a special case
of the spectral theorem for abelian sub-C*-algebras of £(#).
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Theorem 5.20. Let A C £(#{) be an abelian sub-C*-algebra containing idy, and let A
be its Guelfand spectrum. Then the following hold.

(i) Thereisa unique resolution of the identity E defined on the Borel sets of A which
satisfies, for every T' € A,
T = /A TdE,

A
where T' € C(A) is the Guelfand transform of 7.

-~

(ii) The inverse C'(A) — A of the Guelfand transform extends to a C*-algebra iso-
morphism,
®: L°(E) — B

onto a sub-C*-algebra B C L(H) with B D A and given by
o(f) = [ 14B, [ e1(B).

Explicitly, ® is linear, multiplicative and satisfies both ®(f) = &(f)* and
12CHI = [l Flloo-

(iii) B is the closure in L(H) of the space of all finite linear combinations of the pro-
jections E(w).

(iv) Ifw C A is open and non-empty, then E(w) # 0.

(v) An operator S € L(H) commutes with every 7' € A if and only if it commutes
with all the projections E(w).

Before continuing onto the proof of the theorem, we will need one preliminary lemma, and
we stop here to make a few remarks.

Remark.

(i) Let f € C(A)and assume that || f||sc = 0. ThenE(|f]_1((O,oo))> = 0and |f|7*((0,0))

being open, together with (iv), implies that it is empty, hence f = 0 and C (4) injects
into L>(E).

(ii) Since Ais abelian, it follows from (v) thatevery ' € A commutes with every projection
E(w).

(iii) For T € Aand yo € 4, lete > 0 and consider
w = {X eA: ‘f(x) —f(xO)‘ < 8},
a non-empty open set. Then E(w) # 0 and we claim that Vv € im F(w), we have
I7(w) = T(xo)ull < elfol]
so im E(w) consists of “almost eigenvectors” of the eigenvalue T(x0). Indeed,

(T — T(x0)id) E(w) = (T — T(x0)1)xw),
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and therefore

i) o] = [P Fnon) <+

Now we introduce the lemma we will need to prove Theorem 5.20

Lemma 5.21. Let f: H x H — C be a sesquilinear, bounded form in the sense that
M = sup {|f(z,y)| : ||z]| = lyll = 1} < oco.
Then there is a unique 7' € L(H) such that
f(z,y) = (Tz,y), Vz,yeH.

Moreover, ||T'|| = M.

Proof. By scaling and sesquilinearity, we get that |f(z,y)| < M||z||||y| for every =,y € H.
Next, for every y there exists a unique S(y) € H such that f(z,y) = (z,S(y)), by the Riesz
representation theorem and since z — f(x,y) for a given y is a continuous linear functional.
Additionally, one easily checks that S is linear and bounded because f is sesquilinear. Defin-
ing T' = S* yields the desired result, and notice that

ISl = sup [[Sy[| = sup sup (z,Sy)

lyl=1 lyl=1 flz]=1
= sup sup |f(z,y)| = M. 0
lyl<1 flzl=1

We finally move onto the proof of the theorem.

-~

Proof of Theorem 5.20. Letus denote g: C(A) — A the inverse of the Guelfand isomorphism.
Then naturally g is also a C*-algebra isomorphism. Pick = € H and consider

C(A) — C
fo—(g(f)z,z).

This is a linear functional on C (,I) Moreover, assume f > 0 and set h := v/f. Then f = hh,
and we get g(f) = g(h)*g(h), from which it follows that

{g(f)a,z) = (g(h)*g(h)z,z) = ||g(h)z|* = 0.

With this, the Riesz representation theorem immediately gives a Borel measure E, , on A
satisfying

(Tz,x) = /Ardex,x, VI e A, Ve € H.
A

We can now define a complex measure, which will be useful since in the end we need a
resolution of the identity. Define by polarization

1
Boy = 5 (Evryory + 1Batiyariy — (14 ) Bog — (1 +1)Byy).
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By the polarization property of the inner product we directly get

(Tz,y) = /Adex,y, VT € A, Va,y € H.
A

-~

This last equality implies that for every f € C(A) the function

(x,y) — /ATdEx,y
A

o~

is sesquilinear. Since complex measures are completely determined by their value on C'(A),

-~

it follows that this holds for every f € B°°(A). Next, observe that for every v € #H and

‘ /Adev,v
A

f € B>®(A), we have
Using the definition of E, , we get that the sesquilinear form (xz,y) — [3 f dE, , is bounded

over functions in B>°(A). By Lemma 5.21, there exists ®(f) € L(H) with

<N Buw(A) = [1£1l]10]1%.

(®(f)z,y) = /Zdem,y, v € B(A).

We now need to analyse the properties of ® in order to conclude the proof. We can sum these
up as follows.

(i) ®isclearly linear.

(i) From (Tz,y) = fgde%y = <<I>(f)x,y> we deduce that ®(T) = T for every T € A,

making it clear that ® extends the inverse of the Guelfand transform to the whole A
(iii) A few computations show that ®(f) is a C*-homomorphism,
@(f)"0.2) = {o.8(7)a) = @Fa) = [ fdBrs= [ FEr = (8(T)a.).

Since x € ‘H was arbitrary, we deduce that ®(f)* = ®(f) for every f € B>(A).

(iv) To show multiplicativity of ®, we use the fact that the Guelfand transform is multi-
plicative. Let S, T € A, and notice that 7'S = T'S. Therefore

[ 8T ak,, = [ ST ak., = (50w = [ Sapr,
A A A

Now, what this means is that the complex measures T dE;, and dE7(,) , coincide on
continuous functions over A4, so they coincide on B*° (A) as well, making it possible to
replace S by any f € B°(A). Rewriting this yields

/A JTdE,, - /Adem),y — (@()T(x). ) = (T(z), B(f)y)
A A

— (T(x),2) = /Ade
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where we have set z = ®(f)*y. Therefore the complex measures fdFE,, and dE, .

-~ -~

coincide on C'(A), hence on B> (A). That is,

/Jg dE,, - [ngx,z.
A A

This implies that

(®(fg)z,y) = /Efg dE,, = /gngx,z — (®(g)z, 2)
— (@ (g)r, B(f)"y) = (B())®(g)x. 1)

which finally shows that

-~

(fg) = @(f)®(9), [f,9€B>(A).
Now we can define E in the following way. Let w C A be a Borel subset, and set

E(w) = ®(xw)

where, as usual, x,, represents the indicator function of w. It remains to verify that £ is a
resolution of the identity.

(i) We readily see that E()) = ®(0) = 0 and E(A) = ®(1) = idy since

(P(1)zx,z) = /nggm = ||a:H2 = (z,x).

(ii) If w is a Borel set, then xfj = Xw and X, = Xw, and since ® is a C*-homomorphism, we
deduce that E(w) is a self-adjoint projection. Indeed,

B(w)? = ®(xw)’ = 2(x3) = ®(xw) = B(w),

and
Ew)" =?(xw)" = 2(\w) = 2(xw) = E(w).

(iii) For wi, w9 Borel sets,

E(wi Nw2) = P(Xw; * Xwz) = P(Xwr)P(Xws) = E(w1) - E(w2).

(iv) IfwiNws = 0, then xuw,uw, = Xwi + Xw, and we easily obtain E(w Uws) = E(wi)+ E(w2)
by exploiting the additivity of .

(V) Epq(w) = (E(w)z,z) so E, , is a regular Borel measure by construction.
Therefore, E is a resolution of identity and
@(f)e9) = [ FdBa,. € B¥(A)

It follows from Theorem 5.18 that ® factors via the projection 8% (A) — L (E) and induces
the map ¢: L*°(F) — L(#) shown in Theorem 5.18. Thus, ||®(f)| = || f|lcc, which shows
assertions (i) and (ii) of the theorem.
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We are left to prove (iii), (iv) and (v). Now, (iii) easily follows since every L>°(E) function
is a uniform limit of simple functions. For (iv), assume thatw C A is open and has E(w) = 0.

Then E, ;|., is the zero measure for every z € H, and given " € A with supp T c w, this
means that

(Tz, Tz) = / IT1?dE,, =0, Ve

Hence T' = 0, but this implies w = (.
Finally, to prove (v), let S € L(H) and T € A. Then

(STz,y) = (Tz,S™y) = /deLg*y
and
(T'Sx,y) = /degm’y.

Then
(STz,y) = (T'Sx,y), V,ye H <= dE, sy =dFEs,, Vz,ycH.

This can be easily shown to be equivalent to
(E(w)x, S*y) = (E(w)Sz,y),

and since the right hand side is equal to (SE(w)z, y), we have finished and the proof is com-
plete. O

Now we turn to a consequence of the spectral theorem which says that any normal operator
is, up to a Hilbert space isomorphism, given by multiplication on an L2-space.

Theorem 5.22. Let H be a separable Hilbert space and A C £(#) an abelian sub-C*-

algebra containing idy;. Then there is a finite positive regular Borel measure pon A xN
and a Hilbert space isomorphism

A:H — L*(A x N, p)
such thatforall T € Aand v € H,

A(Tw) (x,n) = T()AW)(x, n).

In other words, the following diagram commutes:

H —2 5 L2(Ax N, p)

Tl le

H —2 4 L2(Ax N, p)

where Mz: L? (ﬁ x N, M) — L? (K x N, ,u> denotes the multiplication operator defined for
fe LQ(A\X N,u> by
(Mzf)(x;n) = T()f (x; m)-
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If A C L(H) is any sub-C*-algebra (not necessarily abelian) then for every v € #, the space
A-v={T(w): T € A}

is a C-vector subspace of H, and so is its closure A - v. With this remark at hand, we intro-
duce the following lemma concerning the decomposition of H into several closed, orthogonal
subspaces given by A, which we will need to prove Theorem 5.22.

Lemma 5.23. Let / be a separable Hilbert space and A C L(#) as above. Then there
exists a finite or countable family of vectors v1, v2, v3, ... such that the closed subspaces
Awv; are pairwise orthogonal and

"= @izl Avi,

where @ denotes the direct orthogonal sum.

Sketch of the proof. Consider the set
C={FCH\{0}: Yvo#wEeF, Av L Auw},

equipped with the partial order given by inclusion. Notice first that C # ). Also, by Zorn's
lemma, there exists a maximal set ' € C. Now we claim that the direct sum @, . A - v is
dense in H. This implies that @ve pA-v =M. Indeed, if it were not, define L = @, .p 4 - u.
Then £+ # (0). By taking any vector u € £ and appending it to F' we get a contradiction to
its maximality. Indeed forany v # u € F,T € A,

(Tu,v) = (u, T*v) =0
since T € A as well. Finally since # is separable, F' is countable. O

Proof of Theorem 5.22. Let E be the resolution of identity on A given by Theorem 5.18. In
particular, if H > v # 0, then

(Tv,v) = /AdeM VT € A.
A
Applying this to S = T*T,
T2 = (T*Tw, v) / ‘T‘ dE, ...

What this relation implies is that 7'v = 0 if and only if T = 0 almost everywhere with respect
to £, ,. Hence we obtain a well defined map

Ly:A-v—s L2(A, E,,)
T -v+— T.

which is isometric (£, is linear and norm preservmg) and thus extends to a Hilbert space iso-
morphism between the respective closures since C(A) is dense in L2(A E, »), which means
that £, extends to A - v,

Ly: A-v— L*(A B,,).
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In addition, for every a,T € A, we have

o —

Lo(aT -v)=(a-T)=a-T =aLly,(T -v).
Therefore this extends to the closure, and forallw € A - u,
Ly(aw) = aLly,(w).

Let now vy, v9, ... be a sequence of non-zero vectors such that

/H == @izlA * Uy

is an orthogonal decomposition. Let us scale the v;’s such that ) -, ||v;|| < co. On A x N, we
can define

M= Z Evn,vn & 5n7

n>1
and it becomes clear that if f € C (2 x N), then

/ﬂMZEQAﬂde&MJm.

n>1

The measure p is a positive, regular Borel measure on A x N, and it is finite by the choice of
the v,,, which follows from an easy computation. Define

A:@ﬁvn;@@ m—w?(ﬁxmu).

n>1

In other words, for v = ), wy,, where w,, € A - vy,

A() (x;m) = Y Lo, (wi) (X).

m>1
We finally compute
[A(32n)

This shows that A is an isomorphism and it is an easy exercise to check that it satisfies the
rest of the conclusions, namely that A(Tv)(x, u) = T'(x)A(v)(x, u). O

V=Z/mmwwmmmw=2mm
m>1

If we want to apply the spectral theorem to a single normal operator 7" € L(#), we will use
Theorem 4.11 and the construction preceding it. Namely, we consider

B={P(T,T*): PeC[X,Y]},

the abelian sub-C*-algebra generated by id, 7' and 7™, and recall that here Sp(T') refers to
Sp LH) (T') = Spy(T) (the latter equality following from Proposition 4.10). The evaluation
map given by Theorem 4.11
ev: B — Sp(T)
x — x(T)
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is then a homeomorphism. Furthermore, we have shown that, given f € C(Sp(T)), f(T)
denotes the unique element in B such that

The resulting map
C(Sp(T)) — B
fo = AT
is a C*-algebra isomorphism. Observe that the identity above can also be written as

F(T)(ev™'(\) = f(\) VA €Sp(T).

The spectral theorem then provides a unique resolution of the identity satisfying

b:/BdE, Vb € B.

B

Then, for a Borel set w C Sp(T’), define
F'(w) = E(ev1(w)).

