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Introduction

Most of modern mathematics can be regarded as classification problems. These are problems
in which X represents a collection of mathematical objects, and X, Y are two elements of X,
and the question is how can one tell if X and Y are actually the same object.

The first example of this is when X = Z. If m,n € Z, is m = n? Of course, this example
is devoid of content. Taking X = Z/3Z, and asking whether m = n is equivalent to asking
whether z = yinm = 4k +x, n = 3l +y. This, again, is not particularly interesting. However,
taking m = 17846194845 and n = 845865234102 makes the question somewhat less subtle.
These problems are not very difficult, and the reason for this is that X is not particularly
interesting.

By enriching the structure of X we can obtain slightly more interesting examples. For in-
stance, let M, N € M,,,(R). How can we determine if det M = det N. For n = 2 this is
particularly easy, and if n > 2 there are ways to compute det M and det N. If we take X to
be the collection of all groups and let G, H be two groups in X, the question is how can we
determine when G and H are isomorphic. This is generally not easy, particularly when the
presentation of the groups is inconvenient. For example,

G = (a,b,c: ¢=aba 'b", ac = ca,bc = cb),
H = (a,b,c: aba = bab, (aba)* = ¢ = (ca)?® = (bc)* = 0).
In this case H and G are not isomorphic.

In topology, the question is whether one topological space can be turned into another without
tearing it.
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These problems are interesting and generally hard, as X is more complex. Algebraic topology
aims to turn topological classification problems into algebraic classification problems, which
are comparatively easier.
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1 The Brouwer Fixed Point
Theorem

Let us illustrate the philosophy behind algebraic geometry by looking at the example of
Brouwer’s fixed point theorem. We introduce some notation that will be used throughout
the course.

Notation. We will use B™ to denote the closed unit ball in R",
B"={xeR": ||z|| <1}.
The boundary of B" is the (n — 1)-dimensional unit sphere S},

Sl = {z eR": |jz]| =1}

Theorem 1.1 (Brouwer’s fixed point theorem). For all n > 1, every continuous map f :
B"™ — B"™ has a fixed point.

Proof. For the case n = 1 the proof is easy. Set f(—1) = a, f(1) = b, and assume a > —1 and
b < 1 without loss of generality, as otherwise either 1 or —1 would be fixed points. Let

Gr(f) = {(z, f(2)) : = € (=1,1)}
A={(z,z): v (-1,1)}.

Note that a fixed point of f corresponds to an intersection Gr(f) N A. Now define

A=A{(z, f(2)): f(x) >z}
B={(x, f(x)): f(z) <}

Both A and B are nonempty, open and disjoint, since (—1,a) € A, (1,b) € B and f is contin-
uous. If Gr(f) N A = 0 then Gr(f) = AU B, but since f is continuous, Gr(f) is connected,
and this contradicts Gr(f) = AU B. O

Interestingly enough, for n > 1 there is no known simple proof. A “pleasing” proof uses the
tools of algebraic topology. We will construct a homology functor H,, for each n > 0 that
turns topological spaces into abelian groups, and continuous maps into group homomor-
phisms,

Hy: X  +— H,(X)

Hy: f: X =Y — Hy(f) : Ho(X) = Hp(Y).

Also, it satisfies the following properties for all n > 1.
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(i) Hn(gof) :Hn(g)oHn(f)'
(ii) Hn(idx) = idH,L(X)-
(iif) Hn(Bn+1) = {0}, H,(S") # {0}.

For now we will accept such H,, exist, and later in the course we will prove it and use them
frequently.

Definition 1.2. Let X be a subspace of the topological space Y. We say that X is a
retract of YV if there exists a continuous map r : X — Y such thatifi : X — YV
denotes the inclusion map, then the following diagram commutes.

We say r is a retraction.

We will now prove that S™ is not a retract of B" L.

Lemma 1.3. S” is not a retract of B™t!.

Proof. Suppose such an r exists. Then, using the properties of H,, the following diagram
commutes.

Hn(Bn—l—l)
Hn(l) Hn(T)

H,(S™) H,(S™)

However, H,(B"*!) = {0} and idy, (s») cannot be factored through r = 0 since H,(S") #
{0}. O

With this result we can formulate the proof for Brouwer’s fixed point theorem when n > 1.

Proof (Brouwer’s fixed point theorem). Suppose f : B"™! — B"*! has no fixed points. Then
we can define r(z) as the point where the ray that originates from z and goes through f(x)
intersects S™. The function r is a retraction and it is continuous since f is. This contradicts
the lemma.

O

We will now explore the basics of category theory and explain what functors are.
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1.1 Category Theory

Category theory is a way to formulate mathematical theories in an abstract and general way
to prove results in many areas of mathematics. It aims to generalize the idea of structure, and
thus applies to algebra, analysis, set theory, etc. Categories are defined as “collections” of
mathematical objects. Sets, groups, vector spaces, topological spaces, manifolds, etc. can be
thought of as categories. Functions that preserve structure between these objects are called
morphisms. Some examples of morphisms include functions, group homomorphisms, linear
functions, continuous functions, etc.

Definition 1.4. A category C consists of the following data.
(i) A class of objects, objC.

(ii) Given two objects A, B of C, there is a set of morphisms, Hom¢ (A, B) from A to
B.

(iii) There is an operation, “o”, defined as
o:Home¢ (A, B) x Home(B,C') — Hom¢ (A, C)
(f.9) —  golf,
which satisfies the following properties.

e Forall A,B,C,D € objC and Vf € Hom¢(A, B),Vg € Hom¢(B,C),Vh €
Hom¢(C, D),
ho(go f)=(hog)of.

e For each A € objC there is a morphism id4 € Hom¢ (A, A) such that

foida = f,
idgog=g.

We will now define what functors are.

Definition 1.5. Let C and D be two categories. A functor 7' : C — D consists of the
following data.

(i) For each A € objC, T'(A) € objD.
(ii) Foreach f € Hom¢(A, B), T(f) € Homp(T'(A),T(B)) such that

T(goc f) =T(g) op T(f),
T(id4) = idrp(a).

Let us now take a look at several examples of functors. The first one is a “forgetful functor”.
Let us define
T: Top —  Sets

X — X
fiX>Y—f: XY

The functor T essentially forgets about the topological structure of the space X, as in par-
ticular it is a set, and 7" regards continuous functions as functions between sets. Every time
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we have a couple of structures in which one is strictly richer than the other (that is it is built
up on the weaker structure) we can define a forgetful functor like 7" by regarding the richer
structure as one example of the weaker one. Also, some structures naturally induce other
ones. For example, finite dimensional, real vector spaces induce a canonical topology, which
makes them able to be regarded as topological spaces. Thus, we can define a forgetful functor
from the category of vector spaces which regards vector spaces as topological spaces (with
the canonical topology) and linear functions as continuous functions.

Later in the course we will define the homology functors, which we used previously for
proving Brouwer’s fixed point theorem. These are functors from the category of topological
spaces into the category of abelian groups, which is a subcategory of the category of groups.
Another example of a functor that turns topological spaces into groups is the fundamental

group
71 : Top — Groups.



2 Homotopy

Homotopy is the mathematical way of expressing deformation (of functions or topological
spaces) without tearing.

Remark. Throughtout the course we will use the terms “function” and “continuous function”
indistinctly since we are talking about the category Top and the elements of Homrop (A, B)
are continuous functions. Also, we will use some notation for the unit interval, namely I =
[0,1] and 01 = {0, 1}.

Definition 2.1. Suppose X,Y are topological spaces and fy, fi : X — Y are con-
tinuous. A homotopy F' from fy to fi is a continuous map F : X x I — Y such
that

F(z,0) = fo(x),
F(z,1) = fi(z).

Defining
ft X — Y
x — F(x,t),

we obtain a family { f;} of continuous functions which deforms f, into f; and depends con-
tinuously on t. We write F' : fy ~ fi to indicate that F' is a homotopy from fy to fi, and we
write fo ~~ fi to indicate that such a homotopy exists. The following lemma will prove very
useful for proving results throughout the course. For this reason we will give it a name, the
“gluing lemma”.

Lemma 2.2 (Gluing lemma). Let X be a topological space and suppose we can write

where X; is a closed subspace for every i. Let f; : X; — Y be continuous and suppose
that for all i, j, if Xz N Xj 7A @, then fi’XiﬁX]- = fj’XiﬁXj' Then E”f : X — Y such that

Proof. Uniqueness is clear. We need only show that f is continuous. Let C' C Y be a closed
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set. We show that f~!(C) is closed in X.

k k k
:<UXi>mf‘1(C):U X, nft =J@n g

i=1 =1

O]

Although we formulated the lemma with closed sets for our purpose, there is an alternative
formulation in terms of open sets. Suppose X = Ule X, where each X; is open. The rest of
the formulation follows as above. Our first application of the gluing lemma will be to show
that homotopy is an equivalence relation on the space of continuous functions between two
topological spaces.

Proposition 2.3. Let X,Y be topological spaces. Then the relation ~ of homotopy on
C(X,Y) is an equivalence relation.

Proof. First, we check that f ~ f by F'(z,t) = f(xz). We now suppose f ~ g. This means
that 3F such that F(z,0) = f(z) and F(x,1) = g(z). Define G(z,t) = F(z,1 —t). G is
continuous since it’s the composition of continuous functions. Thus, g ~ f. We are left to
prove transitivity. Suppose f ~ g and g ~ h. Define

H:XxI— Y

@.4) F(z,2t) te0,1/2]
’ G(x,2t —1) te[1/2,1].

Then H is continuous by the gluing lemma. O

Definition 2.4. Given f € C'(X,Y’) we denote by [f] its equivalence class. Thus g € [f]
means that there exists F': f ~ ¢

Lemma 2.5. Composition respects equivalence classes. Suppose

f07f1 X —Y
go, 91 Y — 7.

Assume [f()])gy = [fl])gy and [g()]yz = [gl]yz. Then

[90 © folx,z = [g1 0 filx,z

Proof. Let F': fy ~ fi and G : go ~ g1. Define a map

H: X xI— Z
(l‘,t) — G(fg(l‘),t)

Now we check,
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Define
K: XxI— A

(z,t) — q1 (F(x,1)).
Again, we check,
K(.T,O) =01 (F(a:,O)) =4g19° fO(x)’
K(z,1) = g1 (F(21)) = g1 0 fi(z).
Now,

H :goo fo~g1o fo,
K:giofy~giofi

2.1 Isomorphisms

Now let us go back to category theory to define what isomorphisms are and how their role
in the category of topological spaces does not help very much with classification problems.

Definition 2.6. Let C be a category. An isomorphism f € Hom¢(A, B) is a morphism
with the property that 3¢ € Hom¢ (B, A) such that

go f=rida,
fog=1idp.

Some examples of isomorphisms are bijections in the category of sets, group isomorphisms
in the category of groups, homeomorphisms in the category of topological spaces, vector
isomorphisms in the category of vector spaces, etc. In general, there is no reason for isomor-
phisms to exist between any two objects in a category.

Remark. The notions of monomorphisms (injective) and epimorphisms (surjective) are more
complicated to define in the framework of category theory.

When trying to solve classification problems in topology, one would think studying the iso-
morphisms in the category of topological spaces would be the key to succeed. However,
homeomorphisms are too rigid. It is not the right choice to look at them. However, it is
much better to look at the equivalence classes of homotopy. For that reason, we will now
explain how to take quotients on categories.

2.2 Quotient categories

Definition 2.7. Let C be a category. A congruence on C is an equivalence relation ~ on

U Hom(A, B)
(A,B)€objCxobjC

which satisfies

(i) If f €e Hom(A, B) and f ~ g then g € Hom(A, B).
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(ii) If fo ~ f1, 9o ~ g1 and go o fo and g; o fi are defined, then gg o fo ~ g1 © fi.

A congruence allows us to construct a quotient category. This is the category C/ ~ such that
e 0bj(C/ ~) = obj(C).
e Home, (A, B) = {[f] : f € Home(4, B)}.

e Composition:

Home, (A, B) x Homg,.(B,C) — Homg, (A, C)
(111 [g]) — lgofl.

The definition of morphisms in the quotient category makes sense by (i) and the definition
of composition makes sense by (ii), since if fo, f1 € [f] and go, g1 € [g] then [goo fo] = [g1 0 f1]-

Theorem 2.8. Homotopy is a congruence on Top.

This result follows from lemma 2.5, since it is an equivalence relation which is respected by
composition.

Definition 2.9. hTop is the quotient category Top / ~, the homotopy topological cat-
egory.

What are isomorphisms in quotient categories? Let C be a category and ~ a congruence on
C. Let [f] € Hom¢, (A, B). Then by definition, [f] is an isomorphism if and only if there is
[9] € Homg,. (B, A) such that

[9] o [f] = tdrom,_(a,4),

[f] © [g] = idHomc/N(B,B)'
Which is the same as go f ~ id4 and fog ~ idp. Explicitly in hTop, this means that f :— Y
is an isomorphism if there exists g : Y — X such that f o g ~ idx and g o f ~ idy. Such

maps f : X — Y are known as homotopy equivalences. Thatis, f : X — Y is a homotopy
equivalence if [f] is an isomorphism in hTop.

Definition 2.10. Two topological spaces X and Y have the same homotopy type or are
said to be homotopy equivalent if there exists a homotopy equivalence f : X — Y.

We can now formulate the classification problem in topology:
Let X, Y be topological spaces. Are they homotopy equivalent?

We will spend the rest of this course failing to answer this question. We now look at the
opposite extreme. Clearly, homeomorphic spaces are homotopy equivalent, but the converse
is not true. We will see examples of this in the future.
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Definition 2.11. Let X, Y be topological spaces. A constant map c: X — Y isa map
with ¢(X) = y forsome constanty € Y. Amap f : X — Y issaid to be nullhomotopic
if f is homotopic to some constant map.

When X = §", there is an easy criterion for deciding whether a map is nullhomotopic. Before
stating the result, we need one more definition.

Definition 2.12. Suppose X, Y are topological spaces and Z is a subset of X. Suppose
fo, fi : X — Y aresuch that fy|z = f1]|z. We say that fp and f; are homotopic relative
to Z, fo ~ firel Z,if AF : fy ~ f1 such that

F(z,t) = fo(x) = fi(z) V(x,t) € Z x 1.

For fixed X, being homotopic relative to Z is an equivalence relation. For the case in which
Z = {p} is a single point, we will write “rel p” instead of “rel {p}”.

Proposition 2.13. Let Y be a topological space and n > 0. Let f : S® — Y be a
continuous function. The following are equivalent.

(i) fis nullhomotopic.
(ii) Jg: B"*! — Y continuous such that g|s» = f.

(iii) Fix p € S™ and let ¢ denote the constant map

c:S" — Y
r — f(p),

then f ~ crel p.

Proof. (iii) = (i) is trivial. For (i) = (ii), let ¢ be a constant map such that F' : f ~ c. Say
c(x) = qforall z € S Define g : B"™' — Y by

o) {q 2] < 1/2
F(p2-2llall) llall = 1/2

If ||z|| = 1 then g(z) = F(z,0) = f(z). If ||z|| = 1/2 then g(x) = F(z,1) = c¢(z) = ¢. Thus by
the gluing lemma, g is continuous.

Now we prove (ii) = (iii). Let g : B""! — Y be an extension of f and fix p. Define

F:S"x I — Y
(z,t) — g((1=t)x +tp).

Then



3 Homotopy functors

We will now develop all the necessary tools to define the homotopy functors 7,,. First of all we
will define 7y, a rather simple functor, and then we will make our way to 71, the fundamental
group. We begin by defining paths in a topological space.

Definition 3.1. A path u in a topological space X is a continuous map v : I — X, or
more generally, from a space homeomorphic to an interval. A loop is a path such that
u(0) = u(1), in which case, u can be interpreted as a function u : S' — X.

Usually, we will use the letters u,v and w for indicating paths, and we will parametrise a
path with the letter s, since t is reserved for homotopies.

Definition 3.2. A topological space is path connected if Vz,y € X there exists a path
u such that u(0) = z,u(1) = y.

For a path u connecting two points z,y € X we will use the notation v : + — y. The
following lemma is easily proved.

Lemma 3.3. Let X, Y be topological spaces.
(i) If X is path connected, then it is connected.
(ii) If X,Y are path connected, sois X x Y.
(iii) If X is path connected and f : X — Y is continuous, then f(X) is path con-

nected.

Here we prove the following equally easy result.

Lemma 3.4. Let X be a topological space. Define a relation ~ on X by saying x ~ y if
there exists a path u : © — y. Then ~ is a equivalence relation.

Proof. A constant path shows that 2 ~ z. For showing symmetry, it suffices to define u(s) :=
u(1 — s) for u : © — y. For showing transitivity, if u : « — yand v : y — 2, then

u(2s) s€0,1/2]

(uxv)(s) = {v@s ~1) se(1/2,1]
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is a path from z to z and it is continuous by the gluing lemma. O

)

Definition 3.5. The path components of X are the equivalence classes under ~.