It is clear that F’ is a resolution of the identity on Sp(T’) (this would also work for any contin-
uous function). Observe that since ev: B — Sp(T') is continuous, we can define, for every
positive regular Borel measure 1 on B, its pushforward measure

ev. p(w) = p(ev (),

which produces a regular, positive Borel measure ev, 1 on Sp(7’). Using that ev is a homeo-
morphism, one checks that, given any f € C(B),

[ Fo0) duy) = / (f o evh)(y) dleva 1) (1),
B Sp(T)

With these remarks at hand, one deduces from E'(w) = E(ev™!(w)) that
BL () = (B'w),z) = (B((ev) (@) 2.2) = v (Epr) (@)

for every x € H. Now, for every b € B,

) = [ 3008800 = [ (B @)™ () dev. Bua) )

B
Apply the above to b = f(T) to obtain
(@)= [ FONAELO).
Sp(T)

Thus we conclude from the spectral theorem that there is a unique resolution of the identity
E’ on Sp(T') such that

f(T) = / FVAE'(N) Y € C(Sp(T)).
Sp(T)

It is important to realize that f(7)) takes a concrete form when f(\) = p(\,A), where p €
C[X,Y] is a polynomial. The reason is the following: Theorem 4.11 asserts that f — f(7T') is
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a Cx-isomorphism from C(Sp(7’)) to B sending 1 ~ idy;, and id + T, and hence id s T,
Therefore it sends p(\, ) — p(T,T*), and

p(T, T%) = / PO, N AE (V).
Sp(T)

and this implies that E’ is unique. Indeed, if E” were another resolution of the identity on

Sp(T’) such that
T = / AAE"(N),
Sp(T)

then it follows that the C*-algebra map ¥ : L>°(E") — L(H) from Theorem 5.18 sends id
to T', hence id gets sent to 7, and as a result,

T = [ AN AEN),
Sp(T)
Since the functions of the form X — p(\, \) are dense in C'(Sp(T')), we get that
F@) = [ FWAE') ¥F e C(sp(D),
Sp(T)
which readily implies E” = E’. We have then essentially proved the following result.

Corollary 5.24. Let T' € £(H) be normal and Sp(T") C C be its spectrum. There is a
unique resolution of identity £ on Sp(7T') such that

T = / AdE(N).
Sp(T)

Moreover, if S € L(H) commutes with 7" and 7™, it commutes with every projection
E(w), for every Borel set w C Sp(T').

Remark. In the statement of the corollary we need S to commute with both 7" and 7™ at the
same time. However, one can show thatif 7' € £(#) is normal and S commutes with 7', then
it commutes with 7. See [Ru2] 12.6.

Next, if E is the resolution of identity on Sp(7"), we have seen that for any f € C(Sp(T)),
) = [ B
Sp(T)

The map B*(Sp(T)) — L*®(E) — L(H) given by Theorem 5.18 is related to E by the
identity
(H= [ 0B,
Sp(T)
Hence it extends
C(sp(T)) — B
[ = (1)

and we will thus, for f € B*>(Sp(T')), denote ¥(f) by f(T'). Therefore, for normal opera-

tors we have extended the continuous functional calculus to the bounded Borel functional
calculus, and we have the following result.
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Corollary 5.25. The map
B>(Sp(T)) — L(H)
fo = (1)

is a C*-homomorphism sending 1 to idy, and id to 7', and
IF (D < £ =sup {|f(N)] : A€ Sp(T)}.
If f € C(Sp(T)), then || f(T)|| = || f|l. Moreover,

I#(@al? = [

|f’2 dE.Z‘JU
Sp(T)

and T is the limit in the norm topology of finite linear combinations of projections
E(w).

5.7 Schur's lemma

There is an interesting application of the spectral theorem in representation theory.

Definition 5.26. Given a group G, a unitary representation of GG in a Hilbert space H is
a group homomorphism 7: G — U(#H) of G into the group U () of unitary operators
of H.

We can readily distinguish an interesting property of certain unitary representations, called
irreducibility. In summary, this is satisfied whenever the only invariant subspaces of H are
(0) and H itself. For a subspace of H to be invariant with respect to 7 it means the following.

Definition 5.27. A subspace £ C H is said to be invariant if 7(g)£ C L forevery g € G.

Observe that if £ is invariant, so is £: let v € £+, that is, (v, w) = 0 for every w € L. Then

<7T(g)vvw> = <v,7r(g)*w> = <v7ﬂ(gil)w>a

if w € £ then n(g~)w € L for all g. This implies that (7(g)v,w) = 0 for all w € £, hence
m(g)v € L+ forevery g € Gand allv € L+

Definition 5.28. A unitary representation (m, /) is called irreducible if whenever £ C
H is a closed invariant subspace, then we have either £ = (0) or £ = H.

Remark. Let G be countable and H of infinite dimension. Additionally, let v # 0 and consider
the linear span of {7(g)v : ¢ € G}. This is an invariant, nonzero vector subspace of 7, and it
cannot be equal to H since dim¢ H = 8.1

Let us assume £ C H is a closed 7(G)-invariant subspace and let P: { — L be the orthog-
onal projection. If v € H, then it can be expressed as v = v1 + vy, where v; € £ and vy € Lt
Of course, v; = P(v). Now, forany g € G,

m(g)v = m(g)v1 + 7(g)ve,

IStandard exercise with Baire’s theorem.
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which since both £ and £+ are 7(G)-invariant, implies

P(m(g)v) = m(g)v1 = 7(g)P(v).

Therefore Pr(g) = m(g)P. Noticing this, we maximize the set of operators that satisfy this
and define
Int(m) ={T € L(H): Tn(9) =n(9)T Vg€ G}.

This set is a sub-C*-algebra of £L(H) containing {\idy : A € C}. What we know from pro-
jections is that, if £ C H is a closed, invariant subspace and P: X — L is the orthogonal
projection onto £, then we know that P € Int(x). The key result that we will prove is the
following.

Theorem 5.29 (Schur’s lemma). The representation (m, ) is irreducible if and only if
Int(7) = {\idy : A € C}.

The proof of this lemma uses spectral theory and we will require the following lemma.

Lemma 5.30. Let ' € L£(#) be a normal operator. Then 7" = \idy if and only if
Sp(T) = {A}.

Proof. The argument for the direct implication is as follows. Let T" = Aidy. ThenT'— \idy =
0, and therefore A € Sp(T'), but for every p # \, T — pidy = (A — p) idy, which is invertible.
Therefore the only element in the spectrum has to be A.

For the converse, let E be the resolution of identity on Sp(7") = {\} associated to 7. Then
E({\}) = E(Sp(T)) = idy. Now, observe that ) is an isolated point of Sp(7T'), hence E({\})
has to be the projection onto ker(7T" — Aid) (Lemma 5.11). Thus, ker(T' — Aid) = H, and
Aid =T. O

Now let us prove Schur’s lemma.

Proof of Theorem 5.29. First assume that (7, H) is not irreducible and 0 C £ C H is a closed
invariant subspace. Then we have shown that the orthogonal projection P onto £ is in Int().
This shows that Int(7) 2 {\idy : A € C}.

Now assume that Int(7) D {Aidy : A € C}. Since Int(n) is a C*-algebra, every operator T’
can be decomposed as T' = T + i1, with 71 = T} and T> = T, with both T, T € Int(n).
Indeed,

T+ T+ T—T*
= ) T2 - B .
2 29
So,if T € Int(w), T ¢ {\idy : X € C}, then either T} or T, are not in {\idy : A € C}. Thus
there exists S = S* in Int(7) such that S ¢ {\idy : A € C}. In particular, S is normal and by
Lemma 5.30, Sp(T)‘ > 2.

Let E be a resolution of identity on Sp(S) associated to S. Let A1, A\ beinSp(S) and V; > {\;},
i = 1,2, open subsets with V; NV, = (. Since both V; and V3 are open and nonempty, we
have E(V;) # 0 by Theorem 5.20 (iv), and we also have

T

EW)E(V2) = E(VinV;) = E(0) = 0.

Hence E(V1) # idy and E(V2) # idy, so if £, is the image of E(V}), which is closed and
0 € £1 C H, we can use the fact that any operator that commutes with S also has to commute
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with all the E(w)’s. But 7(g)S = Sn(g) for all g € G, and thus 7(g)E(V1) = E(Vi)w(g), so L1
is 7(G)-invariant. O

5.8 Positive operators and polar decomposition

We first study a special case of self-adjoint operators.

Definition 5.31. We say that T' € L(#H) is positive, and write T > 0, if

(Tz,z) >0 VzeH.

If T is positive, we have

(,Tx) = (Tx,z) = (Tz,x),

making it so that 7" is self-adjoint.

Theorem 5.32. Let T € L(). Then the following are equivalent.
(i) T is positive.

(ii) T is self-adjoint and Sp(7T") C [0, o0).

Proof. Suppose T'is positive, then T is self-adjoint, so Sp(7') C R. Now let A > 0. For every
x € H we have the estimate

)\Htz = (A\z,z) < Az,z) + (Tx,z) = (Nid+T)z, ) < |[(Aid+T)z||||z||.

Therefore, for x € H,
[(Aid +T)z[| = Allz]].

Now T is self-adjoint and A € R, so 7'+ A id is self-adjoint and consequently also normal. So
by Proposition 5.8 we find that T+ Xid = T' — (—\) id is invertible. Therefore, —\ ¢ Sp(T’)
for all A > 0 meaning that Sp(7") C [0, c0).

Now we prove the converse implication. Assume 7' is self-adjoint and Sp(7") C [0, c0). Let
E be the resolution of identity on Sp(T’) so that

T / AAE(N).
$p(7)

Then, for every x € H,
(T, ) = / NdE,.(\) > 0,
Sp(T)

since Sp(T') C [0,00), and E; . is a positive regular Borel measure. O

The following theorem is about a single positive operator. Nevertheless, it uses the Guelfand
isomorphism for abelian C*-algebras.

Theorem 5.33. Every positive T' € £(#) has a unique positive square root S. If T is
invertible, so is S.
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Proof. Let E be the resolution of identity on Sp(7) with

T = / NAE(N).
5p(7)

Since Sp(T') C [0,00), the function f(A\) = v/ is well defined and continuous on Sp(T).
Hence,

S=f@) = [ BN = [ VAdEW)
Sp(T)

Sp(T)
is self-adjoint, S = S*, and Sp(S) C Sp(7'). We also have

S% = f(T)* = / ANE =T.
Sp(T)

Now we show that this is unique. Suppose S’ satisfies the same properties as S. Let then E’
be the resolution of the identity for S’ that makes

S = / AAE(N).
Sp(s")

Then T = S and thus for all f € C((0,00)),

F(T) = £(57) = /

Sp(S”)

FONAEW) = [ f)dEW)

Sp(T)

Therefore,

/ FOV) dEs () = / FO2) AR, (M),
Sp(T)

Sp(S’)

which when replacing f by f(\) = g(V/\) gives
[ awas, = [ gVNdELO).
Sp(s") Sp(T)

This implies that £, , is uniquely determined by E. ., hence E’ is uniquely determined by
E, which implies uniqueness.

Finally, if T is invertible, then

(T7'9)S=T"'s*=T7"'T =id
S(T718)=T71(S?) =TT =1id.

Now, if T' € L(H) is an arbitrary operator, consider 77, and observe
(T*Tz,x) = (Tx,Tz) = ||[Tz||> >0 Vz e H.

Therefore T*T >, which hints at the following result.

Theorem 5.34. If T" € L(#) is an operator, the positive square root P of 7T is the
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unique positive operator satisfying

[Pz|| = [|Tx|, Ve

Proof. 1f P is the positive square root of 7*T', we have
|Pz|* = (P?z,z) = (T*Tx,z) = | Tz|?

for all z € H. Conversely, if P’ is a positive operator with ||P'z| = || Tz||, then the computa-
tion above shows that
<P’2x,x> = (T"Tz,z),

hence P2 = T*T and thus P’ = P by the uniqueness part of Theorem 5.33. O

This allows us to generalize to Hilbert spaces a classical fact from linear algebra, namely that
every invertible matrix 7" € GL(n,C) has a unique decomposition 7' = UP where U € U(n)

is unitary and P is hermitian, that is, P’ =Pand positive definite. This is commonly called
the polar decomposition of T

Theorem 5.35. Let T' € L(H) be invertible. Then 7" = U P with U unitary and P > 0.
Moreover, this decomposition is unique.

Proof. Since T is invertible, so is T and hence T*T. Therefore this last operator is positive
and invertible, and thus has a positive square root P that is invertible as well. Let U = TP~ 1.
We compute

U*U = (Px)"'T*TPp~! = p7iT*TP~t = p~lpP?p~l =id.
Since U is invertible, we have UU* = id.
For the uniqueness of this decomposition, take 7/ = U’ P’ with U’ unitary and P’ > 0. Then
T*T = (P")*(U')*U'P' = (P')*P' = (P')%.

Again, by the uniqueness part of Theorem 5.33 we get P’ = P and hence U’ = U. O



6 Locally Compact Groups

This chapter puts together in an ad hoc way the basics of locally compact groups and Haar
measure needed in the subsequent chapters. This material can be found in [EiWa] or [RaVa]
chapter 1.

In this chapter we introduce topological groups and treat some examples with an emphasis
on abelian topological groups. In particular we discuss some details in the field of p-adics.
Then we shortly discuss how the topology and group structure interact to produce some
miraculous properties. The second part of the chapter will be devoted to introducing the
Haar measure on a locally compact group, and establishing some basic properties of the
convolution product.

6.1 Topological groups

Throughout this section we will always consider G to be a group.

Definition 6.1. A topology 7 C P(G) on the set G endows G with the structure of a
topological group if the multiplication map

- GxG— G
(z,y) —rx-y

and the inverse map

1:G— G

gr—g!

are both continuous.

In the above definition, G x G is endowed with the product topology of G. Let us draw some
basic consequences from this first definition.

Remark. Let G be a topological group.

(i) The inverse map i: G — G is continuous and in addition i o ¢ = id. Hence, i is a
homeomorphism.

(ii) For g € G, define the left translation by g as

Ly:G— G
T—>g-x

9

56
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which is continuous by definition. Observe that L,-10L; = LyoL,-1 = idg, and hence
L4 is a homeomorphism. So a topological group “looks” locally everywhere the same.
Analogously, one defines right translation by g € G as

Ry:G— G
T—x-g

and concludes that it is a homeomorphism as well.

(iii) Let ¢: Gi — G2 be a homomorphism where G, G are both topological groups.
Assume ¢ to be continuous at e € GGy, the identity in G;. Then, given g € G arbitrary,
¢ o L1 is continuous at g since L,-1(g) = e. But

@ o Ly-1(h) = (g ")e(h),

which can also be written as

Lo 0o Ly = ¢,

given that ¢ is a homomorphism, implying that ¢ is continuous at g € G. Since g € G
is arbitrary, we have established that a homomorphism is continuous if and only if it is
continuous at e € (7.

(iv) Let H < G be a subgroup of G. Then, with the induced topology, H is a topological
group.

Now we turn towards some examples.
Example 6.2 (Topological groups).
(i) Any group G endowed with the discrete topology is a topological group.

(ii) The space R", equipped with the regular addition and the Euclidean topology is an
abelian topological group.

(iii) If Aisa unital Banach algebra, the group G(A) of invertible elements with the topology
induced from A is a topological group (recall Lemma 2.8).

(iv) The additive groups (R, +) and (C, +), as well as the multiplicative groups (R*,-) and
(C*,-) of the fields R and C are abelian topological groups.

Observe that examples (i), (ii) and (iv) are locally compact Hausdorff, while G(A) is locally
compact if and only if A is finite dimensional (which we will leave for the reader to prove as
an easy exercise). In this context the following examples are a special case of (iii)

(v) The groups GL(n,R) and GL(n,C) are locally compact Hausdorff groups.

The cartesian product leads to a wealth of examples.
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(vi) Let G, where a € A be a family of topological groups. Endow the product G =

[I,c4 Ga with the componentwise product and the product topology. Then G is a
topological group. It is compact if G, is compact for every o € A. For instance, if
we endow Z/27Z with the discrete topology, then (Z/2Z)" is a compact group. It is an
instructive exercise to show that G is locally compact Hausdorff if and only if all the
G 's are locally compact Hausdorff and all but finitely many G,,’s are compact.

There is, however, a more general source of locally compact topological groups.

(vii)

(viii)

Let (X, d) be a metric space such that all closed balls of finite radius are compact. Then
the group Is(X) of isometries of (X, d) with compact open topology is locally compact
Hausdorff.

The ring Z, of p-adic integers is a locally compact Hausdorff topological group. For
every n > 1, let A, := Z/p"Z be the ring of integers modulo p". Given = € A,, its
reduction modulo p"~ ! is well defined and leads to a surjective ring homomorphism

On: A, — An—1

z — z mod p" L.

We obtain a sequence of rings with morphisms connecting them:

A A & g e Ay A

The ring Z,, of p-adic integers is then the projective limit of the system (A,,, ¢,,) defined
above. By definition, Z,, is the subring of [[,,, A, given by

Zp =< (x1,22,...) € H Ap: Oop(en) =2p—1 Yn>2

n>1

More precisely, coordinatewise addition and multiplicationon [ [, .., A, makesitaring,
and since the ¢,, are homomorphisms, Z,, is a subring. Then Z injects into Z,, via

7 — Ly,
T — (;1: mod p, x mod p?, )

and we identify it with a subring of Z,,.

Now, endow A,, with the discrete topology. Then [], .., A4, is compact Hausdorff, and
Z,, being defined by closed conditions is hence compact Hausdorff. Both operations of
addition and multiplication are continuous, and so is z — —z. In particular, (Z,, +) is
an abelian compact Hausdorff group. Additionally, Z is dense in Z,,.

We leave it to the reader to check the following fact.

__ Exercise

Itis well known thatif p =1 mod 4, then —1 is a square in Z/pZ, thatis, 22 +1 =
0 has a solution in Z/pZ. Use this, together with some elementary computations
to inductively construct a sequence in z,, € Z/p"Z with

(1) 22 +1=0inZ/p"Z.

(2) ¢(an) = zn-1.
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Thus 22 + 1 = 0 has a solution in Z,,.

One important part of the study of Z,, is its relation to the A,,’s. In fact, associating tox =
(21,2, ...) € Zy its n-th component z,, € A,, defines continuous ring homomorphisms

Ent Ly — Ay
T — T,

whose kernel is p"Z,. The latter is hence an open subgroup of Z,, and since 5, p"Z;, =
(0), they form a fundamental system of neighbourhoods of (0). We thus have

(1) x € Z, is invertible if and only if x ¢ pZ,,.

(2) If U C Z, denotes the group of invertible elements, then every z € Z, \ {0} can be
written uniquely as z = p"u, withn > 0and u € U.

The first property follows from the analogous statement for A,,, whereas the second
follows from (1,5, p"Z, = {0}.

(i) The field Q,. Observe that Z,, is an integral domain. Indeed, if xy = 0 and z,y # 0,
write z = p"u and y = p"™/. Then zy = p""™uu’ = 0, meaning that p"™™ = 0,
which is nonsense. One deduces easily that Q, can be identified with Z,[p~!]. In fact,
every z € Q can be written uniquely as x = p"u, forn € Z and u € U. If we set
v(x) == n € Z, we obtain a so called valuation, that is

v: Qp — ZU {0}
where we put v(0) = oo, satisfying

v(zy) = v(x) +v(y)
v(z +y) > min {v(z),v(y)} .

It follows that d(x, y) := e~*(*~¥) defines a distance on Q,: it induces the given topology
on Z,. One concludes that Q, is locally compact and contains Z, as an open subring.
Additionally, Q is dense in Q,,.

Having discussed these examples, we illustrate why the last two are important. In particular,
they play major roles in local approaches to algebraic number theory:

(1) Assume K is a non-discrete, locally compact Hausdorff field with char K = 0. Then K
is isomorphic to R, C, or a finite extension of Q, for some p.

(2) If i: Q — K is an injection with dense image and K is locally compact and non-
discrete, then K = R or Q, for some p.

For more on this, see [We] chapter 1 or [RaVa] chapter 4.
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6.2 Properties of topological groups

Recall that a topological space is connected if it cannot be written as the union of two disjoint,
non-empty, open subsets. Recall as well that the closure of a connected set is connected and
the continuous image of a connected set is as well connected. Finally, given a topological
space X, the relation x ~ y if {z,y} is contained in a connected subset of X is an equivalence
relation, and its equivalence classes are called connected components. We have the following
proposition.

Proposition 6.3. Let G be a topological group. Then we have the following.
(i) If H < G is a subgroup, then so is its closure H < G.
(ii) If H < G is an open subgroup then it is closed.
(iii) The connected component G of e € G is a closed normal subgroup.

(iv) If G is connected and V' > e is a neighborhood of e, then V' U =L generates G,
ie.,
G=|Jvuvhr

n>1

Let us introduce some notation before moving onto the proof. Given subsets A, B C G, we
denote

A-B:={a-b: a€ A, be B},
Ail:{aflz aEA},
A=A A1 p>2

)

Proof of Proposition 6.3.

(i) Recall that given f : X — Y continuous and A C X, f(A) C f(A). Applying this to
the multiplication and inversion maps we get

m(HxH)=m(HxH)Ccm(HxH)=H

and

i(H) ci(H) = H,

which proves (i).
(ii) Let R C G be a complete set of representatives for G/H with e € R, i.e.

G=||a-H=Hu || L.(H).
z€R zeR\{e}

Since H isopenand L, : G — Gisahomeomorphism, soare Ly (H) and | |, g\ (¢} Lo (H),
which implies that H is closed.

(iii) Notice first that connected components are always closed. Thus, the subset G is closed.
Now m(Goy x Go) C G and i(Gy) C G are connected subsets containing e € G. Hence
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they are contained in Gy, which shows that Gy is a subgroup. Finally, given g € G, and
observing that the map z — gzg~! is continuous, we have that

{gacg_l S Gg}

is a connected subset of G containing e, hence it is contained in Gy. This shows that G|
isnormal in G.

(iv) Observe that H := J,,~,(V UV )" is a subgroup of G. Now lete € U C V be an open
subset of G. Then U C H and since H is a group, we have

L,(U)Cc H, VheH.

Since Ly(U) > h is an open neighborhood of h, the set H is a neighborhood of each
of its points, hence it is open. By (ii), it is closed, and since G is connected and H is
nonempty, we deduce H = G. O

Remark. According to (iii) we can write G = |_|zGy, where the union is over a complete set
of representatives of G/Gy. Hence the set m(G) of connected components of G acquires, via
its identification with G/G, a group structure. It is an instructive exercise to compute my(G)
in each of the examples at the beginning of the chapter.

6.3 Haar measure

Let now G be a locally compact Hausdorff group and let Cypo(G) denote the C-vector space
of continuous compactly supported functions. The most important fact about this class of
groups is the existence and uniqueness of the Haar measure.

Given a map F': G — X, define the action

Mg)F:G— X
z — F(g~ ).

Clearly if F e COU(G) then )\(Q)F € Coo(G), and \: G — GL(CU()(G)), with )\(glgg) =
A(91)A(g2). Thus, A is a group homomorphism. The fundamental result then comes pre-
sented as the following theorem.

Theorem 6.4 (Existence and uniqueness of the Haar measure). Let G be a locally compact
Hausdorff group. Then there exists a non-zero, positive linear functional A: Cyo(G) —
C that is invariant under left translations, i.e.

A(X(g)f) = A(f), V[ € Coo(G), Vg €G.

Moreover, this functional is called a left Haar functional and is unique up to a strictly
positive scalar multiple.

Using Riesz’s representation theorem, one obtains the following equivalent formulation.
Corollary 6.5. There exists, up to a strictly positive scalar multiple, a unique non-zero,

positive regular Borel measure ; on G such that for every measurable set £ C G, and
every g € G, u(g - E) = u(E).
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This measure is referred to as the left Haar measure. In case G is abelian, we have L, = R,
for every g € G, and a left Haar measure is simply a Haar measure. We will not give a proof
of Haar’s theorem in these notes. For a proof, see [EiWa] 10.1.

Example 6.6.

(i) The Lebesgue measure on (IR, +) is the unique positive, regular Borel on measure on R
with p([a,b]) = b — a for a < b. It is a Haar measure for (R, +), and so is the Lebesgue
measure in R" for (R", +).

(ii) A Haar measure on (R*, ) is given by du(x) = dz/ |z|.
(iii) Let G be discrete, then

wE)=cardE, ECG

is a left Haar measure.

The uniqueness statement in Haar’s theorem is probably more important, since it immedi-
ately gives additional structure. Let Aut(G) denote the group of continuous automorphisms
of G.

Corollary 6.7. There is a well defined group homomorphism mod¢ : Aut(G) — Rxg
into the multiplicative group (R, -) such that for any left Haar functional A,

A(foa™h) = moda(a)A(f), Vf e Co(G),a € Aut(q).

Proof. Observe that f — foa~!is alinear map on Cy(G) preserving positivity. In addition,
we have, for a € Autg, f € Cpo(G) and g,z € G,

A@)f) (0 (@) = fg7 a™H(2)) = f(a™ (alg) ™ 2)) = Malg)(foa™) (2).

As a consequence, if we define the functional A, (f) = A(f o a~1), then A, is a nonzero,
positive functional with

AaX(9)f) = A((A9)f) oa™) = A(A(a(g))(feoa™)) = A(foa™) = Aa(f).

Hence, A, is a Haar functional. By uniqueness, there is a constant cy(«) > 0 for which
Ao = ca(a)A. One then verifies easily that cj (o) is independent of the choice of A, and
defines

modg (o) = cp(a).

Then, by choosing a1, as and associating two functionals A,,, ¢ = 1,2, we examine the in-
duced Ay, 0a,, and by uniqueness again, we reach the conclusion that

modg (o) o @) = modg(ag)modg(az). O

Example 6.8.

(i) Let G = (R",+). Then, it is an exercise to check that Aut(G) = GL(n,R), and
modg(a) = |deta].

Indeed, if £ is the Lebesgue measure on R", L(«([0, 1]")) = |deta| - £([0, 1]™).
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(ii)

(iii)

Let K be a field with a locally compact topology, making (K, +) and (K *, -) locally com-
pact Hausdorff groups (for instance, R, C, Q, for p prime). Consider K* = GL(1, K) —
Aut(K, +), that gives us a canonical homomorphism K* — Ry which, if p is any
Haar measure on (K, +), verifies

p(y - E) =modg(y) - w(E) Vy € K*,VE C k measurable.

If K is not discrete, one can show that y — mod g (y) is not identically 1, and behaves
somewhat like an absolute value, that is, there exists a constant ¢ > 0 with

mod gk (y1 + y2) < ecmax {modx (y1), modx (y2)} .

This is the starting point of the classification of non-discrete locally compact fields. It
is a very non-trivial result.

In the case of (Q,, +), one can determine monp. Indeed, we may assume y € Z,, since
mod(y~!) = mod(y)~!. Write y = p"u for some n > 0 and u € U invertible in Z,. Now
Zy is open in Q, and it is compact, so if 1 is a Haar measure on Q,, then (Z;,) > 0. On
the one hand, we have pu(y - Z,) = mod(y)u(Z,). On the other hand, yZ, = p"Z,, and
the latter is the kernel of the homomorphism

en: Ly — A, = Z/p"L.