We now have everything we need to define the homotopy functor my.

Definition 3.6. We define 7y : Top — Sets by the following data.
On objects:
mo(X) := the set of path components.

On functions:
7o : Hom(X,Y) —  Hom(mo(X), m(Y))
f: X —=Y—m(f): mo(X) — mo(Y).
Givenz € X, m sends the path component X’ of X containing x to the path component

of Y which contains f(X’).

To show 7 is really a functor, we must show

mo(idx) = idﬂo(X),
mo(g o f) = mo(g) o mo(f).

However, this is an easy exercise. What is interesting is how 7y induces a functor on hTop.

Lemma 3.7. 7y induces a functor hTop — Sets.

Proof. We need to show thatif f,g : X — Y are continuous functions such that f ~ g, then

mo(f) = mo(9)-

Let F: X x I — Y be a homotopy from f to g. Let X’ be a path component of X. We want
to show that the path component of Y containing f(X’) is the same as the one containing
g(X’). Since X' x I is path connected and F is continuous, F/(X' x I) is path connected, and
there exists a path component Y’ of Y such that F/(X’ x I) C Y. Since

FX)=F(X' x{0}) c F(X'xI)CY'

g X)=FX'x{1}) cF(X'xI)cY'
we see that
mo(f)(X') =Y’
Fo(g)(X/) =Y
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We now define

m: hTop — Sets
X — 7T()(X)
, mo([f1) : mo(X) — mo(Y)

This is, regarding 7 as a functor on the category hTop (where [f] consists of all continuous
functions g : X — Y such that g ~ f). Here X/, denotes the path component containing
z € X and Y}(x) denotes the path component containing f(z). More generally, we can state
the following lemma, which indicates when a functor induces another functor in the quotient
category.

Lemma 3.8. Suppose C and D are categories and 7' : C — D is a functor. Suppose ~
is a congruence on C and 7" has the property that

f~9g=T(f)=T(9).
Then T induces a well defined functor

T:C/ ~—D.

Remark. If T': C — D and f is an isomorphism in C, then T'( f) is an isomorphism in D. This
fact is easy to check, since functors respect composition and identity maps.

Corollary 3.9. Suppose X and Y are homotopy equivalent. Then X and Y have the
same number of path components.

Proof. By the previous lemma, my : hTop — Sets is a functor. Anisomorphism [f]in hTop is
a homotopy equivalence. Since X, Y are homotopy equivalent, there exists f : X — Y such
that [f] € Homyprep(X,Y) is an isomorphism. This means that mo([f]) is an isomorphism in
Sets, which means that it is a bijection: 7 (X)) is bijective with m(Y") and thus they have the
same cardinality. O

Since the category of sets is not really interesting due to its structure not being very rich, this
is the end of the story for 7, it will not get any more interesting that this. Now, we will define
w1, which lands in the category of groups, one that is much richer. The idea behind 7; will
be the concatenation of paths.

Definition 3.10. Suppose u : © — y. We write [u] for the relative homotopy class [u]
rel O1.

It makes sense to consider this class of homotopy of paths, since we want the starting and
ending points of the path to remain constant throughout the homotopy. Since X is path
connected and [ is contractible, every path v : I — X is homotopic, and if we tried to
construct a group form homotopy classes of paths, this group would be trivial. If we unravel
the definition above, this is equivalent to saying u ~ v rel dI if and only if there exists a
homotopy F': Iy x I; — Y such that F(s,t) = u(s) = v(s) for s = 0,1 and forall ¢t € I.
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Before we continue, let us properly define the concatenation of paths.

Definition 3.11. Let v and v be paths in X with u(1) = v(0). Then we define

u(2s) s €[0,1/2]
v@2s—1) se[1/2,1].

Remark. Note that the ordering here is the opposite to composition. u * v means “first do v,
then do v”, and g o f means “first do f, then do g”.

Proposition 3.12. Suppose ug, u1,vp,v1 are paths such that

Ug, UL T — Y

Vo,V1 Yy —> 2

and [UO] = [ul], [’Uo] = [Ul]. Then [uo * Uo] = [u1 * Ul]

Proof. LetU : I x I — X such that and define W as
U(s,0) = u(s) W(S’t):{U(Qs,t) 0<s<1/2
U(s,1) =ui(s) V(2s—1,t) 1/2<s<1.
U(0,t) = U(0,
U(1,t) = U(1,0 Then W is continuous by the gluing lemma.
Also,
Let V, W be homotopies W (s,0) = ug * vo(s)
W(s,1) = ug xv1(s)
Vivg~wvy reldl W(0,1) = U(0,£) = U(0,0) = W(0,0)
Wt ug * vg >~ ug * v W(1,t) = W(1,0).

Uo
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3.1 Fundamental grupoid

We take a look at a different category from all the ones we have seen until now.

Definition 3.13. Let X be a topological space. We define a category II(X) called the
fundamental grupoid of X as follows.

(i) Obijects: obj(II(X)) = X.
(ii) Morphisms: let z,y € X = obj(II(X)). We define
Homyy(x)(z,y) = Il(z,y) = {[u) : uisapathfromz toy.}

(iii) Composition:
o:(z,y) x (y, z) — I(x, 2)
([, o]) = [uxo]

Indeed, saying II(X) is a category is true, but we have to actually give a proof. Let us do so.

Theorem 3.14. II(X) is a category.

Proof. We need to prove that composition o is associative where defined, and that the sets
II(x, x) have an identity element. Let us deal with the latter first.

Denote
er: I — X
S —— .

We claim that [e;] € II(x, ) is an identity element under the above composition. To prove
this, we have to check that for [u] € II(z,y), [v] € II(z, x),

[u] o [ez] = [ez * u] = [u]
[ez] o [v] = [eg * v] = [v].
Define ) a-1)
s—i1—¢
= Ty

Then I; maps L, in figure 3.1 to [0, 1]. Now consider the map U : I x I — X given by

Uls,t) = {$ 2s <1-—t
u(ly(s)) 2s >1-—t.

The gluing lemma shows that U is continuous, and by construction U : e, ~ u rel 01.

Now let us check the composition is associa- | We must show
tive. Let

[u] € T(z,y
[v] € II(y, 2) are both in II(z, a), that is
[w] € (2, a [(u*v) * w] = [u* (v*w)].
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Ly

(0,0) (1.0) (1,0)

S

Figure 3.1: proving e, * u ~ u rel 0.

For this, let L;, M; and N; be as in figure 3.2. Now let I;, m; and n; be the parametrisations
that map L;, M; and N; onto [0, 1] respectively. The desired homotopy is obtained by setting
U(s,t) = u(l(s)) on the left-hand region, U (s, t) = v(m(s)) on the middle region and finally
U(s,t) = w(n¢(s)) on the right-hand region. The gluing lemma shows that U is continuous,
and by construction we have U : (u * v) * w >~ u * (v * w) rel 01.

0,1 (t1) (4,1 (1,1)
u v w
t
Lt Mt Nt
(0,0) (3,00 (3,00 (1,0)
S
Figure 3.2: proving associativity.
Thus the fundamental grupoid is a category. O

In fact, the fundamental grupoid is a category with one special property.

Definition 3.15. A grupoid category C is a category that fulfills the following require-
ments.

(i) the category is “small” in the sense that obj(C) form a set (and not just a class).

(ii) Every morphism is an isomorphism. If A, B € obj(C) and f € Hom(A, B), then
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exists g € Hom(B, A) such that

fog=idp
go f =ida.

Remark. If C is a grupoid category and A € objC, then Hom¢ (A, A) is a group.

Let us take a look at an example. Let G be a group and define a category C with exactly
one object . Define Hom(x*, x) = G and composition is multiplication in G. This is our first
example of a category where composition cannot be thought of as “mapping from one object
to another”. In C, for g € G to be an isomorphism it is required that there exists h € G such
that g and h are inverses with respect to group multiplication, but this happens for every
g € G.

Another example: let X be a topological space. Then II(X) is a grupoid category. To see
this, one first checks that objII(X) = X, which is a set. The second part consists of proving
that every morphism is an isomorphism. It is easy to see that for every path [u] € II(z, y), its
backwards path [u] is in II(y, ), and

U

O
=
I
=
*
&
I
o
<
e

[u] o [a] = [uxu] = [eyq))-
3.2 The fundamental group
Definition 3.16. Let X be a topological space and fix p € X. The fundamental group
of X atpis

m1(X, p) = Hompyx)(p, p) = {path classes of loops based at p} .

Remark. 7y, w1 are often easy to compute. However, higher 7;’s are really difficult to compute.
In fact, it is an open problem to find 7;(S") for all i, n € N.

For example, 71 (S!,-) = Z and 7, (B", ) = 0. This means that both fundamental groups are
the same for every point in each of the two sets. We will later give a result on that note.
Definition 3.17. The category Top? is the category given by the following data.
(i) Objects are pairs (X, X') where X is a topological space and X' C X.

(ii) Morphisms are pairs f, f’suchthat f : X — Y’, f' : X’ — Y’ and the diagram
below commutes.

Homg,,2 (X, X'),(Y,Y") ={f: X — Y, f(X') CY'}.
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Lemma 3.18. Let X,Y, Z be topological spaces. Let X’ C X and Y’ C Y. Suppose
fo, f1 are continuous maps such that fo|x» = fi1|x- and fo(X’) C Y. Suppose go, g1 are
continuous maps Y — Z such that go|y’ = g1]y’. Suppose fo ~ f1 rel X' and go ~ ¢1
rel Y'. Then gg o fo ~ g1 o f1 rel X'.

Remark. We can think of Top as sitting inside Top? via

X — (X,0).
Now we will take a look at the special case in which X' = {p} = p (€ X).
Definition 3.19. Top, is the pointed topological category, defined as follows.
(i) Objects: (X,p)
(ii) Morphisms: continuous maps
f+(Xp) — (Yiq)

where f : X — Y is a continuous map such that f(p) = ¢. Such maps are called
pointed maps.

Now we see that in the category of pointed topological spaces Top,, 71 is a functor.

Proposition 3.20. The fundamental group is a functor

m : Top, — Groups
(Xap) = 7-"1()(71))'

On morphisms, f : (X,p) — (Y,q),

m1(f) : m(X,p) — m(Y,q)
[u] > [foul

Lemma 3.21. Suppose f,g : X — Y such that f(p) = g(p) = ¢ and
f =~ grelp.
Then the induced maps
m(f), m1(g) : (X, p) — (Y, q)
coincide.
Proof. Apply lemma 3.18 with X = LY = X, Z =Y, X' = 01,Y' = {p} and fy = wo, fL =
ur, go = f,91 =g O

hTop was constructed from Top via the congruence of homotopy. Similarly, hTop, is con-
structed from Top, via the congruence of homotopy relative to a point. Lemma 3.21 proves
that 7y will be well defined over hTop,.
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Corollary 3.22. The fundamental group is a functor

hTop, — Groups.

Corollary 3.23. If (X, p) and (Y, q) are isomorphic objects in hTop,, then 7 (X, p) ~
T (Y, f(p))-

To prove this one simply unravels the definition of isomorphism in hTop,. A natural question
to ask ourselves now is how does 71 (X, p) depends on p. Let us suppose X is path connected.

Since the elements of the fundamental grupoid are classes of relative homotopy, we can factor
concatenation in the following way.

[Axwx Al = [A] * [u] * [A].

This only makes sense on II(X) since u and v have the same values at dI for all v € [u]. Now
we can think of the maps
7-‘_I(A)(vpl) — 7T1(X>pQ)
[v] > [Axvx )]
and
71 (X, po) — m(X,p1)
[u] = [Axux A

The composition of both of them gives
[u] = Ak ux A = [Ax X sy XA = [u]

and similarly for [v]. This indicates that both functions are isomorphisms of groups. There-
fore, for path connected spaces, the fundamental groups are independent of the basepoint
up to isomorphisms.

Proposition 3.24. Suppose we have fy, fi : X — Y which are homotopic, but not
necessarily homotopic relative to p. Set g9 = fo(p) and ¢1 = fi(p). Then the following
diagram commutes

1 (fi
m1(X,p) mio) m1(Y, qo)

Wlm l(pA:[u] —[Xxux)|

st (Y7 ql)
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Proof. Let F' : fy ~ f1 and let A denote the path in Y given by A(t) = F(p,t). Choose
[u] € m1(X,p) and consider

VilxI]l— Y

F (u(2(1 —1t)s),2st) s<1/2
(5,8) = {F(u(l Fot(s — 1))t + (25— 1)(1—1)) s> 1/2.

Fors=1/2,

F <u(2(1 - t);),2;t) — (1 —1),1)

F (u <1+2t (;_1» it (2; —1> (1—t)> — Plu(l —1),1)

F'is continuous by the gluing lemma. Now,
V(5.0) = {F(U(QS),O) = foou(2s) s<1/2

F(u(l),2s —1)=A2s—1) s>1/2

and
V(s.1) = F(u(0),2s) = \(2s) s<1/2
’ F(u(2s —1),1) = fi(u(2s —1)) 5>1/2

Thus, we have

V(s,0) = (foou)*A(s)
Vs, 1) = Ax(frou)(s)
V(0,t) = F(u(0),0) = fo(p) = qo
V(L,t) = F(u(1),1) = fi(p) = 1.

Putting this all together, V' is a homotopy from (fp o u) * A to X * (f; o u) relative to 0I. This
means that

[fooul « [A] = [A] % [f1 0]
A (foou)* A = [f1ou].

Finally, ¢x o m (fo)[u] = 1 (f1)]ul. =

Corollary 3.25. Assume gy = ¢;. Then the maps 71 ( fo) and 7 ( f1) are conjugate group
homomorphisms.

Proof. In this case A isaloop, F'(p, t) has the property that F'(p,0) = F(p, 1), so itis homotopic
rel p to a constant map. Then

m1(f1)[u] = [A]* w1 (fo)[u] = [A].
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Proposition 3.26. If f : X — Y is a homotopy equivalence, then for any p € X the
map 71 (f) : m1(X,p) — m1 (Y, f(p)) is a group isomorphism.

Proof. By assumption there exists g : ¥ — X such that go f ~ idx and f o g ~ idy. Let
F :go f ~idx. As before, let A\(t) = F(p,t). Then we have the following commutative
diagram.

(X, p) tlge]) 1(X, g0 f(p))

\

The top half commutes as 7 is a functor. The bottom half commutes by the previous propo-
sition. Thus 71 (f) is injective and m;(g) is surjective. As a consequence, 7;(f) is surjective
and m,(g) is injective. O

Remark.

(i) We have seen that for p, ¢ in the same path component of X,

m(X,p) 2 m(X,q)

via the appropriate . However, the isomorphism ¢ depends on [A]. We can therefore
write 7 (X') without reference to p, but the group is only defined up to isomorphism.

(ii) If X =JX; is the decomposition into path components of X, if z € X, then 7 (X, p) =
W(Xi) p)

Corollary 3.27. 71(B") = 0.

Now we will show an example of a path connected space whose fundamental group is not
trivial, the unit circle S, which we will regard as a subset of C. Throughout the rest of this

section,
St={zeC: |z|=1}.

Let us denote
exp:R— Sl cC
S —> 627TiS.

We will be interested in the case where the following diagram commutes,

(X,p) —L (s1,1)

f\)exﬂ
(R,m)
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where m € Z. We will also make use of the fact that S! is itself a group. Given z = 2™

and w = €*™ in S', their product zw = >+t ¢ S!, and the inverse of z = €2™* is just
271 = e72ms_ Also, we say z and w are antipodal if zw™! = —1, which of course has the

geometric interpretation that z and w are opposite with respect to the origin.

Proposition 3.28. Let X be a compact convex subset of R". Suppose f : (X,p) —
(S, 1). Fix m € Z. Then there exists a unique f : (X,p) — (R, m) such that the above
diagram commutes.

Thisis, f = expo f. In this context f is called a lift of f. In particular, one can think of S! as
R/Z and thus f is “lifting” f from the quotient space to R. Note also that the requirement
m € Z is forced: we have f(p) = s € Rand f(p) = 1, so it must be exp(s) = 1, thus making
s € 2.

Proof. We will define f. Compactness of X implies uniform continuity of f. Thus there
exists ¢ > 0 such that if z,y € X with |z —y| < ¢, then f(z) and f(y) are not antipodal.
Since X is bounded there exists an integer N such that v — y| < Ne forall z,y € X. Now
for each x € X, subdivide the line segments with endpoints p an z into N intervals of equal
length (which are all contained in X since it is convex). Call the endpoints of these intervals
p=1lo(x),...In(z) = 2.

It is easy to check that the functions 1, ..., [,, are continuous. Define

gi: X — St {-1}
z — f(li(@)"h flin (@),

Since f(l;(z)) and f(l;41(z)) are never antipodal, g;(x) is never —1 and it is continuous. Note
also that g;(p) or all i. Now, because Iy (z) = x, we can write

1f
f@)=f)f) " fln(@) = F)f) " flh(@) fli(x) " . flin(z) =
F) ) o1(@) .. gnoa(x) = f(p) gr(x) . gn-1(2).

If we restrict exp to (—1/2,1/2) then it is a homeomorphism onto its image S* \. {—1}. Let
A :S'\ {1} — (=1/2,1/2) denote its inverse, A = 5= log. Since g; never attains the value

—1, the composition Ao g; : X — (—1/2,1/2) is well defined.
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Define

) N-1
flx)=m+ Z Ao gi(x).
i=1

Then f(p) = mand exp of () = f(x).

Let us now prove uniqueness. Suppose g was another map such that g(p) = m and expog =
[. Consider h = f — g. Then h(p) = 0, expoh = 1. Thus h is a continuous function with
values in Z and h(0) = 0. Since Z is discrete, it must happen that h = 0. ]

Corollary 3.29.

(i) Suppose u : I —» S with u(0) = u(1) = 1. Then there exists a unique lift
@ : I — R such that @(0) = 0.

(ii) Moreover, if v : I — S! is another loop such that v(0) = v(1) = 1 and u ~ v rel
0I, then @ ~ v rel 1. In particular a(1) = 9(1).

Proof. The first part follows from the proposition taking X = I. For the second part, let
U:Ixl— S! be a homotopy u =~ vrel 91. The proposition givesaunique U : I x I — R
such that U(0,0) = 0 and expoU = U. We claim that U : @ ~ ¢ rel 01.

First note U(s,0) is a lift of u with U(0,0) = 0. Thus @ = U(-,0) by uniqueness. Similarly,
0 =U(-,1). It remains to prove that this homotopy is relative to 01.

Considerﬁ(o,t). Then exp(U(0,t)) = U(0,) = u(t) = I since U : u ~ v rel 9 and v(0)
1. Thus U(0,t) = 0. Similarly, we have expoU(1,t) = U(1,t) = v(1) = 1, and U(1,?) is
a constant function by uniqueness. This constant is equal to @(0) = U(1,0) = U(1,1)

o(1).

Ol

The second statement in the corollary tells us that homotopic loops are those that turn around
the origin the same number of times in the same direction.

Definition 3.30. Given u : I — S!, u(0) = u(1) = 1, we define deg(u) := (1), where
@ is the unique lift with @(0) = 0.

Then
deg:m(SH1) — Z
[u] > deg(u)
is well defined by the last statement in the corollary. Note that since u(1) = u(0) = 1, we

have 4(1) € Z and deg(u) indicates the number of times u revolves around the origin.

Proposition 3.31. deg: m(S', 1) — Z is a group isomorphism.

deg([u] * [v]) = deg([u]) + deg([v])-
Proof. 1t is trivial that deg is surjective since s — ms has degree m. It can also be seen as the

map S! 5 z — z™. To prove injectivity, we note that if deg[u] = 0 then @ is a loop in R based at
0. Since 71 (R, 0) = {1}, by the last statement of the corollary, and since 71 (exp) : 71 (R, 0) —
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m1(S, 1) is a group homomorphism (this is because exp is a group homomorphism and = is
a functor), it follows that [u] = 71 (exp)[a] and thus [u] = 1. All that is left to show is that deg
is in fact a homomorphism.

Now, if we have u, v, we get @, o and we want to find what u * v is. Let m = deg(u) so that
(1) = m. Let w := m + v. Then a(1) = w(0), so @ * w is well defined. Now we note that
exp(t*w) =ux*vand (@ w)(0) = 0. Thus @ * w is a lift of u * v which starts at 0. Thus

deg(uxv) = (a*w)(l) =m+ (1) =
= deg(u) + deg(v).
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Definition 4.1. Suppose C is a category and A, B, C are three objects in C. Suppose
f:A— Bandg: A — C are two morphisms. A diagram in C is a picture of the

form

ALB

|

C
A solution of this diagram is an object D and two morphisms h € Hom(B, D), k €
Hom(C, D) such that the diagram below commutes.

ALB

| |

c—*.p

Further along the course we will define a more general notion of diagram which allows for
pictures of different shapes. Solutions are not necessarily unique. For example, if C = Sets
and A = {*}. Thengiven f : A — Band g : A — C, one option is D = B x C. However,
we will be interested in finding the “most efficient” solution.

Definition 4.2. A pushout of a diagram

AL)Bl

f2l
By

is a solution

AL)Bl

le lgl

BQ i) C
with the following property. If

AL)Bl

W

By, -4 D

is any solution, then there exists a unique map k£ : C' — D such that the following

25
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diagram commutes.

AL)Bl

f2l lg1 hy

Bg<>

Lemma 4.3. If a pushout exists, then it is unique up to isomorphism.

Proof. Suppose (C, g1, g2) and (D, h1, hy) are two pushouts. Then there exist unique k : C' —
D and ! : D — C such that the diagram commutes.

ALBl

f2l lgl B

BQLC

#

D

Wehave ko gy = hy and ko g = hs. Also,l o hy = g1 and [ o hy = go. We note that

lokogy=lohi=q
kolohy =kogy = h;.

Now, since C'is a pushout and a solution as well, there must exist a unique map ¢’ — C
such that the diagram above with C' instead of D commutes. However, both idc and [ o k
make it so the diagram commutes. By uniqueness, [ o k = idc. By the same argument with
D,kol=1idp. Thusk : C = DinC. O

For example, in the category of commutative rings, fi : A — Bi, fo :— B3, a pushout is
B ®4 By, the tensor product of By and B,. We thus have that the tensor product is unique.

Definition 4.4. A mathematical object satisfies a universal property if it can be defined
via a pushout of some diagram.

Lemma 4.5. If a mathematical object exists and can be defined via a universal property
then it is unique up to isomorphism.

In Sets, for

ALBl
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the pushout is By | | B2/ ~ where ~ is the smallest equivalence relation such that fi(a) ~
fa(a) forall a € A.

In hTop such a space is called an adjunction space

x Iy,
le
Y,

It is denoted by Y7 | y Y2 and we will study it further in the course.

Now take C = Groups. What is a pushout?

Definition 4.6. Let G and H be groups. A word in G and H of length n is an expression

$1...8p, S;i € Gor H.

A word can be reduced as follows. If s; and s; 41 both belong to GG, we can regard s;s;11 as
§;, so that the word reduces to

81...8i_1§i8i+2...8n.

If s; and s;1 both belong to H and, moreover, s; = (3j+1)_1, then the word is reduced as
Sl...Sj_1$j+2...Sn.
A reduced word is a word which cannot be further reduced.

Definition 4.7. The free product of G and H, written G * H, is the group of reduced
words.

Remark. The free product G = H can be defined via a universal property.

Proposition 4.8. Let G, H, H, be groups and suppose ¢; : G — Hi, ¢p2 : G — Hy
are group homomorphisms.

GLHl

¢2l

Hy
Let IV be the smallest normal subgroup of H; * H containing the subgroup generated
by elements of the form ¢ (g7 !)¢2(g) for g € G. Then the quotient group H; * Hy/N

is a pushout. It is called the “free product with amalgamation” and usually denoted
by H 1 *@ H. 2.

Proposition 4.8 above makes sure that pushouts always exist in the category of groups. Our
objective right now is to prove proposition 4.8 in order to obtain the necessary tools for prov-
ing our first difficult result, the Seifert-van Kampen theorem. But before we start proving
the proposition, we have to take a look at the following definition.
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Definition 4.9. Let C be a category and fix A;, A> € objC. A coproduct in C is a triple
(B, f1, f2) where B is another object, fi € Hom(A, B) and the following universal
property holds.

If C is another object and g; € Hom(A;,C) and g2 € Hom(As, C), then there exists a
unique morphism A : B — C' such that the following diagram commutes.

AR

Al h A2

DN

Remark.

(i) If a coproduct exists, it is unique up to isomorphism.

(ii) In the category Groups, the free product is the coproduct.
Now we have the necessary tools to prove proposition 4.8.

Proof of proposition 4.8. Let N be the normal subgroup of the free product H; * H, generated
by elements of the form ¢; (g !)¢2(g), and let K be the quotient group. Define fori = 1,2

h —— hN.

Let us check that (K, 1, 1) is a solution.

GLHl

We must show that for all g € G, as cosets in K, we have

$1(9)N = ¢2(9)N

or equivalently
$1(9) *h2(9)N = N.

Since ¢ is a homomorphism, ¢1(g7!) = ¢1(g)~!, and since ¢1(g) 1¢2(g) € N by choice of
N, (K,11,19) is a solution. Now let

GLHl

o

H, —2
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be another solution. We need to produce a unique homomorphism 7 : K — L such that
the following commutes.

GLHl

¢2J ld’l 01

The free product H; x Hj is a coproduct in Groups. Thus, there exists a homomorphism
i : Hy *x Hy — L such that

Hl*HQ

P N

H, K Ho

L

Since 61 o ¢1 = 63 o 3, we have N < ker pu. Thus p factors through H; « Ho/N = K. This is
the desired morphism 7. O

4.1 The Seifert-van Kampen Theorem

We now have the necessary group theoretic tools required to state and prove the Seifert-van
Kampen theorem, which allows us to “decompose” a topological space into smaller pieces,
and compute the fundamental group of the full space in terms of the fundamental groups of
the smaller pieces.

Theorem 4.10 (Seifert—van Kampen). Let X = X;UX5, where X, X, are open. Assume
X1, X9 and Xy = X; N X, are nonempty and path connected.

X

Fix p € X and let the following be a commutative diagram
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Xo
2N
X1 X
X

The fundamental group 71 (X, p) is the pushout of the diagram

m1(i1)

7 (Xo,p) — m1(X1,p)

m (l’g)l

7T1(X17p)

Proof. Firstly, 71 (X, p) is a solution,

1 (41)

ﬂ-l(XO)p) — Wl(th)

ma(i) | |man

m1(j2)
m(X1,p) —— m(X,p)
so this commutes since ; is a functor. Suppose G is a group and

7Tl(—‘Xt‘(Lp) E— Fl(Xlap)

| |

m(X1,p) —2 G

We need to construct a unique group homomorphism ¢ : 71 (X, p) — G such that

WI(X(]ap) — 7T1(X17p)

| | "

m1(X2,p) — w(X,p)

\_}G

2

Before proving the general version of the theorem, let us take a look at how 1) should behave
with respect to loops when they are completely contained in either X¢, X; or X,. We will
then formulate an argument to reduce the general case to one of these simpler cases.

Let u be aloop whose image is entirely contained in X;. We want to define ¢'([u]) € G. In this
case we have no choice since we want the last diagram to commute. We must set ¢ ([u]) :=
¢1([u]). Similarly, if v is another loop entirely contained in X,, we must define ¢ ([v]) :=
¢2([v]). What about a loop completely contained in X,? Then we have two definitions for
Y ([w]), does it happen that ¢ ([w]) = ¢2([w])? Assuming the diagram commutes, we must

have ¢; (7 (i1)[w]) = ¢2(m1 (i2)[w]).
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X, Xo X,

AN

S

N}

Now, for the general case, we start with an arbitrary loop u in X. We choose finitely many

points 0 = sp < 1 < ... < s, = 1 such that if z; = u(s;) then each z; lies in X and Uy s )

is either contained in X or X5.

X1 Xo X

Note that such s; exist due to the Lebesgue number lemma. Now let v; be a reparametrisation

on [0, 1] of Uy i) Pick an arbitrary path w; contained in X with extremes w;(0) = p and

w;i(1) = z;. Then w; = w;—1 * v; * w; is a loop entirely contained in X; or X,. We can now
factor u as the following concatenation of loops entirely contained in either X; or X».

U = W1 * W2 * ... * Wy

In general, let ¢, to be either ¢; or ¢2 depending as to whether w; lies in X; or X5, and set
d([u]) = [T o (@)
We now have to check whether out definition of v satisfies the following statements.
(i) Does ¢ depend on the z;’s?
(ii) Does ) depend on the w;’s?
(iii) If u ~ v rel p then is ¥ (u) = 1 (v)?
(iv) Is ¢ a homomorphism?
(v) Does the diagram commute

(vi) Is 1) the unique map with these properties?
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Suppose we have already dealt with (i)—(iii). Then the remaining properties are clear. 1 is a
homomorphism by construction and the diagram commutes (from what we said at the start)
and similarly, the remarks at the start of the proof show we have no choice in the definition
of 1. All we have to do is check v satisfies (i)—(iii).

Li+1

We want to show
H Gs([wi * v * Wig1)) = H ¢*([w§ * Vg * w§+1])-

This can be factored as follows,
o1 <[wl*ﬂ*w; * g kW *wé-kl *wi+1]) =
= o1 ([wiw wfi)) o ([wf = 01w wlyy]) # 6 (when *Wi1))

And taking the product cancels everything out.

p

We now have to check that by adding an additional point y, the value of ¢ will not be changed.
Indeed, let w’ be the path connecting p and y in Xj. Suppose that the loop w; * v; * W;;7 is
contained in X;. Then, if we denote by v}_, the part of the path v that connects z; and y, and
similarly, v} with y and z;1, the same is true for the two loops

wi *vi_q xw, w kvl x Wigg.
Thus, we have

¢1 ([wi xvi_y xw']) g ([w' * v} * Wiz7]) =
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=¢1 ([wz *vi_q ok w *xw v x wi+1]) =

= ¢1 ([w; * v; * Wii1)) -

This shows that adding an additional point to the z;’s does not change the value of ([u]).
More generally, the same is true if we add a finite number of new points. Now suppose we
are given two different sets of points {z;} and {y; }. Then by taking the union of both we can
refine the set of points without changing +([u]). This shows that it does not depend on the
choice of z;.

It remains to show that v is defined on 71 (X, p). Suppose U : u ~ v rel p. We divide I x I
into a grid of squares such that each square is mapped by U into either X; or X,. Such a
decomposition exists by the Lebesgue number lemma. Proceeding one small rectangle at a
time, this deforms w into v through a finite sequence of paths such that each step involves a
homotopy in which the only change occurs in either X; or X». For such a restricted defor-
mation, we may choose {z;} so that the value of 1) remains unchanged. This completes the
proof.

O]

There is a more general version of the Seifert—-van Kompen theorem on grupoids.

Theorem 4.11. Let Grpd be the category of grupoids and II : Top — Grpd. Let U =
{Xo, X1, X5}. Suppose U is an open cover of X with the property that the intersection
of finitely many elements of I/ again belongs to ¢/. Then regard U as a category where
the objects are the open sets U € U and

Hom(U,V) ={i: U — V} if U C V, () otherwise.

Then the fundamental groupoid II(X) is the colimit of the diagram II},,. In other
words, II(X) is uniquely characterized by the following universal property.
Suppose C is a grupoid and suppose 7 : II — C is a functor.
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We can understand homology as the study of holes in topological spaces. The difficult prob-
lem about studying holes is that there is no straightforward definition of what a hole is. What
we will do is think of topological spaces as being constructed out of simplices, and study the
holes in these, since that is much easier.

But before we do this, we need to develop the algebraic tools that are needed for formalizing
and handling the objects we just described.

5.1 Chain complexes

Definition 5.1. A chain complex consists of abelian groups C,,, n € Z, together with
group homomorphisms 9,, : C,, — C,,—1 such that 9,,_1 o 9, = 0 for every n € Z.

On o)
o Crg1 =5 Cp 25 Chy ...

By convention, we will normally write 0 instead of 9,,, and a chain complex will be abbrevi-
ated by (C,, 9).

For example, let (C),) be any abelian group. Define a chain complex by setting @ = 0. But
why is 9? = 0 a natural condition? When we have a mathematical object with symmetry, we
can get to conditions of the type 9% = 0. For example, for f € C?,

0?2 0?
0zt0zI F= 0z Ozt

[

and by substracting one from the other we get to a 9> = 0 condition.

Now we make chain complexes into a category. Suppose (C,,d) and (D,, ) are two chain
complexes. A chain map from C, to D, is a collection of group homomorphisms f,, : C,, —
D,, such that the following diagram commutes

On

an 1
. —— Oy — C Cpog — ...

n
lfm lfn lfm
6n+1 Dn (Sn

o — Dpiq D, 1 —— ..

for all n € Z. As with §, we will usually write f : C, — D, and omit the subscript n, so
of = fo.

34
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The category Comp has chain complexes as objects, chain maps as morphisms, and the com-
position is defined as

(fog)n = fnogn
Definition 5.2. Let (C,, 0) be a chain complex. We set
Zn = Zn(Ce,0) = ker 0y,
and note it is a subgroup of C),. Elements of Z,, are called “cycles”. We also set
B, = B,,(C,,0) = Im 0,41,

and note it is a subgroup of ), too. Elements of B,, are called “boundaries”.
The fact that 0,, 0 0,41 = 0 tells us that B,, is a subgroup of Z,,.This means that we can
look at the quotient group

Zn/Byn, = Hy, = H,(Cl, 0).