Let then R be a complete set of representatives of A, so |R| = p" and Z,, = | |,cp(r +

p"Zy). Using additivity and translation invariance of y, this implies

Zp) =Y plr+p"Zy) = p" u(p"Lp).
reR

Hence pu(p"Zp) = p~" 1(Zp) and mod(y) = p™".

Remark. In the preceding example we have used the fact that if . is a left Haar measure on G,
then for any non-empty, openset V' C G, its measure p(V) is positive. Indeed, let f € Co(G)
with f > 0 be such that

/ f(2) dpu(z) > 0
G

Since f is supported on a compact set, we may find 1, ..., z, € G such that

supprUa:i-V

i=1

If M =max{f(z): = € G}, then we have

iL’) < MZXxZV(x) Vo € Ga

and thus

0</f ) du(z /MZXledM MZM z; V) = Mnu(V),

which implies p(V') > 0.
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We will explore one additional aspect of Haar’s theory. Notice what happens when we apply
the previous corollary to a special class of automorphisms of GG, the inner automorphisms

ag(z) = grg™t, z€G.
If 11 is a left Haar measure, the equality in the corollary reads

| 757 26) du(o) = moday) | f(o)duta).
which, taking into account the left invariance of y implies
| ) dnte) = mods(ay) [ (@) duto).
This leads to the following definition.

Definition 6.9. Given a locally compact Hausdorff topological group G, we define its
modular function by A¢(g) == modg (a,-1), so that

/ f(zg™) dp(z) = Ac(g) / £(z) du(z).
G G

With this definition, notice that if G is abelian, then A = 1. This leads to the following
proposition.

Proposition 6.10. Let G be locally compact Hausdorff and abelian, and let x be a left
Haar measure. Then

/f N dp(x /f )Ydu(z), Vf € Coo(G).
By density, this extends to f € L'(G).

In full generality, the statement can be extended to a locally compact Hausdorff group G, not
requiring that it is abelian. The statement then reads

/ ) Aa(e) du(z) = / @) du(z), ¥ € Con(G).
G G

Proof of Proposition 6.10. Define the linear functional

I: COO(G) — (C
foo—= fo f@™h)du(z).

Then we can compute

I(y)f) = / @) ) du(z / f e du(z)

/f y2)™Y) dpa /f — 1),

where the invariance of the measure was used in the last equality. It follows that I(f) is a
left Haar functional and there exists ¢ > 0 such that

/ ) de=c- / f(z)du(z), Vf € Coo(G).
G G
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It remains to show that ¢ = 1. For this, pick f € Cyo(G), not identically zero, such that f > 0
and [, f(z) du(z) > 0. It's support is then a set of positive measure, p(supp(f)) > 0. Define
now g(x ) = f(x) + f(z71), and notice it satisfies g(z~!) = g(z). A simple computation

shows
=c ! r)=c x x
/Gg(x) du(x) /Gg( ) du(z) /Gg( ) dp(z),

which implies that ¢ = 1 since g is supported on a set of positive measure as so is f. O

6.4 The convolution product

For a locally compact Hausdorff group G and a left Haar measure y, we denote by L”(G) :=
LP(G, i) the usual LP spaces associated to . We are going to define the convolution product
of two functions on G and show that L!(G) is an involutive abelian Banach algebra. The
results stated hold for all locally compact Hausdorff, abelian groups. The proofs however
will be performed for o-compact groups, i.e. groups that are a countable union of compact
subsets. In this context we can use the classical version of Fubini’s theorem as the measure
space (G, ) is o-finite. We will later use that for 1 < p < oo, L9(G) is the dual Banach space
of LP(G), where 1/p + 1/q = 1. In particular, L*°(G) is the dual of L(G).

Let f,g € L'(G) and apply Fubini’s theorem to the positive measurable function

GXG*) [0, o]
(z,y) — |f(@y)gly™)|.

We get

/G du(z) /G duy) | flay)gly™)| = /G du(x) gl /G du(y) |f (xy)|
- / du(a) |a(y™)| / du(y)|f(z)
G G

Z/du(x) !g(y)l/ dp() [ (@) = llgllllfllx < oo,
G G

using the invariance of the measure several times. By Lebesgue’s theorem,
f*g(a / duly y )
is finite a.e. and measurable, and || f * g||1 < ||f|l1]|g|l1- Let also f*(z) = f(z~1).

Theorem 6.11. The space L'(G), endowed with the convolution product and f ~ f*
is an involutive Banach algebra.

Exercise

In order to prove the theorem, it remains to show that the convolution product is as-
sociative and the involution satisfies the required properties.

We now turn our aim towards finding a translation of the classical theory of Fourier analysis
into the context we are working in. For this we will need some continuity properties of the
convolution product. We begin with a definition.
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Definition 6.12. Let (X, d) be a metric space and G a locally compact Hausdorff group.
A function f: G — X is left uniformly continuous, if for all ¢ > 0, there exists a
neighborhood V' > e of e such that Vy 'z € V, d(f(z), f(v)) < e.
The terminology comes from the fact thatif y 'z € V, then (gy) " !(gz) = y*
g € G. Hence, d(f(gz), f(gy)) <eforallg € G.

x € V for every

Lemma 6.13. The following statements hold.

(i) Forall f € Cyo(G), the function

G — C()()(G)
x— Nax)f

is left uniformly continuous with respect to the norm ||-||.
(ii) Foralll <p < oo, f € LP(G),

G — LP(G)
x— Na)f

is left uniformly continuous with respect to the norm ||-||,..

Proof. Step 1. For (i), let f € Coo(G). Since |||« is left translation invariant, we have

IX@)f = AW) Flloo = Ay 2) f = floo-
Since (A(y~'z)f)(g) = f(xlyg) it suffices to show that Ve > 0, IW > e open such that
|f(zg) — f(g)] < cforeveryge G,z e W.

We begin by constructing the set W. Let K = supp(f) and let V5 = V; ' > e open with Vg
compact, so that Vp - K is compact. Let ¢ > 0. For every = € G, let V,, 5 e open with V, C Vj
such that

|f(zz) — f(x)| <e/2, VzeV,.
By continuity of the multiplication, choose U, > e open such that U2 C V,. Given that V; - K
is compact, we can extract a finite covering {U,, - z;}!_; of Vi - K and consider the open set

W= (Vs C Vo
i=1
Let us now verify that | f(zg) — f(g)| < € for every z € W, g € G.

(1) Ifg ¢ Vo - K thenif 2 € W C Vp = V; * and hence zg ¢ K. Indeed otherwise, this
would imply g € z7!K C VK C VK, contradiction. Hence f(g) = 0 and f(zg) = 0.

(2) Ifg e Vy- K, let1 < i < nbesuch that g € U,, - z;. Thensince z € W C U,, we get
z2g € Uy, - Uy, - ¢ C Vy, - x;. Therefore

|f(z9) — f(9)] < |f(zg) — flza)| + [f(z:) — fy)| <e.

Step 2. For (ii), let 1 < p < oo, and recall that Cyp(G) is dense in LP(G) with respect to the
norm ||-||,. Let then f € LP(G) and € > 0. By density, pick g € Coo(G) with || f — g, < e. We
compute
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[IA@)f =AW fllp < A @)(f = Dl + [[M@)g — A»)gllp + 1A Y) (g — Hllp
=2|f = gllp + Ny 2)g — gllp < 2e + Ay 'z)g — gllp-

Let Voiz V{{l > e open, with Vo compact. We may assume that y~ 'z € Vy. Observe that
vt ¢ Vosupp(g) = C,
Ay te)g(t) — g(t) = 0.

Therefore,

1/p
Ny " 2)g — gllp, = {/C Ay a)g(t) — g(t)\pdu(w)} < AW 2)g — glloop(C) V7.

Now choose e € W C V; open such that [|A(y~'2)g — glleo < £/u(C)/? for every y~'a € W.
We conclude that

IM@)f = Aw)fllp < 3e. N

To finish this chapter, we conclude with some continuity properties of the convolution prod-
uct in L'(G). We will make use of these in chapter 7 when developing Fourier analysis on
locally compact Hausdorff, abelian groups.

Theorem 6.14. Let G be a locally compact Hausdorff, abelian group.

(i) If f € LY(G) and g € L°°(G) then f x g is bounded and uniformly continuous.

(ii) If f,g € Coo(G) then f x g € Coo(G) and supp(f * g) C supp(f) - supp(g).
(iii) For1 <p < ooand f € LP(G), g € LY(G), we have f *x g € Cy(G).

Proof.

(i) We have
1 g(a)] = ' / f(wy)g(y‘l)dﬂ(y)‘ < £l lgle.

For z, z € G, it holds

frg(e) — frg()] < /G Fay) — £l o) du(y)
< M@ = A l]oo.

which together with the previous lemma shows (i).

(ii) We already know that f * g is continuous by (i). If f % g(x) # 0 and there is y € G with

f(zy) #0and g(y~!) # 0, then zy € supp f and y~! € supp g. Hence z € (supp f)y~!,
meaning that = € supp f - suppyg

(iii) Observe first that if f € LP(G) and g € L%(G), then, since G is abelian, y — g(y~!)
is in L9(G). It follows then from Hoélder’s inequality that for every x € G, the map
y+— flzy)g(y~1)isin L'(G) and f * g is defined.
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Next we use that since 1 < p < oo, Cyo(G) is dense in LP(G) and L?(G). Choose
approximating sequences f,, and g, in Cypo(G) that converge to f and ¢ in LP(G) and
L4(G) respectively. Then,

|fxg(@) = frx gn(@)] < [(f = fn) * gn(@)] + [fn * (gn — 9) ()]
<|If = Fallpllgnlle + [ fallollgn — gllg,

and hence || f % g — fp * gn|locc converges to 0 as n — oco. This implies that f * g € Cy(G)
since f,, * gn € Coo(G).



7 The Fourier transform

The material of this chapter is mainly taken from [Rul] 1.1 and 1.2.

Let G be locally compact abelian Hausdorff. We have seen in Theorem 6.11 that L!(G) with
the convolution product and involution f*(z) = f(z~!) is an involutive abelian Banach al-
gebra.

Our first task is to identify the Guelfand spectrum of L!(G). This will turn out to be described
by the continuous characters of G. Recall that T = {z € C: |z| = 1}. A character of G is a
homomorphism x: G — T. We denote by G the set of all continuous characters of G. In
fact, G is in a natural way an abelian group: if

Y1572 G—)T,

define (v1,72)(z) = 71(z)y2(z) for each # € G. Then G with this product is called the dual
group of G. In view of the duality between G and G, denote ~(z) by (z,7), for x € G and
v € G. With this notation, the expression for the map

G x CA}—> T
(z,7) > (z,7)

makes sense and it in fact suggests that this association satisfies the bilinearity relations:

(‘Tl ’ x27X> = (x17X)(x27X)
(x7X2 : X2) = (%Xl)(l':XZ)
(e,x) =1, (z,e)=1

foreveryx € Gand x € G. Recall that the Guelfand spectrum A of an abelian Banach algebra
A is the set of all non-zero C-algebra homomorphisms A — C. Now, given a continuous

character y € G and f € L'(G), define

o) = /G F(@) @) du(z)

where p is a Haar measure.

Theorem 7.1. The map which to every continuous character x € G associates the lin-

ear functional
LYG) — C

o~

fo—fx)

69
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establishes a bijection between G and L/l(a)

Proof. Step 1. Given a character x: G — T, the map

fros /G £(@) () dpu(a)

gives a non-zero, continuous (linear) functional on L}(G). Indeed z +— (z,Y) is in L=(G)
and non identically zero. In addition, let f,g € L}(G),

P00 = [ au@ @) [ et duty
= / dpu(z)(z, x) / flzyMg(y) du(y)
G G
= / du(y)g(y) (v, x) / dp(z) f(zy )@y~ 1, x)
G G

el G
= 900700

~

()

Observe that if x1, x2 € G define the same functional on L!(G), then they are pi-a.e. equal,
since L>°(G) is the dual of L'(G). Since open non-empty subsets of G have positive -
measure and X1, x2 are continuous, this implies that they coincide everywhere. This shows

that G < L1(G).

Step 2. We have seen that every element in L!(G) is given by a continuous linear functional

on LY(G) (Proposition 3.13). Let thus ¢ € L/l(E) Then there exists ® € L*>°(G), ® # 0 such
that

o) = [ F@2@)du@). ¥f € 1(G)
G
We have to establish that this defines a continuous character. Compute:
* = x)f xg(x x) = x xy ! x
ol r0) = [ dn@)f =99 = [ dnte) [ ot dnw)o)
:/ du(x)/ flxy~N)g(y) duly)®(z)
G G
~ [ auw)ov) [ du(o)fay ()
G G
Z/Gdu(y)g(y)so(k(y)f)

On the other hand,

@(f)so(g)—/Gdu(y)g(y)q’(yﬁp(f)

Since  is a homomorphism, the two expressions are equal for every f, g € L*(G), and hence
for y-a.e. y € G, it holds that p(A(y)f) = ®(y)p(f), for every f € LY(G). Since ¢ is con-
tinuous, Lemma 6.13 (ii) implies that y — ¢(A(y) fo)/¢(fo) is continuous. Replacing ® by
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©(A(y) fo)/¢(fo) implies that we may assume that ® is continuous. Then for every f € L!(G)
(not only fy) and almost all y € G, we have

Again, since y — ¢(A(y) f) is continuous, the equality above holds for all y € G.