H,, is the n—th homology group of the chain complex Cl,.

Oftentimes chain complexes are too “big”. The idea of looking at the homology is a way of
simplifying the picture. Now we introduce a bit of notation.

e The maps 0 are usually called “boundary maps”.
o If c € Z,, is a cycle, we write (c) to denote the element of H,, corresponding to c.

Suppose f : (Co,0) — (Da,9) is a chain map. We claim that there is a well defined group
homomorphism
}Jn(f): f{n(cn — }{n(l))

that sends (c) — (fc) . Since

On+1
Ch1 — Cy

fn+1l lfn
Dy,

671+1
l)n+1

we see that f, (Z,(C)) C Z,(D), that is, “f maps cycles to cycles”. Also, f, (B,(C)) C
B,(D), and “ f maps boundaries to boundaries”. Thus there is a well defined quotient map

Hy(f)-

Proposition 5.3.
H, : Comp — Ab

Coe +— H,(C)
f — }¥n(f)
is a functor. Also,
H: Comp — Comp
(Ce,0) +— (H,(C,),0)

f:Ce — De —> H(f) : (Hn(Cs),0) — (Hn(Ds),0)
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is a functor and it is called the algebraic homology functor.

The goal now is to apply chain complexes to topological spaces in the following way.

Let X be a topological space. We will search for a way to associate a chain complex C,(X)
which encodes all the interesting topology of X. Once we have done this, we apply H to get
its homology,

Top — Comp LN Comp.

We will see that there are several options to choose from in order to go from Top to Comp:
singular homology, cellular homology, simplicial homology, Morse homology, etc. The final
theorem of the course will show that essentially, it does not matter which functor Top —
Comp we choose, the end result is the same.

5.2 Singular homology

Definition 5.4. Let F' be an abelian group. A subset B C F is said to be a basis if each
subgroup (b) has infinite order for b € B and F' = @, ().

Saying F' has basis B means that for every x € F, we can uniquely write

T = Zmb-b, where my, € Z
beB

such that at most finitely many m;’s are non-zero.

Definition 5.5. The rank of F'is the cardinality of a basis.

Note that there are two caveats to this definition.
e A basis has to exist.
e Any two bases have to have the same cardinality.

If B is a set, there exists a free abelian group with basis b.

F =Pz

Remark. 1f B is a group, one must make sure not to confuse relations in B with relations in
F. For example, if B = Z, then 2+ 3 = 5. Let F' = {(a,) : n € Z} with infinitely many non
zero terms. We have (a,,) + (b,) = (an + b,). However,

243 =>5#= a2+ as = as.

If G is any abelian group, one can always find a free abelian subgroup F' such that G/F is
torsion and defining the rank of G as the rank of F' is well defined.
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Lemma 5.6. Let I’ be a free abelian group with basis B, and let ¢ : B — Abe a
function, where A is an abelian group. There exists a unique homomorphism ¢ : F —
A extending ¢

R

We—m

o4
%A

Zmb-bl—>2mb'¢(b).

by linearity,

Definition 5.7. Let 2, ...z, be points in R". We say 2y, ..., 2, are affinely independent
if 21 — 20, ..., 21 — 2, are linearly independent.
If 2o, ..., 2, are affinely independent, we define the simplex with vertices zy, ..., 2, to be

[20 1 .ot 2p) = {x e R": x:Zsizi, Zsl =1, s; 20}.
=0 =0
If x € [20: ... : z,] we call the tuple (s;) the coordinates of z.

A simplex on R is a segment, and on R? it is a triangle. If z, ...z, and wo, ..., w, are affinely
independent, then the simplices [z : ... : zp] and [wp : ... : wy,] are homeomorphic. Therefore,
it is convenient to use the standard basis in R".

Let e; be the vector in R™ with a 1 in the (i + 1)-st position,
€y = (1, O, caey O)

En—1 = (0,0, ceey 1).

We let A™ = [eg : ... : e,] be the standard n-simplex.
If [z : ... : 2] is an n—simpleX, then by deleting one of the z;’s, we obtain an (n — 1)-simplex,
[20 ... 1 Zj t ...t zp], where Z; means we delete z;. Together these are the faces of the simplex.

Definition 5.8. A singular n—simplex in X is a continuous map o : A" — X (do not
confuse this with ¢(A"™), which is a subspace of X).

For each p € X, there is a unique simplex o, in X given by o,,(y) = p.

Definition 5.9. Let C),(X) be the free abelian group with basis all the singular sim-
plices o : A" — X.

For n < 0, we set C;, = (). An element ¢ € C,(X) can be uniquely written as ¢ = > m;o;
where m; € Z and 0; : A" — X. One cannot regard c as being a map.

For example, suppose X = R"and o : A — R" is any simplex. Define r as 7(z) = —o(z) €
R™. In other words, o(z) + 7(z) = 0 for all x € A™. Nevertheless, in C,(R"), o and 7 are
basis elements and are thus linearly independent. This is

o+1 € Cp(R™)
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z— (0+7)(x)
and o+7 # o+7. We can consider

X — Cp(X)
p = O0p

and it turns out that C,,(X) is really large. We want to make C, into a chain complex. That
is, we want to define 0 : C,,(X) — Cj,—1(X).

Definition 5.10. We define the boundary maps

0 : Cn(X) — Cn_1<X)

by setting
n
_ 1\
Jo = Z( 1) J|[e0 ..... €j:...ien]? 7E Cn
=0
o 0

/\ U|face 1 O—‘face 2

aO’ - Z] 1 :l:0-|facej
O-‘faceS

Define homeomorphisms
€5 A" 1 — j—th face of the A".
Then 9o = 377 (—1) o o 7.

There is a unique map 0 : C,, — Cj,_1 by “extending by linearity”.

Theorem 5.11. (Co(X), 0) is a chain complex.

Proof. We need only show that

n+1
Cn+1 — C Cn 1

is zero for all n. It suffices to show that for o : A" — X one has 9,,0,+10 = 0. We will
use the following face relation. Given
€7 (805 -y Sn) = (805 -y 8j—1,0, 8541, +-; Sn),

then

eptloel | =l oel s A" — j—th face of A" — (k + j)-th face of A"

whenever £ < j. Now, we get

n+1

8n6n+10:2(—1)j8 <JO€?+1> Z(—l)kﬂaosj oel —i—Z H'kaog ol =

=0 j<k k<j
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_ k+j n+1 n j+k n+1 n
_Z(—l) looel™ oep + g (=1)Foogl ™ oely.
i<k k<j

Using the face relation with [ = j — 1, the second term turns into

E (—1)k+]a o 5?"'1 oeR,
k<l+1

which cancels with the first term and thus 9,,0,,+10 = 0. ]

This defines C, on objects of Top. Suppose f : X — Y is a continuous function. We want
to define
C(f): C(X) — C(Y),

which we will call fg. It has to be a chain map such that
o A" X Ly

fa(o) = foo,
and we define it by extending by linearity, that is,

i (me) =Y myf(o)

It is immediate that
(ii) (fog)# = feogs

Putting this together we find there is a well defined series of functors H,,, since if f is con-
tinuous, then it is easy to check that fs(Z,(X)) C Z,(Y) and fs(B,(X)) C B,(Y). This
is,
H, : Top — Ab
X — H,(X)

. Hy(f) : Ho(X) — Hp(Y)
frxmye— (@ — ().

The goal now is to show that homology functors H,, factor to define functors hTop — Ab.
This will give us the proposition that we used in order to prove Brouwer’s fixed point theo-
rem.

Proposition 5.12. . .
H,(B)=0 Vn>0and Hy(B") = Z.
Proof. By the assumption that H,, factors to hTop, we have
Hy(B') = Hu({*}),

where {x} is the topological space with one point. The computation of H,,({*}) is an easy
exercise. 0
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Let us return to Comp and the algebraic homology functor H : Comp — Comp. Suppose
C. and D, are two chain complexes. Let

f,9:Ce — D,

be two chain maps,
Ho(f),He(g) : Ho(C) — Hao(D).

When is He(f) = He(g)?

Definition 5.13 (Chain Homotopy). A chain homotopy P from a chain map f to a chain
map g is a collection of group homomorphisms

PnZCn—>Dn+1

such that
5n+1OPn_Pn—1oa =fn—9gn VneZ.

Lemma 5.14. If such a P exists, then H(f) = He(g).

Proof. Take c € Z,(C). Then
fnc — gnc=90Pc— Poc.

Since cis a cycle, Oc = 0, and § Pc € B, (D). Thus,

Hy(f) () = (fne) = (gnc) = Hn(g) (c) -
O

We write P, : fo o~ go to indicate the existence of such a chain homotopy. At the moment, we
have to complete the construction

Top e Comp N Comp.

Theorem 5.15. Let f,g : X — Y be continuous functions between topological spaces.
If f ~ gthen Ho(f) = He(g).

Proof. We have to construct P : fi ~ gs. However, we do this only in a very special case. Let

in: X — X x[0,1]
x — (z,0)

and
i X — X x[0,1]
r—  (z,1)
We construct P : gy ~ i14. This is sufficient, since we already know H, is a functor. Indeed,

suppose F': f ~ g. Then
f:FOio, g:Foil
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and
Ho(f) = Ho(F 0ig) = Ho(F) 0 He(ig) = He(F) 0 He(i1) = He(F 0i1) = He(g).

Thus it remains to construct such a P. We will not do this, since it would be necessary to
prove two more results that we will use just once. Also, by the end of the course we will give
a proof for this result which is only a couple of lines in length. O

This “completes” the construction of singular homology. The advantage of homology is that
it is much easier to compute thatn ;. In fact, computing 7;(S") is an open problem for some
J,n. On the other hand, computing H;(S") is easy.

The reason why we use simplices is because it is easy to understand what the face of a sim-
plex is. It is also possible to construct singular homology from cubes, which are easier to
integrate on. However, it is very non—standard. Alternatively, there is the approach of try-
ing to subdivide the topological space into simplices or cubes, making the resulting chain
complex much smaller. However, this only works with certain topological spaces, it does not
work in generally abstract topological spaces. It is what is known as simplicial homology. A
newer version of it is cellular homology.

Remark. A 1-simplex is a path. In particular, a loop in X is a 1-simplex that starts and ends
in the same place. In particular, if o is a loop, then 9o = 0. If u : S' — X, then (u) € Hy(X).
Let us consider
m (X, p) — Hi(X)
[] = ().

One could ask if this map is an isomorphism. It is clear that, since they are different cate-
gories, this is not the case in general. It suffices to choose 71 (X, p) so that it is not abelian.
Nevertheless, we will see that there is a functor

Ab : Groups — Ab
G — GAb

that “abelianizes” groups. With it, we will be able to prove that
m (X, p)A = Hi(X).

This shows that homology is “simpler” than homotopy. We will now study Hy and H;.

5.3 H, and H,

First, let us introduce the convention that paths can be defined over 1-simplices. Indeed,
since I = [0,1] and A' are homeomorphic, wesetw : I — X and v’ : Al — X,andu =/,
but regarded as a 1-simplex. In fact, we would have /(1 — s,s) = u(s). Throughout this
section, we will identify o, : A — X with p.

Proposition 5.16. If X is a path connected topological space, then Hy(X) = Z and
moreover, (p) generates Hy(X) forall p € X.

Proof. Cy(X) is the free abelian group generated by points of X. Remember that if z,y € X,
then z + y is defined as the sum of o, + 0, in Cy(X), but not in X. By definition, we have
C_1(X) = 0. Thus Zy(X) = kerd : Cy — C_1, so Zp(X) = Cp(X). Now we have to
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compute the boundaries. For that, note that an element of Cj is of the form ¢ = ) myx for
x € X and m, € Z, only finitely many non zero. We claim that

:{c:mex: Zmz:O}.

Suppose ¢ = Y m;x; satisfies Y m; = 0. Fix p € X and paths u; : p — z;. Then u} is a
1-simplex with u}(e1) = z; and u}(eg) = p.

Ou; = wi(er) — uj(eg) = x; — p.

Now consider a = )" m;u; € C1(X).

da =0 (Zmlu;) = Zml(aﬁz —p) = Zmzxz — (Z”%)P =c.

Thus da = ¢, so ¢ € By(X).

Suppose d € By(X). Then there exists b € C;(X) such that 0b = d. Suppose b = > n;o; for
n; € Z,0; : A — X. Thus

d=0b= an oi(e1) — oi(ep)) anaz e1) Znigi(EO)a

and thus the sum of the coefficients in d is 0 since every coefficient in the expansion of d over
the base appears twice with opposite signs. This proves the claim. Thus the map

o: Zo(X) — Z
domgxr — Y my

has kernel By(X) and Hy(X) = Z.

Suppose z,y € X. Pick a path u from x to y. Then Ou’ = y — z, i.e., (x) = (y) in homology.
Suppose ¢ = ) m;z; is an arbitrary generator of Hy = Z (c). Then ¢ () m;x;) is a generator
of Z,i.e., ¢(c) = £1. Replacing c by —c if needed, assume ¢(c) = 1. Then ¢ — p € Cj for any
arbitrary p has ¢(c — p) =0, s0 (¢) = (p). O

Lemma 5.17. If X has path components X, then H,(X) = @, He(X).

Corollary 5.18.
Hy =2 7m0 (X1,

This finishes the topics we wanted to cover about Hy. Now for H;.

Definition 5.19. Fix p € X and define a map h = h,, as

hpiﬂ'l(X,p)—>H1(X)
[u]  — ().

This is well defined. Firstly, v’ is a cycle since

ou' = u'(e1) — u'(eo) = u(1) — u(0) =p—p =0.
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Next, we show that if [u] = [v] then (/) = (v'). If uis a loop in x then we alternatively regard
u as being a map S' — X. Call this map 4. We have

W =uoh: A" — X,

where 0 : A — T'isa homeomorphism. Ehen u is a loop,

~ 7:I — St
U=uoT, 2mis.
s—e
With this,
W' =uorof, (u)=H(u)(rob)
v'=0o07100, (vV)=H(@®)(rob)

We already know that H, is a functor on hTop, and since [u] = [v], then % and v are homotopic
rel I in S'. Therefore, H (1) = H(?)

(WY =H(@)(ro0) =H@®)(rod) = (V).

We have now proved that
h:m — Hy

is well defined, and we will now show that h is a group homomorphism. This means we
want to see that

h([ul) + R ([v]) = A ([uxv]).

Define
uw'(2s9 — 1,281) s1<1/2

u*v) (s0,81) =
( (50, 51) {U/(250,1—281) s1>1/2.

We want to find an element ¢ of Cy such that dc = v’ + v' — (u * v)'. Notice that by doing
this, then the right hand side is in the image of 0 and by taking equivalence classes, this goes
to zero and we prove h is a homomorphism. However, we can find something even better,
namely that there exists a continuous map o : A? — X such that 9o = v’ + v/ — (u * v)’.
Recall we denote by ¢, €1, €2 the face maps. Thus if o : A2 — X, then

Jdo=00ey—00e] +006e9 =09 — 01 + 09.

We want

s s
o (s0,51,52) = (u*v)’ (80 + 51,52 + %) ,

and it is left to see that this choice yields the result. Conversely, we have the following lemma.

Lemma 5.20. If o : A? — X is a 2-simplex in X,
o) =00¢€), O] =00E|, 0=00Ey,

then the loop oy * 77 * 07 is nullhomotopic, [og * 77 * o2] = 0.

Proof. To show this, recall that a continuous map f : S — X is homotopic if and only if
there exists g : B"™! — X such that g|ygn+1 = f. Choose a homeomorphism

p 1 (A%,0A%) — (B2, SY)
and apply the previous remark. O
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€1

o1 g0

€0 092 €2

Lemma 5.21 (Duck lemma). Suppose F is a free abelian group with basis B and A is
any abelian group. Suppose by, ..., b, are some elements of B. Suppose ay, ...a,, are
some elements of A such that if b; = b;, then a; = a;. If > m;b; = 0 then ) m;a; = 0.

Proof. Define
v B — A
b; — a;
be B\ {bg,...,bn} — 0.

Then ¢ extends uniquely to ¢ : F* — A by linearity, and this is a homomorphism,

O
Basically, the Duck lemma tells us that if the b;’s satisfy a relation in F', then the a;’s satisfy
“the same relation” in A.
“If it looks like a duck, swims like a duck, and quacks like a duck, then it probably is a duck.”

We now introduce abelianisation. Let us consider the following universal property.

Definition 5.22. Let G be a group and A be an abelian group. ¢ : G — A is a homo-
morphism. We look for an abelian group H with homomorphism ¢ : G — H.

GL)A

wl A s.t. commutes
H
This property defines abelianisation,
()P : Groups — Ab.
Then it is not difficult to check that such a functor exists. Let [G, G] be the commutator of G.

Then G/[G, G| satisfies the universal property. Call this the abelianisation of G, written GA®.
Apply this to 7y,
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hp
m(X,p) —2— Hi(X)

l =

m (X

Theorem 5.23 (Hurewicz). Assume X is path connected. Then 7, in the above diagram
is a group isomorphism and H; (X) is the abelianisation of 7 (X, p).

Proof. We begin by proving 7, is surjective, which is automatically given by the fact that &,
is surjective. For each point x € X, let w, be a path p — z. Assume w), is the constant path.
Let ¢ € Z; be an arbitrary cycle. We find an element of m4*® such that 1, (-) = (c).

Cc = E m;o;
0—80—5 m; (oi(e1) — oi(ep)) E m (yi — 2i) .

Apply the Duck lemma with

F=CyX), B={pointsof X}, A=Ci(X)
Y1, 215 -5 Yky Rk
Wy, , W ey Wy, W,

Thus Y~ m; (w;, —w},) = 0in C1(X).

c:c—O:Zmiai—i—Zmi(w;i —wl,) :Zmi (wy, + 01 —wl,)

Yi

Wy,

3

Thus w,, * o * Wy, is a loop. Since we already know £ is a group homomorphism,

hp<H[wZ*a,*wy ) Zml wzi*Ui*@]):Zmi<w;i+a§—w;i>:(c}.

This gives surjectivity of i, and thus surjectivity of ,. The next step is to construct an inverse
for 7, to show that it is an isomorphism. We will not do this. O
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Definition 6.1. Let A, B, C be abelian groups, and f : A — B, g : B — C homo-
morphisms. We say the sequence is exact (or exact at B) if Im f = ker g.

For example, a homomorphism f : A — B is injective if and only if 0 — A 1, Bisexact.
Also, f is surjective if and only if A 2, B — 0isexact. In conjunction, f is an isomorphism
ifandonlyif 0 — A L5 B — 0isexact.

If (A,) is a collection of abelian groups with homomorphisms f,, : A,, — A,_1, then we say

the sequence

e A A, T AL s

is exact if each chunk is exact, that is, ker f,, = Im f,,11.

Lemma 6.2. If (C,, 0) is a chain complex, then H,(C, 9) = 0 if and only if the sequence
is exact.

Proof. It is always true that ker 9, > Im 0,,41, and H,, = 0if and only if ker 9, = Im 0p,41. O

This lemma tells us that if every cycle is the image of a previous simplex then we are not
generating new cycles, which means that there can be no holes. Conversely, if there are not
any holes then every cycle must be in the image of the boundary map.

Suppose (CZ, ) is a collection of chain complexes. Suppose ' : C" — C"~! is a collection
of chain maps.

ot ey ot o7t ol
IR — C'}

i+1 7 7
| e
on 9 . On op con
i+1 g i—1

7
| lfﬁ =
an— 1 n—1

n—1 i+1 n—1 i n—1
Ci+1 Cz Cifl

We say (f;',Cy',0") is an exact sequence of chain complexes if and only if all columns are
exact.

46
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Definition 6.3. A short exact sequence is one of the form

0—>Ai>Bi>C—>0.

A long exact sequence is a (possibly) infinite one.
For chain complexes, a short exact sequence of chain complexes is of the form
0— Ay 2% B, 25 0y — 0.

Theorem 6.4 (Long exact sequence). Suppose 0 — C, ELR C, 2% ¢ — 01is a short
exact sequence of chain complexes. Then there are homomorphisms

8p 2 Hn(CY) — Hp—1(CY)
such that there is a long exact sequence
= H(C) ) ooy %) goony B m, i) YY) B, ().

Lemma 6.5 (The five lemma). Suppose we have a commutative diagram of abelian
groups such that the rows are exact

A » B C D y B
ol )
A B’ C’ D’ » B

If f,g,%,j are isomorphisms, then so is h.

To prove this result, we use the same technique as the one required to prove the next result,
called “diagram chasing”.

Lemma 6.6 (The snake lemma). Assume the following diagram commutes and its rows

are exact.

4 '
ol b
0— A B Lo
Then there is a well defined homomorphism ¢ : kerh — coker f such that the fol-
lowing is exact.

ker f — kerg — ker h 95 coker f — coker g — coker h.

Proof. Note that this proof is quite lengthy since there are many things to do. However, as
you will see, it is not difficult.

In the diagram below, k& = iy 7 is the induced map, and so are [, p, ¢, and p satisfies

p: coker f —  cokerg
a+Imfr—i'(d)+Imyg.
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We want to prove that both the top and bottom rows are exact. First, we note that Imk C
ker g, since

g(k(a)) =i'(f(a)) =0

asa € ker f.

Now we check that Im k& = ker!. Indeed,
lok(a)=joi(a)=0

by exactness at B, so Im k C ker (. Conversely, if {(b) = 0 then j(b) = 0 and b = i(a) for some
a € A by exactness at B. Moreover i'(f(a)) = g(i(a)) = g(b) = 0 as b € kerg. Since ¢ is
injective, it follows f(a) = 0 and thus a € ker f with so that k(a) = b. Thus ker! C Im k and
we have exactness at ker g.

coker f —2— cokerg —=— coker h

Let us now prove exactness at coker g. The composition g o p is obviously zero since j o7’ = 0
by exactness at B,

gop(a) =7 oi(a)+Imh=0+Imh =0 € coker h.

Thus Imp C ker g. Conversely, suppose ¢(b' +Img) = 0. This means that j/(0’) € Imh, so
there exists ¢ € C such that h(c) = j'(b'). Since j is surjective, there exists b € B such that
j(b) = c. Now observe /(' — g(b)) = 7'(¥) — 7(g(8)) = h(e) — h(j(b)) = hlc) — h(c) = 0.
Thus b’ — g(b) € Im+’ by exactness at B'. If ¢’ is such that i'(a’) = b'—g(b), then

pld +Im f) =d(d) +Img=b—g(b) + Img =1V +Imy.
Thus ker ¢ C Im p, which proves exactness at coker g.

Now we give the definition of § and prove that it is well defined. Suppose ¢ € ker h. Since j
is surjective, there exists b € B such that j(b) = c. In fact g(b) lies in the kernel of j'.

7'(g(b)) = h(j(b)) = h(c) =0, since c € ker h.

By exactness at B’, there exists a unique o’ € A’ (since 7’ is injective) such that ¢/ (a") = g(b).
Define
§(c) = (d’ +Im f) € coker f.
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Since b is not unique, let us suppose that b; € B is another element such that j(b;) = c. We
obtain a} € A’. Let us check that

ad+Imf=a)+Imf

as elements of coker f. That is, there exists a € A such that f(a) = o’ — a}. Since j(b) =
j(b1) = ¢, we have b — b; € kerj. Now we use exactness, so there exists a € A such that
z(a) =b- bl.

i'(f(a)) = g(i(a)) = g(b—b1) = g(b) — g(b1).

Since i’ is injective, we have f(a) = o’ — @. This shows that ¢ is well defined and
d(c)= (")t ogojH(e) +Imf.

Finally, let us check exactness at the two new places: ker h and coker f. It is clear that Im [ C
kerd. Indeed, if ¢ = [(b) for some b then we can choose this b in the definition of §. Then
g(b) = 0 and hence the unique preimage under 7 is @’ = 0. Then 6(¢) = 0+Imf =0 €
coker f. Now suppose that 6(¢) = 0. This means that the element ¢’ we found belongs to
the image of f, say @’ = f(a). Then g(i(a)) = '(a’) = g(b). Thus b—i(a) € ker g. Moreover
j(b—i(a)) = j(b)—j(i(a)) = c by exactness. This means that [(b—i(a)) = ¢ and thus ¢ € Im/.
This proves exactness at ker h.

Now we check exactness at coker f. Again, one direction is immediate, p(d(c)) is just the
coset i’ (a’) +Im g in coker g. But since i’'(a’) = ¢(b), this coset is zero, and hence Im § C ker p.
Conversely, suppose p(a’+Im f) = 0. This means thati'(a’) € Im g, so there exists b € B such
that g(b) = ¢/(a). Set ¢ = j(b). Then h(c) = h(j(b)) = j'(g(b)) = j'(¢'(¢’)) = 0 by exactness
at B’. Then by construction, §(c) = a’ + Im f. Thus kerp C Im . This finally completes the
proof. O

We now have the tools required to prove theorem 6.4.
proof of 6.4. Let H,, = Z,/B,, H), = Z,, /B, and H]! = Z]!/B}..

0 0 0

H, —* s H — '  g"

Cn/Bn —I"s €' /Bl 9"y /B! —— 0

I°] o 9"
frn—1 / In—1 17
0 Zpy 2y gzt Iy g

/ "
H”—l Hn—l Hn—l

The snake lemma provides 0,, : H — H,,_; making the snake exact. O
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6.1 Naturality of long exact sequences

Theorem 6.7. Suppose we have a commuting diagram of short exact sequences of
chain complexes.

0 > A, f')B. % . 0, s 0

b b ke

0 AL Ly B > 0

Then, the long exact sequences induced are such that the following diagram com-
mutes.

. s Hy(A) H,(B) H,(C)

[E20 | [E2C |-
(A

/) Hy(f' Hn(B/) Hy (g’ Hn(C,) 6_1/1> Hn—l(A,) -

~

Hy(f) Hn(9) On
—_— —5

— Hn_l(A) ——— oo0
. —— H,

In words, saying “operation X on chain complexes is natural” is applying X to something
that commutes still commutes.

Proof. Take (c) € H,(C). Since g,, : B,, — C), is surjective, choose b such that g, (b) = c.
Hy,—1(i) 0 6, (¢) = Hp1(i) 0 0y (gn (b)) = Hp—1(3) (£;,1,0b) = (in_1 0 f,1,0b).
We also have

/ -/
kn,1 o gnfl = gn—l o ]n—l

. / .
In—10 fnfl = fn—l Olp—1-
Thus,

(in-10 f2106) = ((fae1) " 0 Gn10b) = ((fr—1) " 0 jnrb) =
=8, {g}, 0 jin(b)) = 8], (kn © gu (b)),

which means
H,—1(i) 08, {(c) = 0,,_1 o Hy (k) {c).

Definition 6.8. Let (C,,0) be a chain complex. A subcomplex A, of C, is a collection
of subgroups A,, C C,, such that 9(A,) C A,—i. Thus (A., 0| 4) is a chain complex in
its own right.

If A, is a subcomplex of C,, if we set B,, := C,,/A,, then 0 factors to define a boundary
operator on B,. In this case,

0— Ag — Ce — Be — 0

is exact, where the maps are the inclusion and the projection over the quotient.
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Corollary 6.9. If A, is a subcomplex of C, then there is a long exact sequence

o — Hy(A) — Hy(C) —> Ho(CJA) -2 Hy 1(A) — ...

Lemma 6.10. Let X be a topological space and X’ C X a subspace of X. The inclusion
map defines an injective chain map is : Co(X') — Co(X).

Proof. Suppose ¢ = > m;o; is a chain in X'.
ix(c) = ij (toagy).
The maps i o 0; are all distinct since the o; are. O

This means we can think of Co(X’) as a subcomplex of Co(X) (under the isomorphism
Ce(X') = Im iy, which we will suppress from the notation).

Notation. Write Co(X, X') for the quotient Co(X)/Co(X’).
Theorem 6.11 (LES in singular homology). Let X’ C X be a subspace of a topological
space X. Then there is a long exact sequence
o — Hy(X') — Hp(X) — Hy (X, X') — Hp 1 (X) — ..

Moreover, if f : (X, X’) — (Y,Y”) is continuous, then the following diagram com-
mutes.
. —— Hy(X') —— Ho(X) —— Ho(X,X') —2 H, 1(X') — ...

lHn( flxr) lHn( f) linduced lHn—l(f Ix7)

. —— Hy(Y!) —— Ho(Y) —— Ho (YY) —2— H, ((Y') — ...

This sequence will be responsible for most of our computations during the rest of the course.

The definition of Co(X, X') is quite clunky to work with. We would like to not work with a
quotient space since in practice it is not too useful. We give an alternative definition.

Definition 6.12. Let X’ C X. Define
Zn(X,X') :={c € Cp(X): dc € Cr1(X")}
be the set of relative n—cycles. If X’ = (), then X,,(X,0) = Z,,(X).
B :={ce€ Cp(X): c— € By(X) forsome ¢’ € Cp(X')}.
Again, B, (X,0) = B,(X).

Lemma 6.13.
Hn(X,X’) = Zn(X,X’)/Bn(X,X’) Vn > 0.
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Proof. The boundary operator 9 of the quotient complex satisfies
0 (c+ Cp(X') = 0c+ Cpq (X7).
Thus ker & = {c : dc + C,,_1(X’) is the zero element }, so ker d = Z,(X, X')/Cp(X").
The image of dis {c + Cpn,(X') : ¢ € Bp(X')} = Bu(X, X')/Cr(X").
Thus, by taking the quotient group, we get

Zn(X, X')/Cn(X")
B (X, X')/Cn(X')

Hy(X,X') = ~ 7,(X,X")/Bp(X, X")

by the third theorem of isomorphisms of groups. O

This construction makes singular homology into a functor Top? — Comp. It sends objects
(X,X'") — H,(X,X') and functions

Fi(0X) = (VY) s Ho(f) # Ha(X, X') — Ha(Y,Y")

induced by f.
Remark. The functor

T: Top — Top?

X = (X, )
[: X —Y— [f:(X,0) — (Y,0).
is natural with respect to singular homology HEeative o 7' = fjpormal,
Consider the case X' = {p} is a single point. Then we have a long exact sequence
o — Hy(p) — Hp(X) — Hy(X,p) — Hp1(p) — ...

The homology of a 1-point space is

Z n=20
H"(p):{o n>0

If n > 2 then we have
0 — H,(X)— H,(X,p) — 0,

ie. Hy(X) = H,(X,p). Also,
0 — Hi(X) — Hi(X,p) — Ho(p) — Ho(X) — Ho(X,p) — 0.

Since Hy(p) = Z and Hy(X) is always free abelian, we either have that Hy(p) — Ho(X) is
the zero map or it is injective. However, it is not the zero map since (p) is a generator of the
path component containing p. Hence H;(X,p) — Hy(p) is surjective and thus H; (X, p) is
isomorphic to H;(X). Finally, if X is path connected then Hy(X,p) = 0.

6.2 Reduced homology

We now introduce the notion of splitting a short exact sequence.
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Definition 6.14. Suppose

0—>AL>BL>C’—>O

is a short exact sequence of abelian groups. We say the sequence splits if there exists
h :C — Bsuchthatgoh =idc.

Lemma 6.15.

(i) Splitting is equivalent to asking that f has a one sided inverse, i.e. exists k :
B — Asuchthatko f =idg4.

(ii) If the sequence splits, the B = A @ C but this is not canonical.

(iii) If C is free abelian then the sequence always splits.

Proof. We leave the proofs of (i) and (iii) as exercises and prove (ii). Let h : C' — B satisty
goh =1idc. We claim that B = Im f & Im h.

If b € Bthen g(b) belongs to C and b—h (g(b)) is in the kernel of g since g (b — h(g(b))) = g(b)—
gohog(b) = 0. By exactness, b—h (g(b)) is in the image of f. Therefore, b = b—h(g(b))+h(g(b))
and b—h(g(b)) € Im f, h(g(b)) € Im h. However, this identification depends on the choice of
map h. In other words, it may change depending on which map h is taken. Thus B= A ¢ C
is not natural and not canonical, as it depends on a choice. O

In general, H,, is only abelian, not free abelian. However, Hj is free abelian. This means that
we can at least split the tail end of the sequence, and gives rise to the following definition.

Definition 6.16. Let X be a topological space and {*} a topological space with one
point. Let j be the unique (continuous) map j : X — {*}. We define the reduced
homology groups to be the kernel of H (j).

H,(X) :=ker Hy(j) : Ho(X) — Hy,({}).

Since this does not depend on choices, we can view reduced homology as a functor Top —
Comp. If n > 1, then H,(X) = H,(X). For n = 0 we have

0 — Ho(X) — Ho(X) ™% Ho({+}) — 0.
Here Hy({*}) = Z. Fix p € X and define i, : {*} — X such thati,(x) = p. Thus
Ho(X) = Ho(X) & Z,
but the isomorphism is not canonical since it depends on the choice of p € X.
Theorem 6.17 (LES in reduced homology). Let X’ C X be a subspace of a topological
space X. Then there is a long exact sequence
o — Hy(X') — Hp(X) — Hp(Co(X, X)) — Hp_1(X') — ..