Step 3. Now, replacing y by y¢, we write

D(y&)e(f) = (A YE)f) = oA W)(AE)f)) = 2(W)e(AE)f) = (y) (&) e(f)

and thus ®(y&) = ®(y)P(€) for every y, £ € G. If there were some z € G with ®(z) = 0 then
it would have ®(yz) = 0 for all y € G, and hence ® = 0, which is a contradiction. Therefore
®: G — C*, and it is a continuous homomorphism. In addition,

G — RE,
y — |@(y)]

has to be identically 1, since |®(y)| is bounded. With this, ® € G and the proof is done. [

For f € L}(G), the function

o~

76— C

z— [ [(2)(x, x) du(z)

is called the Fourier transform of f. We use the bijection G — L/l(\G) established in The-
orem 7.1 to transport the Guelfand topology of L!(G) to a topology on G. In view of the
definition of the Guelfand topology, a basis of open sets in G is then given by

M(XO;fl,...,fn;a:{xe@;

J:0) - Fibw)| <& 1<i<n}

for xo € G, f1,..., fn € L*(G) and £ > 0. In other words, we restrict the weak-x topology of
L>*(G) to G — L*=(G).

Theorem 7.2.
(i) Gisa locally compact Hausdorff space.

(ii) The Fourier transform
LY(G) — Co(G)

-~

fo—  f

is a norm decreasing *-homomorphism of Banach algebras onto a dense sub-

~ =~

algebra A(G) C Cy(G).

(iii) A(G) is invariant under translations by G and multiplication by x — (z,x) for
every z € G.
(iv) For f € LY(G)and x € G,

~

(fxx)(z) = (z,x)f(x), Vred.
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Proof. First, (i) follows from Theorem 3.23. For (ii), notice that under the identification of G
with L!(G), the Fourier transform is really the Guelfand transform. Hence it takes values in

Co(G). Also,
V| = < [ 1f@lduta) = 1711

showing that HfHoo < ||fl. Furthermore, Vx € G 3f € L*(G) with f(x) # 0, and as we
observed already, for every x; # X2 there exists f € LY(G) with f(x1) # f(x2). These
properties could also have been deduced from the fact that G injects into L>°(G) \ {0}.

az)m dx

Finally we verify that if A(G f f € LY(G) } is the image of the Fourier transform, then
y y &

A(G) is invariant under complex conjugation. We prove this by establishing that f — fisa
C*-homomorphism. Let f € L'(G),

/f‘lﬂcxdu /f—lxx

- /G F(@) (@1, ) dp(z) = F(x)

~

since (z71, x) = x(z7') = x(z)"! = x(z) = ﬁ Hence f*(x) = W Therefore, by the

~

Stone-Weierstrass theorem, A(G) is dense in CO(G )-

For (iii), an immediate computation shows that f(XXO) = f-xp ' (x), which shows the first
assertion. For the second one, it suffices to do a computation to verify that f(x)(z,x) =

M@ f(x)- O

In the following proposition we can find an illustration of the dual behavior of G and G.

Proposition 7.3. If G is discrete, then G is compact, and if G is compact then G is
discrete.

Proof.

(i) When G is discrete then L'(G) has an identity, namely J.. The Guelfand spectrum of
LY(G) is compact, hence G is compact.

(ii) Assume now that G is compact and let i be the Haar probability measure on G with
1(G) = 1. Then we claim that [,y du = dz(7). Indeed for v # €,

/G +() du(a) = /G () dpu(z) = /G () () dpa(z);

this holds for all y € G only if the first term is zero. Let now v € G, consider it as in
L'(G), and recall that j € Cy(G). Then

A0 = /G () (@) du(z) = /G A()x M) dpu() = /G (v x (@) duz) = 5, (x)

This means that ¥ = 4, therefore {7} C G is open for all v € G meaning that G is
discrete. ]
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So far we have a topology on G making it a locally compact Hausdorff space with an abelian
group structure. Our next task is to show that both structures are compatible and that G is a
locally compact Hausdorff group. This depends on an alternative description of the topology
of G.

Proposition 7.4. The following statements hold

(i) The function _
GxG— T
(z,7) — 7(z)
is continuous.

(ii)) Let K c Gand C C G be compact subsets. Then for ¢ > 0, define
N(K,e) = {Xeéz |(z,x) — 1] <&, VxEK}
N(Ce)={x € G: |(z,x) — 1| <e,Vx € C}
Then N(K,¢) C G is open and N(C,¢e) C G is open.

(iii) The family of all sets N (K, €) and their translates form a basis for the given topol-
ogy of G.

(iv) Gisa locally compact abelian Hausdorff group.

Proof.
(i) For f € LY(G),

Az D f(x /fxy (y, x) du(y) = /f(y)(x y, x) dp(x)

-~ ~

~ (= /f ) du(z) = x(@)F) = (@) F0).

If we show that for all f € L'(G) the function

GxG— _c
(z,x) = AMz=H) f(x)

is continuous, then we have that the function

GxG— T
(z,x) — x(z)

is continuous on the open sets of the form
{@xeGx@: o #0), ferl@),
which cover G x G. This yields a proof of (i). To this end, let (z9,7) € G X G and

e > 0. Define
V={zeG:|ANa")f-ANag")flh <e},
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(ii)

(iii)

an open neighbourhood of zy € G by Lemma 6.13 (ii), and

—_—

W = {’y cq: ‘)\(a:gl)f(’y) - A(xal)f(%)

< 5} = U(v0; Mg ') f5€)

is an open neighbourhood of vj in G.

For any (x,v) € V x W, we have

A=) f(y) = Mg 1) f(0)

‘ — —

Since v € W,

< 2e.

This implies that for all (z,v) € V x W, /\(?—T)f(fy) — Mzgh) f(0)

Let K C G be a compact subset and ¢ > 0. We want to show that V(K ¢) is open. Let
Xo € N(K,¢). For every zp € K there are open sets U, > z9 and W, 3 xo such that
|(z,x) — 1| < € for every z € Uy, and x € W;,. This follows directly from (i).

Let y1,....,yn € K be such that | J;", Uy, D K and W =, W,,, then |(z,x) — 1] < ¢
forall z € K,x € W > xg. This shows that W C N(K, ¢), thus making it open.

The assertion concerning N (C, €) is shown by an analogous argument.

We want to show that the N (K, ¢)’s and their translates (by the elements of G) form a
basis for the topology of GG. Observe that

U3 f1y ooy fri8) =0 UE frong sy fnovg s €)-

Then it suffices to show that given ¢ > 0 and f1, ..., fo € L'(G), there exists r > 0 and
K C G compact such that

N(K,r) CU(E f1, ..., fni€) -
For this, choose g1, ..., gn € Coo(G) with
llgi — filh <e/3, 1<i<n.

ThenU(€; g1, ..., gn; €/3) is contained in U (€; f1, ..., fn;€). Letnow K be the union of the
supports of the g;’s, which is compact by definition, and let r < £/3 max;<i<y||g:|l1. For
any v € N(K,r),

G — Gi(0)] = \ | 5@ - 1duto)

N /K l9:(@)[[(z,7) = 1 dp(z) <7llgills <e/3.

Therefore N(K,r) C U(€; g1, ..., gn; €/3), which proves (iii).
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(iv) Letmni,nm2 € G,
[ (z)n2(x) = 1] = |m(z)(n2(z) = 1) + n2(z) = 1| < [n2(2) = 1 + |m(z) — 1.
This implies that for every K C G' compact, and € > 0,
N(K,e/2)- N(K,e/2) C N(K,e).
Now, V71,72 € G,
[N (K e/2)] - [2N(K,2/2)] = 1172 N(K,e/2)N (K, £/2) < m72N(K,e).

This shows the continuity of the multiplication map G x G —> G. For the inverse, one
verifies that

In(@) =11 = (@) ~ 1| = [n~ (@) - 1],
so N(K,e)™! = N(K, ¢), meaning that

[YN(K,e)] ! =+ IN(K,e). O

Remark. The fact that the sets N(C, ¢) together with their translates form a basis of the topol-
ogy of G is highly non-trivial and will be shown in Corollary 9.11 as a consequence of the
Fourier inversion theorem.

Another reformulation of the points (ii) and (ii) in the proposition is given by the following
corollary.

Corollary 7.5. On G = Homont(G, I1) the compact-open topology and the weak-*
topology induced by G — L>°(G) coincide.

We finish the chapter by discussing some examples.

Example 7.6.

(i) Let G1, G2 be locally compact, abelian Hausdorff. Then every pair (y1, ¢2) € é\l X é\Q
gives rise to a continuous character of G; x Ga, (x1,z2) — ¢1(21)p2(x2). The resulting

map C/J\l X (/1\2 — G;<\GQ is a bijection.
(ii) Letm > 1 and G = Z/mZ be the cyclic group of order m. Then the map

Z)mZ —s T)ml
a — Xa

2miax

where x,(z) =e m isa group isomorphism.

(iii) If F is a finite abelian group, then Fis isomorphic to F.
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(iv) Forevery a € R,
Xa:R— T
a ; eQTriax

is a continuous character, and the induced map R — R is an isomorphism of locally
compact abelian groups.

(v) Let T = {{ € C*: |¢| = 1}. There is a bijection from Z to T given by m +— x,, for
Xm(‘g) =¢m.

(vi) T is bijective to Zvia ¢ giving a character m — ™.

(vii) As aresult the dual group of
G=R"xT"xZ xF,
where F is finite abelian, is isomorphic to
G~R'"xZ" xT x F.
Observe that the dual thereof is
5:R”melexF,

and hence isomorphic to G. We will see that this is a special case of Pontryagin duality.



8 Complex measures

The material of this chapter is a summary of chapter 6 in [Ru3].

We will need to present in a more systematic way the topic of complex measures. This re-
places the very ad-hoc treatment made in section 5.1.

Let X be a setand B C P(X) a o-algebra of subsets of X.

Definition 8.1. A complex measure is a set function p.: B — C such that whenever
E = | |;cy Es with E; € Bis a countable partition, then

o0
i=1
and this series converges.

Remark.

(i) In contrast with the definition of positive measure, where the possible range is [0, oo],
here we get ;(E) € C for every E € B.

(ii) If o: N — N is any permutation, then E = | [[°| E;;) and u(E) = Y272, p(Ey))-
Thanks to a result by Riemann, this implies that the convergence is absolute, that is
S22 ()| < .

To any measure one can associate the total variation measure. A natural way to introduce

this is by solving the problem of finding a positive measure A such that |u(E)| < A(E) for
any I € B. For E = | ;. Ei, we would have

ME) =Y ME) > > |u(E)|.
=1 =1

This suggest the following definition.

Definition 8.2. Given a complex measure ;, we define its total variation by

|u|(E) = sup {Z w(E)|: E=| | B, E;i B} :
=1

=1

77
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Additionally, we set ||u|| = |u|(X).

A priori this is just a set function |u|: B — [0, oc]. To the end of proving that it actually is a
measure, we introduce the following lemma.

Lemma 8.3. Let &y, ...,&ny € C. Then there is a subset S C {1, ..., N} such that

N
N EEDIE
=1

€S

Proof. Let &, = |&k| €'k, Now, given —7 < 0 <, define
S(@) ={k: cos(ar —0) >0, 1<k <N}.

Now we estimate

keS(0) keS(0) keS(6

oGl =1 &Ge ™ >Re( > G Z)

N
= Z |&k| max {0, cos(ay, — 6)} = f(0)

Let 6y be such that f(6y) > f(0) for all § € [—m, w]. We obtain
>
1(80) 2 27T/ /6

1 (7 1
%/Wmax{O,cos(a —0)}do = e

but at the same time

and this implies that

Zﬁk

keS(0

N
Z 1€k -
k::l

Now we are in position to prove that the total variation is actually a measure on X.

Theorem 8.4. Let yi: B — C be a complex measure. Then

(i) |p|is a positive measure on 8.

(ii) [pl(X) < oco.

Proof. The proof of (i) is very simple and is left as an exercise. We will prove (ii). Let |u|be
as in the hypotheses, called the total variation measure of ;.. Assume that there is £ € B for
which [p|(E) = co. Lett = 7(1 + |u(E)|). Since |u|(E) > t, we can find F = | |;°| E; and N
such that Zfil |(E;)| > t. By Lemma 8.3,let S C {1,..., N} be such that

> wE)| = Zlu |>*

i€S
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Let A=|],cq Es, then |u(A)| > t/m. Of course, A C E. Let B = E '\ A. We get

((B)| = |u(E) = p(A)] = |u(A) = p(E)| = [p(A)] — |u(E)| > % — [u(E)| = 1.
We conclude that if |p|(E) = oo then E = AU B with |u(A)| > 1, |u(B)| > 1. Undoubtedly,
|| (A) = oo or |p|(B) = oco. Assume now that |p|(X) = oo: then writing X = A; U By
with (A1) > 1, |p(B1)] > 1 and |p|(B1) = oo. Now split B; in a similar fashion. In this
way we construct a sequence (A, )necn of pairwise disjoint sets for which |u(A4,)| > 1. This
implies that )%, /1(A;) cannot converge. On the other hand, we should have p(| |72, 4;) =
> oy #(A;) which should converge, thus reaching a contradiction. O

Notice that the space M (B) of complex measures on B becomes a normed vector space with
the norm ||-|| as in definition 8.2. Also, given a complex measure /. one can always decompose
it as pt = p1 + ipe, where 11 and p9 are both complex measures with values in R. These are
called signed measures.
Definition 8.5. let A : B — R be a signed measure, define
L 1
X = (A + )
A= 5N - 3
= :

then A* and A\~ are positive measures with At (X) < 0o, A7 (X) < oo,and A = AT —A".

Hence a complex measure can be written as pn = (uf — py) +i(ug — py ) and if f: X — Cis
a bounded measurable function, we define

/deu—</deuT—/deu1‘>+Z’</deu2+—/xfdu5>-

This makes sense since f € L!(X, \) for any positive measure ) for which \(X) < cc.