Moreover, if f : (X, X') — (Y,Y”) is continuous, the the following diagram com-
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mutes.
. — fIn(X/) — ﬁn(X) — ﬁn(X,X’) SN fIn_l(X/) —

[Baien A Jinduced st

—— Hy(Y) —— Hy(Y) —— Ho (YY) —2 Ho 1 (V) — ...

The proof is left as an exercise. This theorem can be deduced from theorem 6.11. This se-
quence is usually easier to work with as it eliminates needing to compute the tail end of the
long exact sequence. Another motivation for H is the following result.

Theorem 6.18. If (X, X') is a “well behaved” pair then
H, (X/X') = H, (X,X').
Here, X /X' is the quotient topological space where we identify all points of X’. For example,
if X = B(0,1) and X’ = 9X = S!, then B"/S"~! = S". Applying the theorem,
o — Hy(S"™Y) — Hy(B") — Hy(B",S" ') — H; (S"!) — ...
and H;(B",S"1) = H;(S"). This allows us to compute Hy(S") by induction.

Theorem 6.19.

Case n = 1 follows from Hurewicz’s theorem, and case n > 1 follows by induction. With this
we now have proved all the results needed to justify the proof that we gave for Brouwer’s
fixed point theorem.

6.3 Barycentric subdivision

We now want to imitate the Seifert-van Kampen theorem in homology. The idea behind it is
the same, although the execution is not as elegant.

Xy Xo X5

We need a systematic way of “chopping up” a simplex into arbitrarily small other simplices.
By doing this, we will be able to compute the homology of X in terms of the homology of
Xo, X1 and X». So our goal for now is precisely this.
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Definition 6.20. Let D C R" be a compact convex subset. Fix a pointp € D. If o :
A" — D is a singular n—simplex, the cone of o over p is the (n + 1)-simplex Q(p, o)

D so=1

,0)(80,..., 8 =
Q(p )( 0 "+1) {80])“‘ (1 — 50)0’ (1i—180’ caog ngi-g;) S0 7é L.

We can think of Q(p, -) : C,(D) — Cp41(D). Notice that the second expression on the right
hand side of the definition of () is why we require convexity of D.

Lemma 6.21. Suppose ¢ = Y m;o; € Cp(D). Then

c—Q(p,0c) n>1

9Qp. ) = {c— >-miy)p n=0.

Proof. Assume n > 1. Consider Q(p, o) o ¢;. This is

Q(p, o) 0€i(80, ..., Sn) = {Q(p, )0, 51,1, 8n) 1=0

Q(p,o)(50,-+,0, .y 8p) T #0,

where the second term is

Q(p,0)(1,0,...,0) =p so=1
sop + (1 — sgp)o (1520""’0(i*1)7 e 1i"80) so # 1.

Q(p,a)(50, -, 0, ..., 5,) = {

Therefore, we have

n+1

aQ(pa U) = Z(—l)iQ(p, U) © s?Jrl =0+ Z(—l)iQ(p,O' © E?—l) =
i=0
—0-Q(p. Y (-Divoct) = 0 - Qp,00).
O

Remark. @ is a chain homotopy for degrees n > 1 from id to 0. Thus, H,,(D) = O foralln > 1.
This does not use the fact that H is a homotopy invariant.

Definition 6.22. Suppose ¢ : A" — D is a n—simplex. We say o is affine if

{0’ (80, ceny Sn) = E 81'0'(0, veey 1(1), 0)
o (D] siei) = sio(e;).

If o is affine then so is o and Q(p, o). Also, C2ffire = A, is a subcomplex.

Definition 6.23. We define the convex barycentric subdivision of an affine n—simplex
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- | +

Figure 6.1: Subdivision of a 2-simplex.

as follows. Recall b,, = n+r1 (€0 + ... + ey) is the barycentre of A”. Now,

SdY : A, (D) — A,(D)
o n=>0
o d% (o) =
el {Q(G(bn),s L (00) 21

This is how we define barycentric subdivision for simplices in topological spaces in general.
Simplices need not be affine when the topological space is not a convex subset of the euclidean
space. It is left as an exercise to check that Sd5" (o) is as in figure 6.1. In general, suppose
o: A" — X is a simplex

A" A Ty X

Then o induces o4 : C,(A") — C,,(X), for which o4(¢,,) = o, where ¢,, = id € C,(A"™).
Definition 6.24. We define the barycentric subdivision
Sd,, : Cp(X) —  Cp(X)

o  —o04(Sd; (¢,)) .

It is left as an exercise to check that if o € A,,(D), then Sd,,(c) = Sd;,’ (o).

Theorem 6.25. Barycentric subdivision induces a natural chain map
Sd, : Co(X) — Co(X).

Thatis, if f : X — Y is a continuous function, then the following diagram commutes
Ca(X) 2255 0, (X)

| s

Cu(v) =5 0 (v)

Remark. We want to see that H,(Sd) = id, but in order to prove this we need to prove the
previous theorem first.
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Proof of theorem 6.25. Using the notation from the theorem, let o € C,,(X).
J4Sdy (0) = faow (S (£)) = (f 0 0)# (S (€n)) = Sdyy (f 0 0) = Sdi, fa(0)-

Thus it suffices to show that S is a chain map, since we already know oy is a chain map.

Cp(A™) 5455 0 (A

a |e

Cn(X) —— Ch(X)

We prove 9, o Sd;,” = Sd; | 09, by induction on n. For n = 0 we know it is true. Forn > 1,

8,54 (0) = & (Q(by, SA_1(8,0))) = S (95) — Q (b, D1 SAY Do) =
= SdS | (8no) — Q(b,82Sd o) = 0

by the inductive hypothesis and since 0Q(p, ¢) = ¢ — Q(p, dc). This shows that Sdy" is a chain
map. O

Theorem 6.26.
H (Sd,) = id.

Remark. It is an immediate consequence of the Acyclic models theorem (which is similar to
the homotopy axiom).

Proof. We construct a chain homotopy from Sd, to id. Explicitly, we want to find
P, Cn(X) — Cn-i—l(X)

such that

0P, + Py 10 = id — sd, (6.1)

Step 1. We find PSY : A,,(D) — A,+1(D) such that (6.1) holds for SA".
P(0) = 0 n=>0
Q (o(bn),0 —Sd5) (0) — P 1 (D)) n #0.
The proof to show that (6.1) holds for P;" is by induction over n.

d (o —Sd; (o) — PSY(00)) = 0o — 0Sdy (o) — (id — Sdy—1 —P,—20) (00) =
= —0Sd(o) +Sd(90) = 0.

We now compute
OPY(0) = 0Q(...) = ¢ — Sd(c) — Pdo — Q(-,0...)
where the second argument of @ in the last expression is equal to 0 as we already showed.

Step 2. Define

Then P, is natural
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P
Cn(X) —— Cpa(X)

s

Co(Y) —2y Cir (V)

by the same argument as before.

Applying this with X = A, f = 0,Y = X and using step 1 shows that P satisfies (6.1). [

Definition 6.27. Let U be an open cover of X. Define a subcomplex C¥(X) C Co(X)
to be those o € C4(X) such that U € U for which Imo C U. Let HY(X) denote its
homology.

Theorem 6.28. The inclusion i, : C¥(X) — Co(X) induces an isomorphism on ho-
mology HY (X) = He(X).

The idea for the proof is to start with ¢ € Co(X) and then Sd* (¢) € C¥(X) for some large
M. Since H(Sd) = id™ = id, this shows that the homology does not change. We will see
the complete proof later, since some previous results are needed.

Lemma 6.29. Suppose o0 € A, (D). Write z; = o(e;). If b = n%rl(zo,...,zn) is the
barycentre, then for all z, y € Im o we have

|z —y| <suplz —yl,
diam(Im o) < sup |z; — 2,

and
n

|b— 2| < ] diam(Im o).

n +

Definition 6.30. If ¢ € A,,(D), we define

mesh ¢ = maxdiam(Im o).
oEc

Corollary 6.31.
mesh SdS) (o) <

n .
i diam(Im o).

The following corollary will allow us to subdivide a simplex enough times so that each one
of the subdivisions is completely contained in an open set of the covering ¢/. This means that
we will be able to translate the Seifert-van Kampen theorem into homology.

Corollary 6.32. If o € C,,(X), then there exists M such that Sd" (¢) € C¥(X).

Proof. By point-set topology, there exists 6 > 0 such that any open set V' of A" with diam < §
is contained in one of the sets of the open cover {c~!(U): U € U}. Choose M such that
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M
() <o 0
Proof of theorem 6.28. We show H,(i) : HY(X) — He(X) is injective (here i = i,).

Suppose ¢ € C%(X) lies in the kernel of H,(i). This means ¢ = igc is a boundary in C,,(X),
i.e. there exists a € Cj,4+1(X) such that da = c. Using the lemma and the fact that « is a finite
sum Y m;o;, we find k € N such that Sd*(a) € CY 11(X). We proved that 3P such that

0P — PO = Sd —id,

so by induction, if
p¥) = p (id +Sd+... + Sd’“”)

then
oP®) 4 pkg = sd* —iq,

and we have
Sd*(a) — a = OPW (a) + P®d(a) = aP® (a) + PW(¢),
therefore, taking 0 on both sides,
98d*(a) — ¢ = 8*PW(a) + aPW) (c) = aPW)(¢).

Thus
—9 Sd(k)(a) . P(k)(c)}

and so ¢ € BY(X), (¢) = 0, since Sd*(a), P®) () € 11 (X).

Now we prove surjectivity. Suppose b € Z,,(X) with homology class (b) € H,(X). We need
to find a chain d € Z¥(X) such that H,,(i) (d) = (d) = (b).

aP®) () + P®) (b) = sd*(b) — b.

Sd is a chain map, and therefore Sd*(b) is also a cycle. Thus

<Sd’f b> — (b)

oc—a—bt+c—d+e—f

/\ab

H,y(Sd) = id

We have now finished the technical results we need in order to subdivide simplices into
smaller ones without changing the homology, and we will now deal with the analogue for
homology of the Seifert—-van Kampen theorem, the Mayer—Vietoris theorem.

6.4 The Mayer-Vietoris theorem
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Definition 6.33. Let U/ be an open cover of X and X’ C X a subset. Let!/ N X' =
{UNX': Uel}.Then

CY(X,X") = CH(X)/CY¥ X" (X').

Theorem 6.34. The inclusion C¥ (X, X’) — C.(X, X’) induces an isomorphism on
homology.

Proof. The statement comes “for free” since we already know the absolute version. Consider
the following chain complexes with exact rows

0 — CUX'(X) — CYU(X) — CU(X, X') —— 0

| | |

00— Co(X') ——— Co(X) —— Co(X, X') —— 0
Apply long exact sequences to get

HEOY(X!) —— HY(X) —— HY{(X,X') —— HYON(X) —— HY(X)

Bk L Bk

Hy(X') —— Hp(X) —— H (X, X') —— Hp (X)) —— H,1(X)

IR

where HY(X, X') = H, (X, X') is given by the Five lemma. O

Theorem 6.35 (Excision). Let X be a topological space and Z,Y subspaces of X such
that Z C IntY C X. Then Ho(X,Y) 2 Ho(X \ Z,Y \ Z).

This theorem is in fact equivalent to the following, and that version is the one we will prove.
The equivalence between both statements is left as an easy exercise.
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Theorem 6.36. Let X = X; U X, where X, Xs C X are open subspaces. Set X, =
X1 N Xs. Then H.(Xl, Xo) = H.(X, XQ)
Proof. LetU be an open cover { X1, X»}. Then HY = H, by theorem 6.28. By definition,
CY(X) = Cu(X1) + Co(Xa).

Now consider the following short exact sequences

0 —— Co(X1) + Co(X2) —— Co(X) c.(x?).fé).(XQ) 0

By the theorem 6.28, i induces an isomorphism in the long exact sequence.

f /

An Bn Cn An—l — Bn—l — Cn—l

If every third map is an isomorphism, then by exactness, every third group C, is 0. Applying
this to the previous sequence,

0 Co(X1)+Ce(X2) Ce (X) Co(X) 0
Co(X2) Co(X2) Co(X1)+Ce(X2)

we find that there is an isomorphism of chain complexes

Co(X1) + Ca(Xs)  Co(X)
Co(X2)  Cu(Xa)

and by the second isomorphism theorem of groups,

Co(X1) ~ Co(X1) + Co(X2)
Ce(Xo) Co(X2) ’

. (i) = (e )

Putting this together,

or equivalently,

Theorem 6.37 (Mayer—Vietoris). Let X = X; U X2 and Xy = X; N X3 so that the
following diagram commutes

Xo
27 Se
X1 Xo
X

There is a long exact sequence of the form
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. —> Hn(XO) — Hn(Xl) @Hn(XQ) — Hn(X) — Hn—l(XO) —_— ...

Proof. Consider the following commutative diagram

(Xo,@) E— (Xl,(b) E— (Xl,Xo)

b b

(X2,0) —— (X,0) —— (X, Xo)

Apply naturality and long exact sequences of a triple

Hp(Xo) =5 Ho(X1) —— Hp(X1, Xo) —— Hp_1(Xo)

|t | | 20 |t

T Ho(X) ——— Ho(X, X)) —2 Hyo1(Xo)

Excision implies that H,, (k) is an isomorphism. The following lemma yields the result. [

Lemma 6.38 (Barret—Whitehead). Given the commutative diagram

> A, f > B, Ch y Ap1 —— ...
Lol R
> Dy, d E, > I, Gp1 —— ...

the following sequence is exact

...—>An(f—’gan@an—_l>En—>An_1 — ..

The proof for this lemma is quite lengthy, but is done by diagram chasing.

Corollary 6.39.

{12

Proof. The previous proof we gave used H (X, X') = H(X/X'). Now, let S" = X; U X, where
X1 consists of the sphere minus the north pole, and X3 is the sphere minus the south pole.
Then X; and X» are both contractible and X; N X5 contracts onto the equator sn—L Using
the Mayer—Vietoris theorem, we get

and since H;(X1) = H;(X3) = 0, we have
Hi(S™) = Hy 1 (S"™Y) = H;_,(S°) = H;_,,(2 pts).
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6.5 The degree

Suppose f : S* — S™ is continuous. Apply H,, to get

H,(f): Hy(S") — H,(S"™)
7Z +— 7 ’

This is necessarily multiplication by an integer, H,,(f) (c) = d (c) for some d € Z, (c) a gener-
ator.

Definition 6.40. The degree of f is defined as deg f = d.

Remark.

(i) Inthe case n = 1, we already defined the degree of a loop u : S' — St and 71 (S!) @ Z
with [u] — degu. Both definitions agree, which can be seen by Hurewicz'’s theorem.

(ii) The degree of f : S" — S™ is a higher dimensional version of the winding number.

(iii) If M is a closed, orientable topological manifold of dimension n, then H,,(M) = Z and
we can define the degree of f : M — M. Recall that in differential geometry, a closed
manifold is a compact manifold without boundary.

Theorem 6.41 (Hairy ball theorem). A tangential vector field on S** must vanish in at
least one point.

There is a rather interesting meteorological interpretation of this theorem, that states that
there exists at least a point on the surface of the Earth where there is no wind. The proof for
this theorem will be given later.

Proposition 6.42. Letn > 1 and f,g: S® — S" be two continuous maps. Then
(i) deg(go f) = deggdeg f.
(ii) deg(id) = 1.

(iii) degg = 0 every time g is constant.

(iv) if f ~ g then deg f = degg.

(v) if f is a homotopy equivalence, then deg f = £1.

These properties follow from the fact that H,, is a functor. To prove property (iii), it is useful
to think of f as a map S” — S" that can be factored through {x}.

Proposition 6.43. Letn > 1 and A € O(n + 1) be an orthogonal linear transformation.
Then deg A|s» = det A.
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Proof. Since det is a continuous function on O(n + 1) which takes values on {—1,1}, O(n+1)
has two connected components, namely det™*({1}) and det ' ({—1}). By homotopy invari-
ances we need only check the result of one A in each of the two components, and since the
identity map I,,+1 induces a degree 1 map over S", it is suffices to check the result for amap A
with det A = —1. Let us take A to be the reflection in a hyperplane H C R™*L. This divides
S™ into two hemispheres that are the image of each other by A. Then f = A|s» induces a
reflection f’ of S™ over HNS™ 2 S"~!. Now applying the Mayer—Vietoris theorem and using
naturality, we obtain the commutative diagram

H,(S") —2— H,_1(S" 1)
Hn(f)l anfl(m
H,(S") —2 H,_1(S" )

where the maps D are the connecting maps given by the Mayer—Vietoris theorem, which are
isomorphisms. Moreover, they are the same isomorphism. Thus we see that deg f = deg [/,
and by construction it suffices to prove the result for n = 1.