If X is locally compact Hausdorff, B will always be the o-algebra of Borel sets.
Definition 8.6. A complex measure p: B — C will be called regular if |u|is.

Finally, the main theorem we will discuss in this chapter is the following, and it is of the
utmost relevance because of its applications.

Theorem 8.7 (Riesz representation). For every bounded linear functional ®: Cy(X) —
C there is a unique complex regular measure ;. defined on the Borel sets such that

¢<f>=/deu, VS € Co(X).

In addition, ||| = [u|(X).

Proof. Assume without loss of generality that ||®|| = 1. The idea for this proof is to construct
a positive linear functional A: Cyo(X) — R such that

(@A) < AUFD < flloe VS € Coo(X). (8.1)
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Let A be the postive regular Borel measure associated to A by the other Riesz representation
theorem. In the construction of ), one sees that

AMX)=sup{A(f): 0< f<1, feCup(X)} <1

Hence we further deduce from (8.1):

B(f)] < A(lf]) = /X Flax = 1 lloioen-

Since Co(X) is dense in L' (X, \), this implies that ® extends to a bounded linear functional
on L'(X,)\). Thus there exists a bounded Borel function g: X — C such that ®(f) =
Jx f - gdX. Now we define ;1 = g\

For f >0, f € Cyo(X), we define
A(f) =sup{|®(h)]: [h| < f, h € Coo(X)}.

The main technical point is to show thatif fi, f are positive, then A(f1 + f2) = A(f1) +A(f2).
After this, one extends A to the real valued functions in Cy(X) first, via f = f* — f~, and
then to the whole of Cy(X) by linearity. O

From now on, we denote by M (X)) the space of complex regular measures defined on the
o-algebra of Borel sets of X. Additionally, we will refer to ;1 € M(X) taking values in [0, c0)
as bounded positive (regular) Borel measures.

Remark. Since for such a measure p it holds that (X)) < oo, then there is, for any ¢ > 0, a
compact subset K C X such that u(K) > pu(X) —e.



9 Abelian harmonic analysis

The main source for this chapter is [Rul] 1.4, 1.5, 1.7 and 2.1. An alternative source, with a
different approach is [RaVa] chapter 3. The reader of this chapter is then well prepared to
read chapters 4-7 of [RaVa], or alternatively Weil’s book [ We].

In this chapter we will prove the basic theorems concerning Fourier analysis on locally com-
pact abelian groups. These comprise Bochner’s theorem, the Fourier inversion formula,
Plancherel’s theorem and Pontryagin duality.

9.1 Positive definite functions

The central result in this section will be Bochner’s theorem, which characterizes continuous
positive definite functions on G as Fourier transforms of positive bounded measures on G.
We first turn to the notion of positive definite functions.

Definition 9.1. Let G be a group. We say that a function ®: G — Cis of positive type
(or positive definite) whenever each time we have g1, ...,g, € G and ¢y, ...,¢, € C, it
holds that

n
> cit;®(g; 'gi) > 0.
ij=1

Example 9.2. This is the main example we will see throughout the chapter. Let 7: G —
U(H) be a unitary representation on a Hilbert space and v € H, then ®(g) = (7(g)v,v) is
positive definite,

2

> 0.

n

> cici®(g;gi) =

1,j=1

n

Z cim(gi)v

i=1

Naturally, if the unitary representation (7, H) is continuous in the sense that the map

GxH— H
(g,v) = m(g)v

is continuous, then ® will be continuous as well.

Let us draw a few simple conclusions from our definition.

81
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Lemma 9.3. Let ®: G — C be positive definite.

(i) ®(z~1) = B(@) forall z € G.
(ii) |®(z)| < ®(e) for every z € G.
(iii) |®(z) — ®(y)|* < 2®(e) Re(®(e) — ®(z'y)) for every z,y € G.

Proof. Applying the definition to z1,22 € G, ¢1,¢c2 € C, we get

le1]” @(e)+er@®(zy ' 21) + cotr® (a7 tan) + |eaf” @(e) =
= (le1)? + |ea)®(e) + c1E® (x5 21) + cotr® (7 o).

Withz; =e, 29 =2,¢1 = 1and ¢ = c we get
(1+ |c))®(e) +c®(z™1) 4 cB(z) > 0. (9.1)
With ¢ = 0 we get ®(e) > 0, and with ¢ = 1 we see that
O(x 1) + ®(2) €R.

With ¢ = 7 we see that

and we deduce that

which implies ®(x) = ®(x~!). With this, (9.1) becomes
(14 |c[))®(e) + 2Re(cd(z)) >0 VeeC.
Choosing ¢ such that ¢®(z) = — |®(x)| we obtain 2®(e) — 2 |®(x)| > 0. This shows (i) and
(ii).
Now, for x1,z2, 23 € G and ¢y, ¢2, c3 € C, taking (i) into account, the expression reduces to
(le1f? + leaf? + les” ) @(e) + 2 Re (12 ®(a7 %22))
+ 2Re(ﬁc;e,cl>(xl_1x3)) + 2Re(?203@(x;1x3)) > 0.
Taking x1 = e, 20 =, 23 =y, c1 =1, c3 = —cp, we get

(14 2]e2) @(c) + 2Re (20(x)) — 2Re (c2®(y)) — 2|zl* Re Bz ~"y) > 0.

That is
2 ]02]2 [@(e) —Re CI)(x_ly)} + 2Re[c2(P(z) — P(y))] + P(e) > 0.

Set z5(®(z) — ®(y)) = A |®(z) — ®(y)| with A € R. Then we get
2% (®(e) —Re ®(x7'y)) + 2\ [@(2) — (y)| + (e) >0, VAER.

Writing that the discriminant has to be smaller or equal to 0 proves (iii). O



9.1 Positive definite functions 83

Corollary 9.4. Assume G is locally compact Hausdorff. If ®: G — C is positive
definite and continuous at e € G, then it is left and right uniformly continuous on
G.

From now on we may assume that G is locally compact abelian. Then as shown in Proposi-
tion 7.4, its dual G is locally compact abelian as well. The next example of positive definite
continuous function is central.

Example 9.5. Let i be a positive bounded measure on G. Then
#(a) = [ (2.0 dut)

is continuous and positive definite. Observe that since |(z, x)| = 1 whenz € G and x € G,
the function y — (z, x) is in L' (G, ). Next, if 21, ...,, € G and cy, ..., ¢,, € C, then we have

chcj 1‘ 332 —/ ZC’LC] JU] :Eza x) du(r) = /@

i,j=1 z]l

2
du(z) >0

n

Zcz‘(%’, X)

=1

=(x:,x)(5,x)

which shows that @ is positive definite. Next we show continuity at e. For that, lete > 0 and
C C G be a compact subset with p(C) > p(G) — e. Then

|D( !—‘/ (2, x) — 1) dpu(x ‘ /wa—lldu()
=/C+/é\c</C|<x,x>—1|du<x>+25

but by Proposition 7.4,

N(C,@)z{me(}: ](x,x)—l]<ﬁ vxeé}

is an open neighbourhood of e in G. Thus, for every x € N <C’, H(EC)),

€
O(x) — P(e §/ ——du(x) + 2¢ = 3e.
2(a) ~ @) < [ sy
By the previous lemma, @ is continuous everywhere.

Now we have a chance to prove Bochner’s theorem, which essentially tells us that every con-
tinuous, positive definite function on alocally compact abelian group is the Fourier transform
of a positive bounded measure on the dual group.

Theorem 9.6 (Bochner). Let G be a locally compact abelian group and ®: G — C
continuous positive definite. Then there is a unique positive bounded measure . on
G such that

3(z) = [ (#0)du0) VoG
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Proof. We may assume that ®(e) > 0, since otherwise by Lemma 9.3 (ii), ® = 0, and it
suffices to take the zero measure to prove the theorem. Then, rescaling ® by multiplying it
by a positive constant we may assume ®(e) = 1. Now, let

/f DdA(x), feLY(G).
where ) is a fixed Haar measure on G. This defines a continuous linear functional on L' (G)
with [T = [[@]ec = ®(e) =

Define on L!(G) a hermitian form

[f:91 = Ta(f *9"),
where g*(z) = g(z~1), the involution on the abelian Banach algebra L'!(G). We begin with a

couple of claims.
_ Claim (First)

We claim that [f, f] > 0 forevery f € L!(G). For this, we first need to obtain a different
expression for [f, f].

) = Tolf + 1) /dA /fmy (v)

::/QdA@»f@»/QdA@»@cwfcmn:=/QdA@»/QdA@nf@»fu0¢@/lxy

First, if f € Cyo(G), then using uniform continuity of (z,y) — f(z)f(y)®(y~'z) on
K x K, where K = supp f, we can partition K = | |, E;, the E; being bounded sets
such that the Riemann sum

Z £ (@) f(zy) P (x; Le)NENNE)), = € F;
2,0=1

approximates the integral and hence

03//HM@deﬂ@ﬂw¢@lw

By density of Cyo(G) in L!(G), and since f — To(f * f*), we conclude the first claim.

Since [-,-] is a hermitian form on L'(G) with [f, f] > 0 for all functions f € LY(G), we
conclude

£, 91> < [f. fllg.g] Vf.g€LYG).

— Claim (Second)

Next, we claim that

To(f)]* < [f, f] = To(f = f*), VfeL'(G).

We compute

/d)\ /d)\ Oy tr) = /d)\ (a:)/Gd)\(y)g(y)q)(ylx).
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Take now w = xy /A(V), where V = V! 5 ¢, open with V a compact set. Then

Frg] - / AN 1) 575 /V dA(y) (B(y2) — B(a)).
and

19,41 — // D(y~'z) — 1] dA(z) dA(y),

and since ®(e) = 1 and @ is uniformly continuous (by Lemma 9.3), both expressions
can be made arbitrarily small by taking V' small enough. This proves the claim.

Setnow h = f x f*, for f € L'(G). Then h* = h, and set
R" =h""lxh, n=234.
From the claims we obtain
To(h)|* < To(h* h) = To(h?)

and
T (h?)|* < T (h? % h%) = Ty (h*)

on account that h = h*. Combining the previous,

1/2 1/4

To(f)? < |Ta(h)| < [Ta(h?)|"* < |Ta(nY)]
and
ITo(£)? < |Tw (2" < |21/

and this tends to ||A||sp as n — oo by Corollary 2.6. Now, by Theorem 3.23 and Theorem 7.1,
|loc = ||hllsp, and therefore

h=f*f" ﬁ:‘ff
hlloe = 1F1%:  |To(F)] < [ flloo-

In particular, if f =0, then Ty(f) = 0. Thus, since A(G) is dense in Cy(G), Ty extends to a
bounded linear functional on Cy(G) and hence there is a complex measure p on G such that

/f () du(y) /f /mdu()

Therefore ®(z) is given by integration over G of (x,~) against x for almost all z € G, and
hence for all = both sides of the equality are continuous.

Finally, we show that p is positive. We have

0< Ta(f + [) /]f | ).
Now the image of the continuous map

Co(G) — CO(C;;)
¢ > |
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is precisely the set {cp €Co(@): o> 0}, and since A(G) is dense in Co(@), we deduce
/goduzO, Vo € Co(G), ¢ > 0. O
a

Let G be a locally compact abelian group, and denote
P(G) ={f: G— C: fiscontinuous and of positive type} .

This is a convex cone. Now, if B(G) is the C-vector space generated by P(G), then B(G) is
a sub-vector space of the space of all bounded continuous functions on G. For a complex
measure 4 on G, let

fiz) = /é(:c,x) du(x).

For the moment, we can draw the following conclusion from Bochner’s theorem.

Corollary 9.7. The map p — i is a bijection M(G) — B(G).

Proof. Step 1. Let f € L(G). Since ji is continuous and bounded,

| r@i@are) = [ axase) [ (0 ant

/du /f ) (2, x) dA(z du )Fxh).

If i = 0, then [5 FixHdu(x) = 0, but A(G) = {f feLly(a@ )} is dense in Cy(G). This
implies 1 = 0.

Step 2. The map takes its values in B(G),
p= g = (= ) +ilpy — py)

Hence the same decomposition takes place with i and we have seen that if « is a positive
bounded measure then & € P(G). Hence i € B(G). Finally the subjectivity follows from
Bochner’s theorem. O

9.2 The inversion theorem

Theorem 9.8. Given a Haar measure )\ on G there exists a unique Haar measure w on
G such that

(i) if f € LY(G) N B(G) then f € L'(G).
(ii) forevery f € L'(G) N B(G) we have

- /éﬂx)(a:,x) dw(x), Vo eG.
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Remark. From the hypotheses f € L'(G) N B(G) we have, from Corollary 9.7 that there is
py € M(G) such that

fa) = /G<x,x>duf<x>.

We also know that f is well defined and in Cj (@ ). The inversion theorem amounts to proving
that 1y = f dw. We have to show that ¢/ f defines a Haar measure on G.

Lemma 9.9. For every f,g € L'(G) N B(G), we have
fdﬂg = gdpuy.
Proof. Let h € L'(G). We compute

hx fle) = /G A\ (@)h(x)f(x ) = /G dA()h(z) / (=74 ) dug(x) = /éduf(x)ﬁ(x)-

a

Now replacing h by h * g we obtain
[ 400300 = (s 9) < £(0) = (i ) (6) = [ dug(0R00F)
G G

By arbitrariness of i and since A(G) is dense in Cy(G) the proof is complete. O

This lemma says that formally, dz¢/ fis independent of g. The problem with the strategy
mentioned above for proving the inversion formula is the fact that f can have zeroes. The
following lemma gives a way to fix this issue, and for its proof we will need the following
observation.