Write S! as the union of two open intervals A and B which contract onto the two given
hemispheres preserved by the reflection. Then AN B is homotopy equivalent to {p, ¢} (which
is SY). By applying the Mayer—Vietoris theorem again we see that H; (S!) = ker j, where

0 — Hy(SY) — Ho(S") —L Ho(A) ® Ho(B).

Take (p) and (g) to be generators of Hy(S°). Then both generate Hy(A) and Hy(B) and thus
the map j is given by (u, v) — (u+v,u+wv). In particular, its kernel is generated by (p) — (g).
Since the reflection f interchanges p and g, this shows that deg f = —1. O

Corollary 6.44. Let n > 1. The antipodal map a : S* — S” given by a(x) = —z has
degree (—1)"*1.

Proof. Note that a is the composition of n + 1 reflections in the coordinate axes of R"*!. By
the proposition, these are all of degree —1, and by the properties of the degree, a has degree
the product of all the degrees, so dega = H?:ll (=1) = (=1)"*L. O
We can now prove theorem 6.41. For this, it is useful to note that every vector field can be
identified with a continuous map v : S* — R""! such that z - v(x) = 0. Visually, we can
think of v(x) as a “hair” on « € S” which is tangential to the sphere. Then v is a vector field
on S". What the theorem states is that if n = 2m, then there will always be a point = where
either v(z) = 0 (that is, there is no hair on z), or there will always be a tuft at z.

Proof of theorem 6.41. Let n = 2m — 1. Define

v R2m — R2m
(xlv Y1sooy Ty ym) — (_y17 Tlyeeoy —Ym, xm)
Then the restriction v|s» is a nowhere vanishing vector field. We have just proved that if n is

odd, then there exists a nowhere vanishing vector field on S". Thus, theorem 6.41 is really
an equivalence.
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Suppose v is a nowhere vanishing vector field. Let

w:S"— S"

v(x)
T Rl

Now define

W:S"x I — Nib
(x,t) — (cosmt)z + (sinmt)w(z),

a vector field on S”. Then W(z,0) = z and W(z,1) = a(z), where a is the antipodal map.
Thus WV is a homotopy and deg a = degid = 1. Therefore, by the previous corollary, n must
be odd. O

Definition 6.45. A continuous map f : S” — S" is said to be odd if f(—z) = —f(z),
x € S™

Theorem 6.46. Every odd map has odd degree.

Thanks to this theorem one can prove two classical results, namely the Borsuk-Ulam theorem
and the Lusternik-Schnirelmann theorem. To prove it, we will need some properties of odd
functions first.

Proposition 6.47. Let f : S — S" be an odd map. Then there exists an odd map
f':S® — S" such that f/(S?) C S’ for every i = 0, ...,n and a homotopy F : f ~ f
such that f;(z) := F(z,t) is an odd map for every ¢ € I.

We will not see the proof for this result since it requires some tools we have not yet developed.
For now, let us believe that the proposition is true. Then this implies that we can now prove
theorem 6.46 via the following result.

Proposition 6.48. Letn > 1and f : S* — S™ be an odd map such that f(S*) C S* for
every i = 0,1, ...,n. Then deg f has the same parity as deg f|gn1.

Note that since the only odd maps S — S° are the identity and the antipodal maps (which
both have odd degree), theorem 6.46 follows easily from the proposition.

Proof of proposition 6.48. Consider the following commutative diagram
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H,(S")
% X)
Hn(Sn,Bi) h Hn(Sn,BE)
kot H,(S",s" 1) ke

=
S
I3
2}
S
L
>
=
—~
S
+3
22]
3
L
~—

ﬁn—l(Snil)

We will use the hexagon lemma, stated below. We used reduced homology at the top and
bottom just so that the proof still works for the case n = 1. The maps d+ and ¢ are the ones
that come from the long exact sequence for reduced homology, and all the other maps are the
induced ones by the inclusions. Moreover, the groups that form the vertices of the hexagon
(all but the middle one) are isomorphic to Z. The maps k4, [+ and 0+ are all isomorphisms.
Exactness holds at H,(S",S"!) for all three diagonals, Imi_ = kerj_, Imiy = kerj; and
Im h = ker §. The map f induces maps

Hyu(f) : Ho(S™) — Hp(S™),  Hp1(flgn-1) : Ho1(S™™1) — Hpq(S™71)

and by assumption, a map H,(S",S""!) — H,(S",S""!). We will denote them all by ¢.
Similarly, we will denote by « all the maps on homology induced by the antipodal map a.
Now fix a generator (c) € H,,_1(S"1). This uniquely defines generators (c+) € Hy,(B%,S" 1)
thanks to the equation 04+ ({c+)) = (¢). Also, if (b+) := k+({c+)) then (by) are genera-
tors of H,(S", B%), and there exist (a~) € H,(S") such that l+((ax)) = (b+). Now we
set (uy) = ix((ct)). By diagram chasing we can deduce that {(uy),(u_)} is a basis of
H,(S",S"71), and in particular

H,(S",s" YHY=zaoZ.
Now let d := deg f and d’ = deg f|sn-1. Then

p({as)) =d(at), ¢((e) =d (o).

Since {(u),(u—)} is a basis, there exists integers p, ¢ such that ¢((u4)) = p(u4) + ¢ (u—).
Now we will show that

d=p—1, d=p+q.

in order to complete the proof. Note that since d((u+)) = (¢) by commutativity,

p((e) = ¢(6((ur))) = 6(p((u4))) = 0(p (ut) + ¢ (u)) = (p+ ) (c),

where we used naturality for ¢ 0 6 = § o p. Thus d’ = p + ¢q. Now consider «. By naturality,
d_oa = aod;, and we have a((c)) = (—1)"(¢). Thus also a({ct+)) = (—1)" (c_) and
al(u_)) = (—=1)" (u4). Next, since f is odd, p o @ = oo p and

p((u-)) = (=1)" (a((u4)) = (=1)" (p((ut))) =

= (=1)"a(p(us) +qlu-)) =p(u_) +q{uy).
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Now since Im h = ker ¢, the image of H mustbe generated by (u; — u_). Therefore h({(ay)) =
r(us —u_) with r = £1. In fact, we claim r = 1. Using the fact that j; ((u4)) = I+ ({ay)),
we have

J+((ug)) = I ({ay)) = jv (h({ar))) = i ((ug —u)) = 7 ((uyg)
since (u4 ) is in Im iy = ker j;. By definition of d,

d(us —u_) = dh((a+)) = p(h({a+))) = p({usy —u-)) =
= (puy +qu_) — (pu— +quy) = (p— 1) (uy —u_).

Hence d = p — ¢, which completes the proof. O

To finish this chapter, let us take a look at the lemma that we used for this proof.

Lemma 6.49 (The hexagon lemma). Suppose the following diagram commutes.

A
AR
By l By
a2
k1 C k2
D, h D,
E

Assume k; and kp are isomorphisms and Im¢; C kerj; and Imiy C kerjo. Then
C = D1 ® Dy = By @ By and Imi; = ker j; and Im iy = ker js. Also, if ImI C ker h,
then

glokl_loflzggokglofg.

The proof of the hexagon lemma consists in diagram chasing.



7 Colimits

We will now go back to category theory to formalise the notion of a pushout and extend it
to diagrams with more general shapes. That will be our goal for this part, given a diagram
of shape J, define a “most efficient solution”, which we will call a colimit. This abstract
machinery that we are going to deal with will help us when proving Brouwer’s invariance
of domain theorem later.

Definition 7.1. Let J be a small category. Let C be another category. A diagram of
shape J in C is a functor T': 7 — C. We call J an index category.

We now generalise the notion of a solution to a diagram. We will usually call «, 3,y the
objects in the indexing category J. Morphisms will be denoted by 1, j.

Definition 7.2. Let J be an index category and 7" : J — C be a diagram in C. A
solution for 7" is an object C of C together with a family of morphisms ¢, : T'(a) — C
in C for each object o € obj J such thatif i : « — 3 is any morphism in J then the

following commutes
T(a) = C
7)) %
T(p)

We will write (C, {c,}) to denote the solution.

Now let us generalise the notion of a pushout.

Definition 7.3. Let J be an index category and let 7" : 7 — C be a diagram in C. A
colimit is a solution (L, {l, }) that satisfies the following universal property. If (C, {c, })
is another solution, then there exists a unique morphism « : L — C such that the
following diagram commutes for every morphism i : « — S in J:

T(B)
wo
T(a) —=

L .

68
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Lemma 7.4. A colimit is unique up to ismomorphism if it exists.

Proof. Suppose (L, {l,}) and (K, {k,}) are two colimits. Then there exist unique maps f, g

(%)
e

T(a) —— K

and splicing the diagrams together, we find that there is a unique map that coincides with
go f by viewing L as a limit. Since the identity map works, by uniqueness we have go f = idy,
and f o g = idg, so f is an isomorphism. O

Some examples of colimits that we already know are pushouts and coproducts, the former
being the colimit of

o —— A—— B
L
° C

and the latter being the colimit of

° ~ A B

Lemma 7.5. Suppose C is Sets. Then coproducts exist and they are disjoint unions. In
Groups, coproducts exist and they are the free products.

The proof for this lemma is left as an exercise, and it is carried out by unraveling the defini-
tions. The categories we will use will always have coproducts.

Remark. Suppose T : J — C is a diagram and suppose S : C — D is another functor. Then
SoT :J — Disadiagram in D. Assume the colimits exist: colim 7" in C and colim S o T’
in D. We claim there is a natural morphism

u:colimSoT — S(colimT)

that is, v € Homyp (colim S o 7', S(colim T")).

T(a)

ST ()
T(i)l \ 'i> STS(i)Tl S(C\)S(C‘T)
(8) (

T(B) —%, colimT 2 S(colim T)
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7.1 Filtered colimits

We will now deal with filtered colimits, which are a special type of colimit that is easier to
handle.

Definition 7.6. Let J be an index category with a nonempty class of objects. We say
J is filtered if for all objects «, 5 in 7,

(i) there exists another object v together with morphisms a — v, 8 — 7.
(ii) if
« <+> B8

are morphisms, then there exists another object v and a morphism k : 3 — ~

such that
B
AN
N

Definition 7.7. A directed set (A, <) where < is reflexive and transitive and such that
Va, 5 € A dysuch thata v, 6 < 7.

For example, (N, <) is a directed set. If (A, x) is a directed set, one can create a filtered index

category J = J (A, <) by setting obj J = A and if a, § € obj J, set
ia,ﬂ axp
0 otherwise

HOII\J(O[,ﬁ) = {

This is filtered because (A, x) is filtered. A filtered colimit is a colimit on a filtered category.
We will indicate that a colimit is a filtered colimit by writing colim. For example, given (N, <),
define 7 whose objects are N and whose morphisms are
tmn MIN
Hom s(m,n) = '
7 ) {@ m>n

For each n € Z we have an object C;, = T'(n) in C and T'(iy, ) : Cp, —> Cy, for m < n. Set
fn i Cp — Chy1 tobe T'(in pnt1). Then, since T is a functor,

T(immn) = fn=10...0 fmg10 fm : Cpy — Ch.

In other words, T' is equivalent to a collection f,, : C;, — Cj41,n € N.

Cn—i— 1
V *1
Ch ™ colim T
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Remark. In this, the colimit is often called “direct limit” and written lim. Thus direct limits
are a special case of filtered colimits.

Proposition 7.8. Filtered colimits exist in Sets, Top, Groups, Ab, Comp, ...

Proof.
Sets

Suppose J is a filtered index category and 7" : J — Sets is a functor. First, form the disjoint
union of all the sets T'(«).

Z = |_| T().

acobj J

This is a solution, but it is not the “most efficient” one as Z is too “big”.

Define an equivalence relation in Z. We say a € T'(«) is equivalent to an element b € T'(j) if
there exists v € obj J and maps i : « — v, j : B — 7 such that

T(i)(a) =T(j)(b) aselements of T'(7).

T(B)

T(a)
This is an equivalence relation as 7 is filtered and Z/ ~ is a filtered colimit

T(a) — || T(a) 2 Z/ ~

Top
With Z as before, we get something that will function as a filtered colimit in Top once we
give it a topology

T(a) — | |T(a) —

~_ .,

Z/ ~
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We need to equip Z/ ~ with a topology such that all the maps [, are continuous. We do so
by declaring that [, are in fact continuous, that is, a set U C X is open if and only if /1 (U)
is open in T'(«) for all o € obj J. Recalling the forgetful functor

Forget : Top — Sets
J — Top

u : colim(Forget o T') — Forget (Colim T) .
In this case u is the identity map in Z/ ~.
Ab

Assume each T'(«) is an abelian group. Then to get a filtered colimit in Ab we need only
define an abelian group structure on A = Z/ ~ such that each [, : T'(o) — A is a group
homomorphism. Namely, for each a € T'(«),b € T(3), choose yand i : o« — 7,5 : B — 7,
define
[a] + [b] := [T()(a) + T(5)(D)]:

Comp
Similarly, filtered colimits exist in Comp.

t
Now let T': 7 — Comp be a filtered diagram with colimit colim 7" (a chain complex). The
algebraic homology functor H : Comp — Comp induces a natural morphism for each 7',

namely

w:colimH o T — H(colim 7).

Theorem 7.9. In Comp, the map u is an isomorphism.

Let C¢ be the chain complex T'(«). What the theorem states is that
H, (colim Cf“) = colim H, (C})
i.e. homology and colimits commute.

Proof. To prove u is surjective, let us take z € colim C¢' is a cycle of degree n. Choose a

representative a € C of z. Now a need not be a cycle in (CJ, 0%). Since a eventually is a

cycle, there exists 5 € obj J and a morphism i : « — in J such that T'(i)(a) is a cycle in

CP,ie. 9% (T(i)(a)) = 0. Thus (T(i)(a)) € Hn(CL). Let z € colim (H o T') be the element
: —

represented by (7'(i)(a)). Then by definition u(x) = (z).

Injectivity requires a similar argument, and it is left as an exercise. O
7.2 Colimits in Top

Suppose we have a collection of embeddings

intXn— Xpi1 neL.
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(This is the same thing as a diagram on the filtered index category N). Since i, is an em-
bedding, we can replace X,, with the homeomorphic space i, (X,) and thus regard X,, as a
subspace of X,, 1 (with i, the inclusion). The space cohm X, is the union X = (J, ey Xn
with the topology for which a set C'is closed in X if and only if C' N X, is closed for all n.

The definition of the colimit gives a map /,, : X;,, — X (the inclusion). However, in general
l, might not be an embedding. The way to circumvent this is to take X, either open or closed
in X,,41 for every n € N. In this case [,, is an embedding.

Theorem 7.10. Assume X = |J X,, where X,, — X, ;1 is either
(i) open for every n € Z.
(ii) closed for every n € Z and that each X, is a T3 space.

Then C, also commutes with the colimit

Co(X)=0C, <colian) = colim Co(X,,).

Corollary 7.11. Assume X is as before. Then

Ho(X) = colim Hy(X,,).

Here X carries the colimit topology, namely X is closed if and only if C' N X, is closed for
every n. This topology is not always that which one would expect. For example, if X = S!
viewed as a quotient and X, is an interval, then H;(S!) = Z but colim H;(X,,) = 0.

Proof. Combine the previous theorem with theorem 7.9. O

Recall that for a space to be 77 it is required that its points are closed. This condition is
strictly weaker that Hausdorff. Since T} is not restrictive enough and Haudorff is too strict,
we establish a new condition called “weakly Hausdorff”. A space is weakly Hausdorff if
every time f : K <— X is a continuous map where K is compact Hausdorff, then f(K) is
closed in X.

Lemma 7.12. If f : K — X is a continuous map from a compact space, then there
exists n such that f(K) C X,,.

Proof. In case (i), the sets {X,,} form an open cover of X. Since f(K) is compact, there is a
finite subcover of {X,,} that cover f(K), and thus there exists m such that f(K) C X,,.

In case (ii), argue by contradiction. There exists a sequence xz,, € K such that f(z,) ¢ X, for
alln € N. Set S;, = {f(x) : n > m}. Then Sy 41 C Sy, and ), S = 0. Moreover, S, N X}, is
a finite set for all m, k. Since each X, is 77, the finite set S,,, N X} is closed in X,. By definition
of the colimit topology, Sy, is closed in X for all m. Thus Y,, = X \ S, is open in X for each
m. The Y;,,’s form an open cover of X and hence form a cover of f(K). By construction, there
is no finite subcover of the compact set f(kK). O

Proof of theorem 7.10. 1f o : A — X is a singular i-simplex, then by the lemma, o(A?) is
contained in some X,, and hence ¢ is a singular i-simplex in X,,. Thus by definition of the
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colimit in Comp,

Co(X) = colim Co(X,,).

O

The following proposition is the key technical result to prove Brouwer’s invariance of domain
theorem.

S’n

Proposition 7.13. Let X be a subset of S” which is homeomorphic to the m—cube I™
for some 0 < m < n. Then N
HS"\X)=0.

Proof. We will prove it by induction on m. If m = 0 then X is a point and S" \ X = R".
Assume m > 1 and that the result holds for m — 1. Let f : X — I"" be a homeomorphism.
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Set

I = {(:Ul,...,xm) el™: 1>

V
N |
H,_/

Im = {(wl,...,xm) elm: z;: <

AN
N
H,_/

Note that
rrourm=qrr, oI e

Now let X* = f~1(I'") and Y = f~1(I"* N I™). We can apply the Mayer-Vietoris theorem
to compute the homology of the space S" \ Y = (S™\ XT) U (S"\ X 7).

Hig1(S"\Y) —— Hy(S*\ X) — Hy(S"\ at) @ H;(S"\ X~) —— H;(S"\Y)

By induction, ﬁi+1 (S"\Y) = H; (S"\Y) = 0. Assume for contradiction that there exists i and
(¢) # 0in H;(S™\ X). Without loss of generality, we may assume that (c1) = H;(j1) (¢) # 0
in H;(S"\ X*) where j7 : S"\ X < S"\ XT.

By repeating this argument, we find a descending collection > X; D X3 D ... of closed sets
homeomorphic to I™ together with non-zero homology classes (cx) € H;(S™\ X}) such that
the inclusion ji : S" \ Xj_1 — S™ \ X}, sends (zj_1) to {(c).

Set Zj, = S"\ Xj. Writing Z = (), X}, Then Zj, is an increasing union of open sets such that S™\

Z =, Zx. Thus by case (i) of theorem 7.10, we have that H,(S" \ Z) = colim H,(Z},). Since
—

(c) maps to (cx4+1) by definition of the colimit the (c;)’s deine a non-zero element (c.,) €

H, (S™\ Z). Z is homeomorphic to ™! so this contradicts the inductive hypothesis. O

Corollary 7.14. Let S C S™ be a subspace homeomorphic to S™ for some m < n — 1.
Then
Z i=n—-—m-—1

0 otherwise

ﬁl(S”\S):{

Proof. Again, the proof is carried out by induction on m. For m = 0, S consists of two points,
and so S" \ S = S"~! which has the desired homology. For the inductive step, write S =
BT U B~ corresponding to hemispheres. Let Y = Bt N B~ = S™~1. Apply Mayer—Vietoris
to get
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H;(S"\ B*) & H;(S" \ B™) H; 1(S"\ BY) @ H; 1(S"\ B7)
Hi(S"\Y) Hi1(S"\ S)

and H;(S" \ B*) = H;(S"\ B~) = 0 for all i. Since B* are homeomorphic to cubes and
Y = S™~1 the inductive hypothesis finishes the argument. O

Theorem 7.15 (Jordan—Brouwer separation theorem). If f : S*~! — sphere™ is an em-
bedding, then S \ f(S"~!) has two components and f(S"~!) is the boundary of both
of them.

Proof. Note that f is automatically a closed embedding. Let S = f(S*!). Then by the pre-
vious result we have Hy(S" \ S) = Z and hence H(S" \ ) = Z @ Z. Thus S™ \ S has two
path components and since f is an embedding, path components coincide with connected
components, call them X and Y. Let 90X = X \ Int X, we want to show that 9X = S. Since
X U S is closed we have X C S and so we need only show S C 0X, and this is given by
point set topology. O

Theorem 7.16 (Brouwer’s invariance of domain). Suppose U and U’ are two subsets of
S"and f : U — U’ is a homeomorphism. If U is open then so is U’.
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We will now take a look at another construction of homology which will make computations
easier. Singular homology has the disadvantage that Cy ¢ (X) can be overwhelmingly big, it
can be of uncountable rank when X is not dsirable. In order to compute singular homology,
one needs to use tricks such as colimits and the Mayer—Vietoris theorem. Cellular homology
produces C$¢'(X) of finite rank if X is compact. It is easier to compute, but the disadvantage
to cellular homology is that it can only be defined for cell complexes (CW complexes) and
not for every topological space. However, we will see that this is not a tragic disadvantage.

Historically, topological spaces were understood as spaces which could be triangulated, that
is, divided into simplices. A cell complex will be the modern version of this, and we will see
that cell complexes are spaces wich can be decomposed as a set of cells.

Definition 8.1. A map f : X — Y is said to be a weak homotopy equivalence if
T (f) : T (X) — mp(Y) is an isomorphism for all n.

Notice that a homotopy equivalence is in particular a weak homotopy equivalence but the
converse is not true. Also, if f : X — Y is a weak homotopy equivalence, then H,(f) :
H,(X) — H,(Y) is an isomorphism for every n. So homology cannot distinguish between
weakly homotopy equivalent spaces, they are the same as far as homology is concerned.

Theorem 8.2. If X is any toplogical space, then there exists a cell complex Y and a
weak homotopy equivalence f : X — Y.

This theorem tells us that the disadvantage that we talked about earlier is not that important
since we can always find a cell complex with the same homology as our original space.

Theorem 8.3. If X and Y are connected cell complexes, then a weak homology equiv-
alence is a genuine homotopy equivalence.

These two theorems motivate the use of cellular complexes since they show that their disad-
vantages are not too important, and they are easier to work with.

Definition 8.4. Let X’ be a closed subspace of X and suppose f : X’ — Y is con-
tinuous. The adjunction space X Uy Y is the sapce X LY/ ~ where ~ is the smallest
equivalence relation such that z ~ f(x) for all z € X".

77



78 8 Cellular homology

XU, Y

Figure 8.1: Example of the adjunction space of X and Y when X is a torus, Y is a torus with two holes
and X' is the boundary of a ball in X.

A adjunction space X Uy Y or, when f is clear, X Ux- Y, is the space obtained by gluing Y to
X along X’. We introduce the following notation.
X — XUY — XUY/~=XU;Y

v

Y — XUY — XUY/~=XUyY

w

Lemma 8.5. Adjunction spaces are pushouts in Top.

P A x I ,y
{ has pushout Zl lj
X X 25 xu Y

and the following point set topological properties hold.
(i) jis a closed embedding.
(ii) g|x\x’ is an open embedding.
(iii) The quotient map X LY — X U; Y is closed if and only if f is closed.
(iv) If X,Y are Hausdorff and X’ is compact, then X Uy U is Hausdorff.
(v) If X,Y are Ty, thensois X Uy Y.
(vi) If z,Y are weakly Hausdorff, then sois X Us Y.

(vii) If X is compact and X Uy Y is Hausdorff, then g : X — ¢(X) is a quotient map.

Remark. Pushouts do not necessarily preserve the category of Hausdorff spaces (a subcate-
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S? v §?

Figure 8.2: Example of the adjunction space of X and Y when X is the unit ball, X" is its boundary,
and Y is S%.

gory of Top. However, T} or weakly Hausdorff are preserved, as the lemma suggests.
Definition 8.6. A coembedding is a map which is a quotient map onto its image.

Here is a “converse” to the preceding lemma. Recall that an embedding is a map that is a
homeomorphism into its image.

Lemma 8.7. Suppose the following diagram commutes.

x Ly

zJ’ lj
X 257
Assume in addition that

(i) i and j are closed embeddings.
(ii) g induces a bijection X \ i(X') — Z\ j(Y).
(iii) g(X)is a closed coembedding.

Then Z is homeomorphic to the induced adjunction space X U;x/) Y and hence it is a
pushout.

Proof. We already know that pushouts are unique and that the adjunction space is a pushout.
We need only verify the universal property
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and prove that there exists a unique continuous map u. It is clear that Z is a pushout in Sets.
Thus, there exists a unique map v : Z — W by the pushout property in Sets and hence
we need only check u is continuous. However, since j is an embedding, u/| j(v) is continuous,
and by the same argument with g, u|,(x) is continuous. Therefore u is continuous. O

We now introduce some notation.

Definition 8.8. Define E" = Int B” = B" \ S"~!. We call E" the standard n—cell. If X
is a topological space and £ C X is homeomorphic to £, then we say E is an n—cell
in X.

We say X is obtained from Y by adding an n—cell if X is the adjunction space X = B"Ugn-1Y".
In general, we say X is obtained from Y by adding n—cells if X is obtained from Y by adding
(possibly uncountably many) n—cells. Roughly speaking, a cell complex is something built
by adding cells.

B2 Sl

Nt

=

Figure 8.3: On the left, S? as {*} after adding a 2—cell. On the right, the identification in (iv).

— Example

(i) S™is obtained from {*} by adding an n—cell.
(ii) S™ x S" is obtained from S™ Vv S" by adding an (n + m)—cell (see figure 8.3).
(ili) 72 = S! x S! is obtained from the lemniscate by adding a 2—cell.

(iv) Consider RP" = (R"*!\ {0})/ ~ where z ~ y if and only if z = ty for some
t # 0. This is also S”/ ~ where z ~ —x (figure 8.3). This is the same thing as
taking an upper hemisphere and identifying points on the opposite sides of the
equator.

This shows that RP" is obtained from RP"~! by attaching an n—cell. Thus by
induction, RP" is obtained by succesively adding n—cells, RP" = E° U ... U E™.
This means start with £ = {x} (by definition) and attach a 1—cell, then a 2—cell,
etc. Similarly, CP" = E° U E? U ... U E?". Here the union denotes “attaching”,
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not the union of sets. This will show that

Z 1=0,...n
0 otherwise ’

Z i=0,..2n

Cgell(RPn) - { 0 otherwise

Cicell ((CPTL) _ {

Definition 8.9. A space X is said to be a cell complex if we find subspaces X’ C X
such that

(i) X**1is obtained from X* by adding (i + 1)-cells and
b=X'cx’c.cX

(ii) X carries the colimit topology of the X’s.

We will call X the ith skeleton of X.

Remark. The X ’s are not necessarily unique, if there exists NV such that XV = XN+l = | =
X, i.e. there are no cells of “dimension” greater than IV, then we say X is an N-dimensional
cell complex.

RP™ is an n—dimensional cell complex, and CP" is a 2n—dimensional cell complex.

Definition 8.10. If X’ C X is any subspace we say (X, X’) is a relative cell complex if
there exist X*’s such that X' = X! ¢ X° C ... € X where X**! is obtained from X"
by adding i—cells and X carries the colimit topology of the X*’s.

Theorem 8.11. Let X be a cell complex with skeleton { X*}. Then
(i) X" — X is a closed embedding.
(ii) X is Hausdorff.

(iii) He(X) = colim H¢(X™).

Proof. Notice that (i) and (ii) follow from the point set topology lemma from before and (iii)
is the same as theorem 7.9. O

In order to exploit (iii), we need to understand the relation between Ho(X = B" Ugn-1Y')
and H,(Y), i.e., how homology changes when attaching an n—cell. Let us take a look at an
example.

Proposition 8.12. Suppose f : S"! — Y is continuous with n > 2. Then there is a
long exact sequence in homology. Set X = B" Uy Y and denote by j : Y — X the
map induced by the inclusion Y < B"™ LY. The long exact sequence

o Hy (s 2 g vy B g s H (s ——

ends with
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Ho(S" 1) —— Z&@ Hy(Y) —— Ho(X) —— 0

Proof. Write X = U UV, where U is the image through f of the open ball of radius 1/2 and
V is everything apart from 0 € B™.

U Vv 0
: X
Then U NV is homotopy equivalent to S*1. Also, U is contractible and moreover V defor-

mation retracts onto Y. Let g : B — X be the induced map from B" — B" UY. Define
H:V x1—V given by

T reyY

Himd) = {g ((1 —t)z+ ffl) z=g(z) € E"\0.

Plug in this to the Mayer—Vietoris to obtain the desired sequence

o HyU V) 2% g 0y @ Hu (V) —— Hy(X) —— Hya(UNV) ——s

This gives the sequence as stated, apart from the fact that we need to identify the map Hy(h)
with Hy(f). For k > 0 this is the inclusion U NV < V via h, and we need to show that this
map is the same as Hy(f).

U\NO —“ UnVv

[ |

B"\0 —— V

]

sl S Ly

The blue maps induce isomorphisms on homology. The top map, which is induced from g,

also gives an isomorphism in homology. Thus modulo this isomorphisms, H(f) = Hy(h).
O

Corollary 8.13. Supposen > 2. Then fork #n —1orn,

H(Y) = Hg(X).

Proof. Use the long exact sequence. O
Recall that in theorem 6.18 we claimed (without proof) that under favorable circumstances

Hy(X, X') 22 (X /X').
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We are now going to give the proof for this theorem, but first, let us say what “well behaved”
means.

Definition 8.14. Let X’ be a subspace of X. We say X' is a strong deformation retract
if there exists a continuous map r : X — X’ such that

(i) roi=1idx/, wherei: X’ — X is the inclusion.
(ii) ior ~idx rel X', thatis, there exists H : X x I — X such that
H(z,0)=2 ze€X

H(z,1)e X' z€X
H(yt)=y ye X' tel.

Definition 8.15. Let X’ C X. We say X' is a collapsible subspace if
(i) X'isclosedin X.

(ii) There exists a neighborhood U of X’ in X such that X’ is a strong deformation
retract of U.

For example, Y is a collapsible subspace of B" Uy Y. We now re—state theorem 6.18 in terms
of the definitions we just gave.

Theorem 8.16. Let X' C X be collapsible and let p : X — X /X' be the quotient map.
Then
Hk(p) g Hk(X, X,) — Hk(X/X/, *)

is an isomorphism.

Proof. Let U be a neighborhood of X’ in X such that X’ is a strong deformation retract of U
andletj: X' — U.

Hp(X') —— Hp(X) —— Hp(X, X') —— Hp1(X') —— Hp1(X)

| Jia [ |1 Jia

Hk(U) E— Hk(X) E— Hk(X, U) E— Hk_l(U) E— Hk_l(X)

and by the five lemma, [ is an isomorphism. If wenow call X := X \ X' and U :=U \ X/, a
similar argument shows that Hy (X, x) & Hy(X,U). Now
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,U)

Hi(X
7 ‘/\':V(excision)
)

Hi(X, X' Hy (X \ X, U\ X')
Pl lHk (p)
where Hy(p) is an isomorphism as p| x\ x+ is a homeomorphism. O

Definition 8.17. Amap f : (X, X’) — (Y,Y”) is a relative homeomorphism if f|x\ x-
is a homemoprhism from X \ X' to Y \ Y.

Now we state a generalization of the previous theorem.

Theorem 8.18. Let X’ C X and Y’ C Y be collapsible and f : (X, X') — (Y,Y’) a

relative homeomorphism. Assume in addition that f : X — Y is a homeomorphism.
Then

Hy(f) « He(X, X') — Hy(Y,Y")
is an isomorphism.
Remark.
(i) p: (X, X') — (Y.Y") is a relative homeomorphism.
(ii) If X is compact and Y is compact Hausdorff, then f is a homeomorphism.

(X, x) Y o v

Proof. lg ~

Y is a collapsible subspace of B" Uy Y.

Definition 8.19. Let X be a cell complex and X’ C X a subspace. We say that X' is a
subcomplex of X if for any cell E of X, EN X' # () = E C X'. This implies that X’
is a cell complex and (X, X') is a relative cell complex.

To apply the tools we have developed until now, we will now show that subcomplexes are
collapsible. The proof for this result is non-examinable since it is a bit tedious.
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Proposition 8.20. Let X’ be a subcomplex of X. Then X" is collapsible.

Sketch of proof. For each cell E of X which is not in X', choose a point ), for example z)
could correspond to 0 € EY. Now define

Y™ :={z\: E\isann-cell of X notin X'} .
Regard (X, X') as a relative cell complex with skeleton
X =x'cx’c..cX

XY is obtained from X’ by adding 0—cells, X! is obtained by X° by adding i—cells, and so on.
Now we claim that X! is a strong deformation retract of X™ \ Y. The proof for this claim
is by arguing that this is the same as the proof that Y was a strong deformation retract of V'
in proposition 8.12. Assuming the claim, we have retractions

Pt XT\ Y — XL

and to build a retraction from a neighborhood of X’ in X to X', one composes the r,,’s and
checks that everything is continuous. O

Corollary 8.21 (Excision with subcomplexes). Suppose X is a cell complex and X’ and
X" are subcomplexes such that X = X’ U X”. Then the inclusion (X", X' N X") —
(X, X') induces isomorphisms on homology.

Proof. The quotient space X” /X’ N X" is homeomorphic to X /X’ since both are obtained
from the cells in X" that are not in X’. Since the spaces are collapsible, the result follows
from the previous theorem. O

Corollary 8.22 (Mayer—Vietoris for subcomplexes). Let X be a cell complex with sub-
complexes X' and X" such that X = X" U X"”. Then there exists a long exact sequence

)

e — Hy (X' 0 X" Y5 1 (X @ B (X") 75 Hy(X) — Hy (X 0 XYY — ...
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