Remark. Let f € L?(G). Then f x f* is well defined and it belongs in P(G). Hence if f €
Coo(G) then f * f* lies in L'(G) N P(G). Indeed

[ () = /G Fan) T dAw) = (a1, f).

where \: G — U(L?*(G)) is a continuous unitary representation and hence z — (A(z™1)f, f)
isin P(G).

Lemma 9.10. Given any compact set X C G, there is g € Coo(G) N P(G) such that
g>0onK.

Proof. We know that for any v € K there is a function u, € Cyo(G) with uy () # 0. Then
there isan openset V, > ywith u,(n) # Oforeveryn € V. Now, K C (J, ¢ V5, and sinceitis
compact, we can reduce these to finitely many +’s, namely v, ..., v, € K with K C (J_, V,.
Let then

9= uy xu, € Coo(G)N P(G).
i=1
It follows that

n

g =) |uy, (> >0, VneK. O
=1
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We now come to the proof of Theorem 9.8.
Proof of Theorem 9.8. Let ¢ € Coo(G) and pick K O supp ¢ compact and g € Coo(G) N P(G)

with g > 0 on K. Define
(%)
T = / = N d
K.o(V) K& 9(x)

This does not depend on K or g. Indeed, if K’ O supp ¢ is another compact set and ¢’ €
Coo(G) N P(QG) are such that ¢’ > 0 on K’, then

$(x) B $(x) 9 ()
Tk 4() = L T00 dug(x) = /K o 500 90 dpg(x)s

and since ¢/ 1y = gug this equals

/ Y0 00 = [ 20 () = T g ().
Knk' g'(x) K g'(X)

Now we write
Y(x)

Tw) = K 9(X)

dpg(X),

where K and g are as above. We claim that T : Coo(a) — C is a positive linear and G-
invariant functional.

Linearity. Letting 11,92 € Coo(G) and K D supp 11 Usupp 1z compact, g € Coo(G) N P(G)
withg > 0on K,

T (14 2) = /wdu ()

_ ¢2 — T(dh1) + T(2).

KQ

Positivity. Since g > O on K and g € P(G), g4 is a positive bounded measure. Therefore
T'(v)) > 0 whenever 1) > 0.

Invariance. Let1p € Coo(G) and vo € G. Choose K O supp ¢ compactand g € Coo(G)NP(G)
withg > 0on K UK. Let f(z) = (z,7)g(z). Then

f(@) = @) /G (%) dptg () = /G (7 x) g (X).
Hence f(z) = [5(x, x) dug(x) = fiy(x) with

/AsO(x) dus(x) = /Aw(%_lx) dug(x), Ve € Co(@).
G G

We write

¥(7 ) [ vy ) 3
202 apy (o) = / () = / () =)

since

307) = /G @@ / f(@) @) dA@) = ().
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Let thus w be the corresponding Haar measure representing 7. Let ¢) € Coo(G) and f €
LY(G) N B(G). Pick g € Cyo(G) N P(G) such that g > 0 on K = supp %. Then

[vauns = [ Laan = [“Fan, =10H = [vFdw

We conclude that iy = fdw, which proves the inversion formula. O

We turn to an important consequence of the inversion theorem. Recall from Chapter 7 that
for C C G compact and r > 0 we have defined

NCr)y={ze€G: |(x,y) =1 <r VyeC},

and have shown that it is an open set. In fact, it is an open neighborhood of e € G. We have
the following result.

Corollary 9.11. The set
{gN(C’, r): geG,CC @compact,r > 0}

is a basis of the topology of G.

Proof. We will show that every neighbourhood of the identity contains one of these sets, from
which the corollary follows. Let V' > e be an open neighborhood of e and W > e a compact
neighborhood of the identity such that W - W=1 C V. Let f = xw//A(W) and g = f * f*.
The strategy is to find C' C G compact such thatif x € N(C,1/3), then g(z) > 0. This implies
r€suppg CW-W~1 CV,and thus N(C,1/3) C V.

Now, g € Cyo(G), since it is the convolution of two compactly supported functions, and
additionally g € P(G): we can apply the inversion theorem,

@) = [ 50)(a.) du) (9.2)
with w the Haar measure on G for which the inversion formula holds. For z = e, we get
o0) = £ 1) = [ 17 dy

-2 .
Now, g(vy) = ‘f(v)‘ > 0, and together with (9.2), we have 1 = [ () dw(y). Let C C G be
compact with

Wl o

/ g(y)dw(v) >
C

Let x € N(C,1/3), and write (9.2),

o(x) = /C 37 (@) dw(y) + / 37 (. 7) dw(7)

a\c

- / 3(7) Re (z,7) dw(7) + / 3(7) Re (2, 7) dw(7)
c G\c
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Since the second term in the right-hand side is smaller than 1/3 in absolute value, and since
|1 — (z,7)] < 1/3 for every v € C and z € N(C,1/3), then Re (z,v) > 2/3, and we can
estimate the first term in the right-hand side,

O =~

| a0Retdst) > 3 [ G duto) >

We end up with g(z) >4/9—-1/3=1/9 > 0. O

The next corollary, is one of the key results that will later allow us to prove Pontryagin dual-
ity.

Corollary 9.12. The set G separates points in G. This means, that for all 21 # z2 in G
there exists x € G with x(x1) # x(x2).

Proof. We have 27 'zo # ¢, so we may pick an open neighborhood V of e with 27 2y ¢ V
since G is Hausdorff. By Corollary 9.11 we may find a non-empty, compact set C' C G with
N(C,1/3) C V. Hence x7'zy ¢ N(C,1/3), and therefore there exists y € C such that

}(a:l_lxg,x) — 1| > 1/3, implying that x(z1) # x(22). O
Example 9.13.

(i) Let G = R, x(t) = exp(2mit), and identify R and R via a — Ya, being xq(t) = x(at).
With this, if £ is the Lebesgue measure on R, then

Fla) = /R et dL(r), (1) = /R Fla)e2iat d.c(a),
for f € LY(R) N P(R).

(ii) Take G = Q,. Fix a continuous character x: Q, — T with ker x = Z,,. This is possible
since the discrete group Q,,/Z, is isomorphic to a subgroup of T, namely

{€eT: In>1, " =1}

Identify @p with Q, via a — x, Where x,(t) = x(at).

Let X be the Haar measure on Q, with A(Z,,) = 1. Then A is also the right normalization
for the dual Haar measure. (Hint: Xz, = xz,)-

(iii) If G is compact, we have seen that G is discrete. Let A be the Haar measure on G with
A(G) = 1. We have see that in this case

—~ 1, y=¢
1G(X)_{O Y £E

Hencelg = )
measure.

e dz(7y), which implies that the dual measure w on G is the counting



9.3 The Plancherel Theorem 91

9.3 The Plancherel Theorem

In this section we will prove Plancherel’s Theorem and draw some consequences from it,
among which there is a characterization of A(G) in terms of L?(G). We fix Haar measures A
on G and w on G such that the inversion theorem holds.

Theorem 9.14 (Plancherel). The Fourier transform f — f defined on LY(G) N L%(G)
extends to an isometric isomorphism L?(G) — L*(G).

Proof. Let f € LY(G) N L*(G), then g = f * f* € L*(G) N P(G). The inversion theorem holds
and in particular

L@@ =ge) = [a0dee) = [ [Fon et

Hence ||f||2 = ||f||2 for every f € LY(G) N L2(G). It remains to show that the subspace
L= {f feLyG)n LQ(G)} is dense in L%(G).

Let ¢ € L(G) and assume

/éﬂww(wdwm —0, VfeL'(G)n LG,

~

Since L(G) N L?(G) is translation invariant, the function v — (z,v) f(7) is also in £ for each
x € G. Therefore

/ FYA) (2,v)dw(y) =0 Vf e LYG) N L*(G),Vz € G.

G

Now observe that ;1 == Fibw e M (@ ) since both functions belong to L? and thus their product
isin L'. Then ji = 0, where

i) = [ (2) b

G

In Corollary 9.7 we showed that the map p — fi is an isomorphism, so by the injectivity this
implies that 1 = 0 and thus forall f € L'(G)NL?(G) itholds that f-1 = 0almost everywhere.
Now, by Lemma 9.10, given any V' C G open with V compact, there exists g € Co(G) with
g > 0 on V. Therefore 1) = 0 a.e. and the theorem is proved. O

We will again denote by f — f the isomorphism of Hilbert spaces L2(G) — L2(G). Notice
that care must be taken since if f € L?(G)\ L'(G), then f is not given by the familiar integral
formula.

Corollary 9.15 (Parseval’s formula). For every f,g € L?(G) we have
| f@is@ @) = [ FoFm du().
@ G

The proof is simple: a linear isometry preserves the norm, and hence also the scalar product.
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Theorem 9.16. The following holds true

AG) = {Fl «Fy: FFye LQ(@)}.

Proof. Recall from Theorem 6.14 that for any Fy, F € Lz(@ ), F1 = Fy is well defined and lies
in Cy(G). Let f,g € L*(G), and u(z) = g(x)(z,70). We compute

/ F(2)g (@)@ 70) dA(z / F()ulz) dA(z) = /Af(v)ﬁ(v)dW(v)

/f 900y dw(7) = % G(v0).

Hence f,g € L2(G) implies fg(y0) = f * §(70). Applying Plancherel’s theorem, and using
the surjectivity of the Fourier transform, for Fy, F» € L? (C:*) we find f1, fo € L?(G) such that
ﬁ- = F;. We obtain - R

(f1f2)( ) = F1 = F>(70) € A(G).

Conversely for h € L'(G), write h(x (z)] - 1 (z) where
W)/ |h(z)| i h(z) £0
1 otherwise.

Define f(z) = +/|h(z)| and g(z) = f(x)y(x). Then f,g € L*(G), h = f-gandh = f*3
therefore A(CAJ) C {F1 x I Fy e LQ(CA})} therefore concluding the proof. O

The following consequence will be used in the Pontryagin duality theorem.

Proposition 9.17. Let E C G be non-empty and open. Then there is ¢ € A(G) with
1 # 0 and ¢|@\E =0.

Proof. Pick any vy € E, and using the continuity at (7o, e) € G x G of the product map we
can find compact neighborhoods K > 79 and F' > e with KF' C E. Then

=1 x1p € A(G), ¢ #0.

However, supp ¢ C KF C E, which means that the restriction of ¢ to G \ E mustbe 0. [

9.4 The Pontryagin Duality Theorem
Let G be a locally compact abelian group, with G locally compact abelian as well. Hence, G
is locally compact abelian, and everything we have proved about the pair (G, G) holds for
(G, G). We have seen that R
GxG— T
(@,7) — (z)
is continuous, hence for all z € G, R
G— T
v — ()
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is a continuous character on G, which we denote by a(z) € G. Therefore

(z,7) = (v, ().

Theorem 9.18. The map o: G — G is an isomorphism of locally compact abelian
groups.

Proof. First, we prove it is a homomorphism. For that,

(7, az122)) = (2122,7) = (21,7)(2,7) = (7, (1)) (7, (1))
Therefore, for all v € @, a(r1x2) = a(r)a(re).
Now we prove injectivity. Let 1 # x, by Corollary 9.12, G separates points in . Hence
there exists v € G such that (z1,7) # (x2,7), thatis, (y,a(z1)) # (v, a(x2)). Therefore
a(zy) # a(xs).
Now we prove that a: G — a(G) C Gisa homeomorphism onto its image, where of course

a(G) has the topology induced by G. For every C' C Gand r > 0, let
Na(Cyr)={ze€G: |(x,y) =1 <r, VyeC}.

By Corollary 9.11, the family of Ng(C,r) for C C G compact and r > 0 is a basis of open
neighbourhoods of e in G. Now,

N(:}(C’,r)z {Xeéz (v, x) — 1] <, V’yGC} 5%,

which follows from the continuity of the duality. By Proposition 7.3 these constitute open
neighbourhoods of e.

Now, let us compute what a(Ng(C,r)) looks like. If x € Ng(C,r), then |(z,v) — 1| < r,
which is the same as saying (v, a(x)) — 1| < r, and thatis a(x) € N5<C’ r), since it holds for
all v € C. This implies that

a(Ng(C,r))) = Né(C, r) N a(G).
That is, a: G — «(G) is continuous at ¢, and a~!: a(G) — G is continuous at e. Now,
since they are continuous at the identity, they are continuous everywhere, meaning that « is

a homeomorphism onto its image. Hence a(G) C G is locally compact.

Fact from topology: If X is locally compact Hausdorff, then a subspace Y C X is locally compact
if and only if it is open in Y. We are going to use one of these directions.

Hence «(G) is an open subgroup of a(G). Thus, a(G) is closed in o(G) C 5, which implies
that o(G) is closed in 5, meaning that it is equal to its closure, a(G) = a(G). Now, if a(G) #
G, by Proposition 9.17, we can find 7 € A(@) with ¥[y) = 0,% # 0,and ¢ = ffor some
f € L}YG). We have Vz € G, f(a(z)) = ¢(a(z)) = 0, s0

fla() = /éf(v)(%a(w)) dw(y) = /éfm(x,w dw(y) = 0

for every x. By the injectivity part of Corollary 9.7, f = 0 and thus ¢ = 0, which yields a
contradiction. O
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9.5 Some consequences of the duality theorem

We will now explore some consequences of this duality theorem. Given a complex measure
u € M(G) on G we can define its Fourier transform as

Aly) = /G @) du(z).

This extends the Fourier transform on L!(G) via the identification of L!(G) with a subspace
of M(G) by
LY(G) — M(G)
f — f ' )‘7

where )\ is a fixed Haar measure on G. By duality, all the theorems that hold for (G, G) hold
for (G, G) as well. The next result follows for instance from Corollary 9.7.

Corollary 9.19. The map

M(G) — B(G)
po— u

is a C-linear bijection.

Using the notation of Corollary 9.7, ji(y) = fi(y~!), from which the result follows. Another
example of this phenomenon is the following corollary.

Corollary 9.20. Let 1 € M(G) and assume i € L'(G). Then there is f € L'(G) such
that y = f - Aand

f(z) = /émw(m) dw()

for almost every z € G.

Proof. By the hypotheses (see Corollary 9.19) 11 € L'(G) N B(G). Define
fla) = [ 7)) o,
then by the inversion theorem we have f € L!(G) and
i) = [ f@@a) i)

But by definition it also holds that fi(y) = [, (z,7v) du(x). The uniqueness result in Corollary
9.19 now implies that = f - \. O

A very useful corollary is the following version of the inversion theorem.
Corollary 9.21. Assume f € L*(G) N C(G) and assume f € L'(G). Then

f(a) = /Gf/(?)(x,fy) du(y), Vzed.
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The next application concerns the following situation. Let H < G be a closed subgroup of
G. There is a canonical projection p: G — G/H, when G/H is endowed with the quotient
topology. In this way, G/ H is locally compact abelian Hausdorff, and p is a continuous open
homomorphism. Another operation one may consider is, given H, to define

Hi:{fye@: (h,7) =1, VheH}<é.
This is also a closed subgroup.

Theorem 9.22. The following canonical isomorphisms hold true

CT/T-I:HJ‘, H~G/H".

Proof. The first assertion follows from the fact that the map
G/H — H*
X F=>Xop

is an isomorphism. By Pontryagin duality we have, from the preceding fact, that

G/HL: = H
It remains to verify that H recovers H.

First, it is clear that H ¢ H++. If equality were not true, then thereis x € H Lt \ H. Hence

p(z) # e in the quotient G/H. But then there is x € 5/7{ with x(p(z)) # 1. However,
X op € H*, hence x o p(z) = 1 since z € H*+*, which yields a contradiction. O

Another consequence we obtain is the following.

Corollary 9.23. Let H < G be a closed subgroup. Then every continuous character on
H extends to a continuous character on G.

Proof. Let ¢ € H. By Theorem 9.22 we may view ¢ as an element in G /H*. Hence, there
must exist an element x € G which projects onto ¢ under the canonical projection. So we
have x|g = ¢. O

An interesting application of Theorem 9.22 is the following result.

Corollary 9.24. Let " < G be a discrete subgroup with G /T compact. Then T+ < G'is
a discrete subgroup and G/T'* is compact.

Proof. Since G/I" is compact, 5/\F ~ Tt is discrete. Now, since G / T'~andTis discrete, Tis
compact and hence G /T is compact. O

Example 9.25. G = R", let (-,-) be the usual inner product on R"”. We identify R” —
R", v + x, where x,(w) = 2™ A discrete subgroup A C R” with R"/A compact is
called lattice. For example, if vy, ..., v, form a basis of R", then A = Zv; + - - - Zv,, is a lattice
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in R™. Moreover, one can show that every lattice in R" is of this form. Using the identification
of R" with R" we can write

At ={veR":Ywe A, (v,w) €Z} ={veR":V1<i<n, (v,0;) € Z}.

This gives for example (Z")+ = Z".

Example 9.26. Recall that the ring of adeles Ag of Q is defined as the subset

Too, Tp, --.) € R X Q, with x,, € Z,, for all but finitely many p’s
p p P P y y
peP

Endowed with an appropriate topology it is a locally compact ring. Recall that for z € Q,
there is a convergent series representation

o0
T = Zakpk, m € Z.
k=m

Its fractional part is defined as
~1
{z} = Z arp”.
k=m

Then
(oo, Tp, ...) — e?mi{zeo} H e 2mi{ap}
peP

defines a continuous character y of the additive group Ag. Then

(i) The map
AQ — AQ
a > Xa,

where x,(b) = x(ab) is an isomorphism of locally compact abelian groups.
(ii) Under this identification, Q1+ = Q.

Thus Theorem 9.22 implies that the dual Q of the discrete group is given by Ag/Q, which is
compact.

We turn to a further application that involves a closed subgroup H < G, its orthogonal
H+ < G+ and the Fourier transform for functions on G, namely the Poisson formula. We
will present a special case thereof for I' < G discrete with G//I" compact.

Definition 9.27. We say that a continuous f : G — C is uniformly summable over I'

if
> 1F(g)l

vyel

converges uniformly for g on compact subsets of G.
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We call Tr f(g) == > ~er f(g7) the resulting function, where § = ¢I" indicates that the right
hand side as a function of g is I'-invariant. Then it is an exercise to check that

Trf € C(G/T).

Theorem 9.28 (Weil’s formula). Givena Haar measure oo on G/T, there is a unique Haar
measure A on G such that for all f € C(G) N L'(G) uniformly summable over T,

/ f@)arg) = [ da(@)Trf) @)
G G/T

Let us observe that Cp(G) is contained in the space of uniformly summable functions over
I' and for those, the theorem follows readily. The Poisson formula is then formulated as
follows.

Theorem 9.29 (Poisson’s formula). Let T' < G be discrete with G/I" compact. Let a be
the Haar measure on G /T with o(G/T") = 1 and X be the corresponding Haar measure

onG. Let f € LY(G)NC(G), uniformly summable over I and assume Flpy isin 4(T4).

Then R
S f = f.

yel nelL

Proof. We are going to use the Fourier inversion formula in its form given by Corollary 9.21.
Since a(G/T') = 1, the normalized dual Haar measure on 't = G/T is just the counting

measure. Given f as in the statement of the theorem, let us compute CI/’pr (x), where x € Tt
and ~ refers to the Fourier transform on G/I". We have

Tof(x) = /G | Te @) G0 da)

Now observe that

Tof(9)(9, %) = >, Flgm) (g7, %)

vyel

since xy € I'. Hence by Weil’s formula, we get

Trf(x) = f(x).

Since Trf lies in C(G/T) ¢ LYG/T') and LY(TY) > flpo = Trf, the inversion formula
applied at é € G/I' gives

Twfe)=Y Trfm =Y fn).
nelrt

nel+

Taking into account that

T,f€) =Y f(7)

yerl

establishes the formula. O
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The material on Regular Algebras is taken from [GeRaSh], 6.34 and 6.36.

The first form of Wiener’s theorem is described in the following statement.

Theorem 10.1 (Wiener). Let f € L'(G). Then theideal I = {g« f: g € L'(G)} gen-

~

erated by f is dense in L(G) if and only if f(x) # 0 for every x € G.

This admits a reformulation in terms of the translation invariance of L'(G) generated by f
provided one shows the next proposition.

Proposition 10.2. A closed vector subspace of L!(G) is an ideal if and only if it is trans-
lation invariant.

An important consequence is the Wiener Tauberian theorem.

Theorem 10.3 (Wiener Tauberian theorem). Assume ® € L*(G) and f € LY(G) to be

~

such that f(x) # 0 for every x € G, and

fx®(z) — af(e), as x— oo.

Then
g*x®(x) — ag(e), as = — oo

holds for every g € LY(G).

In fact Wiener’s theorem will immediately follow from the following result.

Theorem 10.4. Le I C L'(G) be an ideal such that {X €G: f(x) #0 Vfe I} is
empty. Then [ is dense in L'(G).

10.1 Regular Banach algebras

In all this section, B will be a Banach algebra with identity e. Therefore B, its Guelfand
spectrum, is a compact set.

98
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Definition 10.5. A semisimple Banach algebra B is regular if for all /' C B closed and
X ¢ F there exists a € B with a|z = 0 and a(x) # 0.

Given a closed subset F C B, we denote I(F) = {a € B: d|lp =0} and given any ideal
I C B, welet

Z(I)z{xeéz a(x) =0 \mef}.

Observe that when B is regular,
Z(I(F))=F

for every closed subset F' C B. Our objective is to prove the next theorem.

Theorem 10.6. Let B be a regular Banach algebra and F' C B closed. Then among all
ideals I C B with Z(I) = F, there is a minimal one J(F’) given by

J(F) = {a € B : avanishes in a neighborhood of F'} .
For this we will need the following lemma.

Lemma 10.7. Let B be regular, /' C B closed. Then composing a non-zero character
of B/I(F) with the projection B — B/I(F’) identifies B/I(F") with F.

Proof. Let x € F. Then a(x) = 0 for every a € I(F') and hence x factors via the projection
pr : B — B/I(F). Conversely, let y € B/I(F). Then x composed with the projection
belongs in B. If it were not in F, then by regularity there exists a« € B with a|r = 0 and

a(xopr) # 0, thatis, a € I(F') and x(pr(a)) # 0, which is a contradiction since pr(a) = 0. [

Lemma 10.8. Let B beregularand I C B any ideal and F' C B closed with Fn Z(I) =
(). Then thereis a € I witha|p = 1.

Proof. Consider the projection pr : B — B/I(F'). The maximal ideals of B/I(F) are given
by pr(I {x}), for x € F (see Lemma 10.7). By the hypotheses, pr(/) is not contained in
pr(I{x}), hence pr(I) = B/I(F'). Therefore, in particular, there is a € I such that pr(a) =
pr(e),and a — e € I(F'). Hence a|rp = 1. O

We can now tackle the proof of Theorem 10.6.

Proof of Theorem 10.6. Step 1. First, Z(J(F')) = F: indeed, pick z ¢ F and O D F open with
z ¢ O. Then by regularity we can find a € B with a(z) # 0 and a|5 = 0, hence a € J(F).

Step 2. Let I C B be any ideal with Z(I) = F. Leta € J(F') and define

Flz{xeéza(x):o}gF

and Fy := B \ Fi. Since a € J(F'), we have F> N F' = () and by Lemma 10.8 there is « € I with
Z|p, = 1. Then 7 - @ = @ and hence by semisimplicity,

T-a=a,

which implies a € I and hence J(F') C I. O
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10.2 Applications to L'(G)

The preceding results will be applied to B = L}(G) & C - ¢, so that B = BG is the one point
compactification of G.

Lemma 10.9. The algebra B is regular.

Proof. We already know that B is semisimple. For regularity, let ' C Bbeclosed and g ¢ F.
There are two cases. The first one is when F' C G and xo # {oo}. Then we know that there
is f € L'(G) with f|, .5 = 0and f(xo) # 0 (Proposition 9.17). In all cases we have that

f(o0) = 0.

The second case happens when F' C G and xo = co. Then F is compact. Let V' C G be open
with V compact, and define

fx) = %(x), vy ed.

Then f € A(G) and ¥y € F, f(x) = 1, which can be checked by simply integrating over
V. Thus we find that f = 4, for u € L'(G) satisfying @i|p = 1. Then u — e € B satisfies
u—elp=0and u—e(o0) = —1. O

Lemma 10.10. The ideal
J(o) = {f € LG): [e Cuw(@)}

is dense in L' (G).

Proof. First, the subspace
X = {g € L*(G) : gis compactly supported }
is dense in L?(G) by Plancherel’s theorem. Thus,
{v=gh: g,h e X}
is dense in L!(G). But © = § = h € Coo(G), from which the lemma follows. O

Now we prove Theorem 10.4.

Proof of Theorem 10.4. Let I C L'(G) be an ideal with the stated assumption. Then I C B is
an ideal as well and Riemann-Lebesgue implies Z (/) = {oo}. By Theorem 10.6,

I > J({oo})

and the latter is dense in L!(G) by Lemma 10.10. O

Now, we have showed Theorem 10.4, which immediately implies Theorem 10.1. In fact, the
logic for Theorem 10.3 (Wiener’s Tauberian formula) is to first establish Proposition 10.2 and
then make it follow from Theorem 10.4. In order to prove Proposition 10.2, we use the Hahn-
Banach theorem, which implies that if I C L!(G) is a closed subspace, then I = (ker L,
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where the intersection is taken over all L € L'(G)* with ker L D I. Now let I be translation
invariant and ® € L*>°(G) such that ker Lz O I, where

La(f) = /G F(2)® () dA(z).
Since with f € I, A\(y)f € I, it follows that
kerLi DI <= f+x®=0, Vfel

Proof of Proposition 10.2. If I is closed, translation invariant and ker Lg O I, then f x ® = 0
for every f € I. Hence, if g € L'(G), g * f * ® = 0, from which it follows by evaluating at e
that

Lg(g*f)=0.
Hence g * f € ker L; and thus g * f € I. Therefore, I is an ideal.

Let I be a closed ideal and ® € L>(G) with I C ker Lg. Then, forany g € L'(G), fxg € I
and

0=Lg(f*g) =fxgx®(e) = fxPxgle),
that is

/(f*<1>)(a:)g(a:) d\(z) =0
G

for every g € L(G) and for the bounded continuous function f * ® we have f * ® = 0. This,
however, can be rewritten as

Ly(Ay ") f) =0, Vyeg,

meaning that A(y)f € ker L. This implies that A(y)f € I for every y € G, and thus I is
translation invariant. O

We complete the discussion with the proof of Theorem 10.3.

Proof of Theorem 10.3. Observe that the hypothesis

~

f+®(x) — af(e), z=— o0

can be written as
f*(®—al)(x) — 0, z— oo.

Thus, we may assume a = 0, and hence f * ® € Cy(G). Consider
I={ge L' (G): gx® € Co(G)}.

Clearly [ is translation invariant since Cy(G) is. Moreover, the map g — g * ® defined on
LY(G) takes its values in the space C*(G) of continuous bounded functions, and

19+ @lloo < llgll1]|1®]co,

that is, it is a bounded operator. Since Cy(G) is closed in C*(G) for the L>°-norm, this implies
that I is closed and translation invariant, hence a closed ideal in LY(G). Since f € I and
f(x) # 0forall y € G, this, together with Theorem 10.4, implies that I = L}(G). O
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